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Abstract

In this paper, the fractional quasi-inverse method is used to solve the inverse source

problem of polynomial time fractional parabolic equations, which is ill-posed. First-

ly, the conditional stability of the inverse problem is given, and then the fractional

quasi-inverse method is proposed, that is, the perturbation term related to elliptic

differential operator is introduced into the original equation. Finally, based on some

properties of Mittag-Leffler function, the corresponding convergence rate of the regu-

lar solution under the prior selection rule is given in theory.
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1. Úó

©ê��©�§A^2�, �T�§U�[pÝ�þ¹Y�¥�É~*Ñy�, ��±^5?

1�hÚÀY�tÿ�, ÏdkéõÆöÑ3ïÄ. �ü��m©ê�*Ñ�§��ê�*Ñ�§

ké�ØÓ, X�mþ�P~�ú�. ©ê��©�§´)ÔÆ [1], ÔnÆ [2–4], 7KÆ [5]�Nõ

¯Kï��­�óä, ¿�UéÐ/^5£ã/e6N6Ä [6], /��4à¯� [7] Ú�ÅL§ [8],

¿�©ê��©�§��±éÐ/^5£ãÉ~*ÑL§ [9], �Úå
éõÆö�'5ÚïÄ. õ

�©ê�*Ñ�©�§�ü�©ê��©�§�', kX�Ð�A:, §U�\°(/�[¢S¯

K, �U�Ï·��k�/?n¯K. Ïd, T�§�ïÄäk�©­��nØ¿Â9A^d�. ,


, 3,
¢S�¹¥, >.êâ�,
Ü©, ½Ð©G�, ½ý��f¥�,
Xê, ½
�, ½©

ê��U´���, �Ã{��ÿþ½ÿþ¤�Lp. Ïd·�ÏL�	�ÿþêâ5£O§�, ù

Ò�)
©ê*Ñ�§��¯K. 3¢S¯K�°Äe, �8c��, �
¯K®¤��­��©ê

��¯K��. 
·�¤�ïÄ��¯K´Ø·½�, �I�^�Kz�{5?n¯K.

Cc5, [_�Kz�{�ïÄÉ�
¯õÆö��à, §��nÒ´3��§�Ä:þ\þ

��6Ä, ¦�\L6Ä��½)¯KC�·½, ?
ÏL¦)�Kz)5%C�Ø·½¯K�).
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[_�{´�a²;��Kz�{, ²~�^5?nNõ¾�¯K. �©¥�[_�Kz�{´3

õ�[_�{�üÐ�½
��Ä:þ\���6Ä, ¦�ò�¯K�¾�5��k�/?�, l


¦��§·½, ¿���A��Kz).

�©·�ïÄ��§�.Xe¤«
m∑
j=1

qj ∂
αj
0+u(x, t) +Aβu(x, t) = f(x)h(t), (x, t) ∈ ΩT := Ω× I,

u(x, 0) = 0, x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ∂Ω× I,
(1)

Ù¥I = (0, T ), T > 0 ´�½�¿�∂
αj
0+ ´Caputo©ê��ê, β ´�½��ê. -A : H2(Ω) ∩

H1
0 (Ω) ⊂ L2(Ω) → L2(Ω), Ù¥Ω ⊂ Rd �1w«�, A 3L2(Ω) þ´g���ý��f¦

�A 3L2(Ω) þ)¤��;�+{S(t)}t≥0. �A �A��´0 < λ1 ≤ λ2 ≤ · · · ≤ λp ≤ · · ·,
limp→∞ λp = +∞, �fA �A��^λp L«, �A�A�¼êϕp ∈ L2(Ω), kAϕp = λpϕp.

-ψ =
∑∞

n=1(ψ,ϕp)ϕp, kAψ =
∑∞

n=1 λp(ψ,ϕp)ϕp. éu?¿�γ > 0, ½Â

D((A)γ) =

{
ψ ∈ L2(Ω) :

∞∑
n=1

λ2γ
n |(ψ,ϕp)|2 <∞

}
,

Ù¥(·, ·) ´3H þ�SÈ, §��ê�½Â´

‖ψ‖γ =

{
∞∑
n=1

λ2γ
n |(ψ,ϕp)|2

} 1
2

, ψ ∈ D(Ap).

�kAβψ =
∑∞

n=1 λ
β
p (ψ,ϕp)ϕp. �½?¿���êm, α = (α1, ..., αm) ÚXêq = (q1, ..., qm) ÷v

S'X

B := {(α1, ..., αm) ∈ Rs; α ≥ α1 > α2 > · · · > αs ≥ α}, (2)

Q := {(q1, ..., qs) ∈ Rs; q1 = 1, qj ∈ [q, q], (j = 2, ...,m)}, (3)

�÷v0 < α < α < 1 Ú0 < q < q.

�t = T , ku(x, T ) = g. �þª¥�g ��ÿþêâ, �´3¢SA^¥, ÿþêâ  ¹kD

Ñ. ·�^ε > 0 L«DÑY², ^gε L«\
DÑ�ÿþêâ, ¿�k‖g − gε‖ ≤ ε ¤á.

â·�¤�, Cc5, ü��©ê�*Ñ�§�ü
��nØ©Û±9ê��{��
¯K�

�
é�?Ð. Ü��< [10]3���¹e¦^ü:�Üêâ£O
�m
����5. �x�

< [11]ïÄ
lõ��m©ê*Ñ�§¥�>.¢ÿêâ¥£OÑ�m
�, ¿�Ñ
.Ê.dC

��
¯K���5(J. 3�Kz�{�¡, �x�< [12]JÑ
�«U?�[>.��Kz�

{§ÏL\
D(��ªêâ5?n�
¯K. 
~�< [13]|^©ê�Landweber S��Kz�

{, ÏL\
DÑ��ª*ÿêâ5£O�m
�¯K. �S9�< [14] |^C©ð�ªò���

�m�'
ÚSÜÿþë�å5, A^�ÝFÝ�{5¡E��
. d	, �kÆöïÄ
Ó��

ü
�ÚÙ¦ëê. ~X, 4U��< [15] ïÄ
Ó��ü�¯K¥�>.{|XêÚ�m�'


�. 4U��< [16] ïÄ
�ëY�m�Åir¯K�'�õ�0�*Ñ�§, ¿JÑ
äk��

nØ©Û�[_�Kz�{. §A�< [17] �Ñ
��©ê�*Ñ�§¯K���5. o���
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< [18]æ^>.ÿþ�{y²
�¯K���5(J. �df�< [19]JÑ
�«S��Kz�{

5)û�m©ê�*Ñ�§��¯K. �df�< [20]^ü«�Kz�{?Ø
�m©ê�*Ñ�

§�ü�m
�¯K.

3�©¥, ·��Ä©ê�β ´?¿��¢ê, 
�´����mk'�¼ê. [_�{��n

´^fα %C(1) ¥�f :
m∑
j=1

qj ∂
αj
0+v(x, t) +Aβv(x, t) = (I + αAb)fα(x)h(t), (x, t) ∈ ΩT := Ω× I,

v(x, 0) = 0, x ∈ Ω,

v(x, t) = 0, (x, t) ∈ ∂Ω× I,

(4)

Ù¥α > 0 ´�Kzëê, b 6= β ´?¿�¢ê.

3�©, ·�;5uõ��m©ê���
¯K. ·�Äk�Ñ
�¯KØ·½5��Ï, ¿¼

��¯K�^�­½5. Ùg, JÑ[_�{¦)�
¯K. Äuk��KzëêÀJ5K, �Ñ


°()Ú�Kz)�m�Âñ�O. ��5¿�´, õ�Mittag-Leffler¼ê�5��±w�´�©

��
�:. 3ùp, ·�l [21, 22]¥��
éõ'uõ�Mittag-Leffler ¼êk^�5�.

�©�|�Xe. 312!¥, ·�Jø
�
ý��£. 313!¥, �Ñ
�
¯K�^�­

½5. 314!¥, ·��Ñ
�Kz)�L�ª, ¿�Ñk��KzëêÀJ5Ke�A�Âñ�

Ý.

2. ý��£

½Â 2.1 Caputo©ê��ê∂
αj
0+ �½Â´

∂
αj
0+u(x, t) =

1

Γ(1− αj)

∫ t

0

∂u(x, s)

∂s

ds

(t− s)αj
, 0 < αj < 1, 0 < t < T,

Ù¥Γ ´Gamma¼ê, T > 0 ´�½�ª�.

½Â 2.2 [18]õ�Mittag-Leffler¼ê�½Â´

E(θ1,··· ,θm),θ0(z1, · · · , zm) :=
∞∑
k=0

∑
k1+···+km=k

(k; k1, · · · , km)
∏m
j=1 z

kj
j

Γ(θ0 +
∑m

j=1 θjkj)
,

Ù¥θ0, θj ∈ R, zj ∈ C(j = 1, · · · , s), �(k; k1, · · · , km) L«õ�Xê

(k; k1, · · · , km) :=
k!

k1! · · · km!
, k =

m∑
j=1

kj ,

Ù¥ kj (j = 1, · · · ,m) ´�K�ê.

�
�¡�B, XJα = (α1, ..., αm) Ú§�Xêq = (q1, ..., qm) ÷v(2) Ú(3), ·�ke¡�

{�

E
(p)
α′,β(t) := E(α1,α1−α2,··· ,α1−αm),β(−λptα1 ,−q2tα1−α2 , · · · ,−qmtα1−αm), t > 0, p = 1, 2, . . . ,
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Ù¥α′ = (α1, α1 − α2, · · · , α1 − αm) Úλp L«àgDirichlet>.^�eý��fA �1p �A�

�.

Ún 2.3 [23]�½β > 0 Ú1 > α1 > · · · > αm > 0. �α1π/2 < µ < α1π, µ ≤ | arg(z1)| ≤ π

Úπ − ε ≤ | arg zj | ≤ π, j = 2, · · · ,m, ùpε ´v
��, K�3���6uµ, αj(j = 1, · · · ,m)

Úβ �~êC1 > 0 ¦�

|E(α1,α1−α2,··· ,α1−αm),β(z1, · · · , zm)| ≤ C1

1 + |z1|
. (5)

Ún 2.4 [18]- 0 < αm < αm−1 < · · · < α1 < 1. K

d

dt

{
tα1E

(p)

α′ ,1+α1
(t)
}

= tα1−1E
(p)

α′ ,α1
(t), t > 0.

Ún 2.5 [18] - 0 < αm < αm−1 < · · · < α1 < 1, ¼êtα1−1E
(p)

α′ ,α1
(t) ét > 0 ´��.

·K 2.6 -λp > 0 Ú0 < αm < αm−1 < · · · < α1 < 1, Két > 0 k0 < λpt
α1E

(p)

α′ ,1+α1
(t) < 1, ¿

�λpt
α1E

(p)

α′ ,1+α1
(t) 3t > 0 ´î�O¼ê.

y
d

dt

{
λpt

α1E
(p)

α′ ,1+α1
(t)
}

= λpt
α1−1E

(p)

α′ ,α1
(t) > 0.

·�5¿�λpt
α1E

(p)

α′ ,1+α1
(t) 3tþ´ëY¼ê. Ïd, ·�klimt→0(λpt

α1E
(p)

α′ ,1+α1
(t)) = 0

Úlimt→∞(λpt
α1E

(p)

α′ ,1+α1
(t)) = C1. y..

Ún 2.7 [18] éλp > 0 Ú0 < αs < αs−1 < · · · < α1 < 1,�3���6uα, T ���~êC < 1

¦�
C

λpTα1
≤ E(p)

α′ ,1+α1
(T ) ≤ 1

Tα1λp
.

½Â 2.8 -b ≥ β. éz��v ∈ H, Bαv �½ÂXe

Bαv :=
∞∑
n=1

(
1

1 + αλbn

)
〈v, φn〉φn.

b�H. ·��Ä��¼êh : [0, T ] → R, XJh 3[0, T ] ´ëY�, �3��~êT0 ∈ [0, T ) ¦�

éu�
~êη > 0, k|h(t)| ≥ η > 0,t ∈ [T0, T ] ¤á, Kh Ò¡�÷vb�H. d	, �I�÷v±

eü^���:

H1 h(t) 3[0, T ] þØCÒ.

H2 XJh(t) 3[0, T ] þCÒ, Kh(t) ´���, ��3��~êθ ¦�|ht(t)| ≤ q, t ∈ [0, T ]. ¿

�k|h(t)| ≤ η(T−T0)
T0

, t ∈ I, Ù¥I = {t : h(t)h(T ) < 0}.

51 b�H2 #Nh(t) 3[0, T ] þCÒ, 3ù«�¹, b�H2 �(�f �L�ªmý�©1Ø

�", = ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)ds 6= 0.
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½n 2.9 �
¯K(1) kXe���)

f(x) =
∞∑
n=1

〈g, φn〉φn∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

.

y �â©z [18], ¯K(1) �)kXeL�ª

u(x, t) =
∞∑
n=1

fnQn(t)φn(x), (6)

Ù¥Hn(t) =
∫ t
0
h(s)(t − s)α1−1E

(n)

α′ ,α1
(t − s)ds, fn = (f, φn). �t = T , du(x, T ) = g, ^þªÚφn

�SÈ, ·�k

〈g, φn〉 =

∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds 〈f, φn〉 .

?�Ú, ·�k

f(x) =

∞∑
n=1

〈g, φn〉φn∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

.

y..

3. �¯K�^�­½5

½n 3.1 b�h(t) ÷vb�H Úf(x) ´¯K(1) �). é�
�~êEÚp, XJ‖u(x, T )‖ =

‖g‖ ≤ ε Ú‖f‖p ≤ E, K�3��~êC1 > 0 ¦�

‖f‖ ≤ C1ε
p

p+βE
β
p+β . (7)

�
y²½n3.1, ·�I�±e(J.

Ún 3.2 XJh(t) ÷vb�H, K�3��~êC2 > 0 ¦�∣∣∣∣λβn ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣ ≥ C2, n = 1, 2, · · ·

y �¹1. h(t) ÷vb�H1. duh(t) 3[0, T ] þØCÒ, ·�k∣∣∣∣λβn ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣
= λβn

∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)|h(s)|ds

≥ η
∫ T

T0

λβn(T − s)α1−1E
(n)

α′ ,α1
(T − s)ds

= ηλβn(T − T0)
α1E

(n)

α′ ,1+α1
(T − T0)

≥ ηλβ1 (T − T0)
α1E

(n)

α′ ,1+α1
(T − T0)

(8)
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�¹2. h(t) ÷vb�H2. -D = t : h(t)h(T ) ≥ 0, T1 = max{t : t ∈ [0, T ], h(t) = 0} Ú

C3 =

(
C (−|h(0)|+ q)

η

) 1
β

, (9)

Ù¥C1 3Ún2.3¥®²�½. ·�k0 < T1 < T0, [T1, T ] ⊆ D ÚI ⊆ [0, T1]. �λn ≥ C3, ÏL·

K2.5, ·�k∣∣∣∣λβn ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣
= λβn

∣∣∣∣∫
D

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds+

∫
I

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣
≥ λβ1

∫
D

(T − s)α1−1E
(n)

α′ ,α1
(T − s)|h(s)|ds− λβ1

∫
I

(T − s)α1−1E
(n)

α′ ,α1
(T − s)|h(s)|ds

≥ λβ1
∫ T

T1

(T − s)α1−1E
(n)

α′ ,α1
(T − s)|h(s)|ds− η(T − T0)

T0

λβ1

∫ T1

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)ds

≥ λβ1 (T − T1)
α1−1E

(n)

α′ ,α1
(T − s)

(∫ T

T1

|h(s)|ds− η(T − T0)

T0

∫ T1

0

ds

)
≥ λβ1 (T − T1)

α1−1E
(n)

α′ ,α1
(T − s)

(∫ T

T1

|h(s)|ds+

∫ T

T0

ηds− ηT1(T − T0)

T0

)
≥ λβ1 (T − T1)

α1−1E
(C3)

α′ ,α1
(T − s)

(∫ T

T1

|h(s)|ds+
η(T − T0)(T0 − T1)

T0

)
.

(10)

�λn ≤ C3, ÏL©ÜÈ©·�k∣∣∣∣λβn ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣
=

∣∣∣∣h(0)λβnT
α1E

(n)

α′ ,1+α1
(T ) +

∫ T

0

hs(s)λ
β
n(T − s)α1E

(n)

α′ ,1+α1
(T − s)

∣∣∣∣
≥ |h(0)|λβnTα1E

(n)

α′ ,1+α1
(T )−

∫ T

0

λβn(T − s)α1E
(n)

α′ ,1+α1
(T − s)|hs(s)|ds

≥ |h(0)|λβnTα1E
(n)

α′ ,1+α1
(T )− q

∫ T

0

λβn(T − s)α1E
(n)

α′ ,1+α1
(T − s)ds

= |h(0)|λβnTα1E
(n)

α′ ,1+α1
(T ) + qλβnT

α1+1E
(n)

α′ ,2+α1
(T )ds.

(11)

?�Ú, ·�k ∣∣∣∣λβn ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣
≥ |h(0)|λβnTα1C

λβnTα1

+
qTα1+1Cλβn

λβnTα1

≥ C|h(0)|+ Cq

≥ η.

(12)
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d(10) Ú(12), �3��~êC2 > 0 ¦�∣∣∣∣λβn ∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣ ≥ C2, n = 1, 2, · · · (13)

y..

y3·�5y²½n3.1.

^HolderØ�ª, ·�k

‖f‖2 =
∞∑
n=1

〈f, φn〉2 =
∞∑
n=1

(
λ

2pβ
p+β
n | 〈f, φn〉 |

2β
p+β

)(
λ
−2pβ
p+β
n | 〈f, φn〉 |

2p
p+β

)

≤

(
∞∑
n=1

λ2p
n | 〈f, φn〉 |2

) β
p+β
(
∞∑
n=1

λ−2βn | 〈f, φn〉 |2
) p

p+β

≤ E
2p
p+β

 ∞∑
n=1

〈g, φn〉2(
λβn
∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

)2


p
p+β

.

(14)

dÚn3.2, �3��~êC1 > 0 ¦�

‖f‖2 ≤ C1
2
E

2p
p+β ‖g‖

2p
p+β . (15)

Ïd,

‖f‖ ≤ C1E
p

p+β ε
p

p+β . (16)

y..

52 �
¯K(1) ´¾��. (1) �)XJ�3, �UØëY�6uªàêâ. duh(t) 3[0, T ]

þ��ëY¼ê, �3��~êC4 > 0 ¦�C4 = sup
t∈[0,T ]

|h(t)| < +∞. ·�k

∣∣∣∣∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

∣∣∣∣
≤ C4

∣∣∣∣∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)ds

∣∣∣∣
= C4T

α1E
(n)

α′ ,1+α1
(T )

≤ C4T
α1

1 + λβnTα1

≤ C4

λβn
.

(17)

Ïd (∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

)−1
≥ λβn
C4

. (18)

dλβn →∞, f ØëY�6uêâ, ��
¯K(1) ´¾��.
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4. k�ëêÀ�5KÚÂñ�Ý

3�!¥, ·�JÑ
l¯K(4) %C¯K(1) �Ø��O. ·�l�Kzëêk�À�5K¥

��
Holder.Ø��O. nØ(J3e¡�½n4.1¥�ã.

½n 4.1 �h(t) ÷vb�H1. éb ≥ β, ¯K(4) ´·½�. d	, XJ¯Kf (1) �)÷v

‖f‖p ≤ E, p > 0, E > ε, (19)

Úfα ´¯K(4) �), Ke��ã¤á:

(i) XJ0 < p < b, K�α =
(
ε
E

) b
p+β , �3��~êC2 ¦�

‖fα − f‖ ≤ C2ε
p

p+βE
β
p+β . (20)

(ii) XJp ≥ b, K�α =
(
ε
E

) b
p+β , �3��~êC3 ¦�

‖fα − f‖ ≤ C3ε
b

p+βE
β
p+β . (21)

Äk, ·�JÑ�
(J5y²½n4.1.

Ún 4.2 éb ≥ β, ¯K(4) ´·½�. d	, XJfα ∈ D(Ab−β), v(t) ∈ D(Ab), t ∈ [0, T ), K�3�

�~êC5 ¦�

‖fα‖ ≤ C5α
− βb ‖gε‖.

y �(6) aq, ¯K(4) �)�3, )�L�ªXe¤«:

v(t) =

∞∑
n=1

(∫ t

0

(t− s)α1−1E
(n)

α′ ,α1
(t− s)h(s)ds 〈fα, φn〉 ds

)
φn.

�Ún2.7aq, ·�k

〈gε, φn〉 =

∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)

〈
(I + αAb)fα, φn

〉
h(s)ds

= (I + αλbn) 〈fα, φn〉
∫ T

0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds.

(22)

Ïd, 3¯K(4) ¥�fα �L�ªXe:

fα =
∞∑
n=1

〈gε, φn〉φn
(I + αλβn)

∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

, (23)

Ú

v(t) =

∞∑
n=1

∫ t
0
(t− s)α1−1E

(n)

α′ ,α1
(t− s)h(s)ds 〈gε, φn〉φn

(I + αλbn)
∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

. (24)
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d(13), ·�k

1∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

=
λβn

λβn
∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

≤ λβn
C3

(25)

l(18) Ú(25), ·���

λβn
C4

≤ 1∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

≤ λβn
C2

(26)

?�Ú, d(26) ·�k

‖fα‖2b−β =

∞∑
n=1

λ
2(b−β)
n 〈gε, φn〉2(

(1 + αλbn)
∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

)2
≤
∞∑
n=1

λ
2(b−β)
n λ2β

n 〈gε, φn〉
2

C2
2(1 + αλbn)2

≤ ‖g
ε‖2

C2
2α2

< +∞.

(27)

ùÒy²
fα ∈ D(Ab−β). Ó��, ·�k±e�O

‖v(t)‖2b ≤
∞∑
n=1

λ2b
n λ

2β
n

(∫ t
0
(t− s)α1−1E

(n)

α′ ,α1
(t− s)h(s)ds

)2
〈gε, φn〉2

C2
2(1 + αλbn)2

≤
∞∑
n=1

λ2β
n

(∫ t
0
(t− s)α1−1E

(n)

α′ ,α1
(t− s)h(s)ds

)2
〈gε, φn〉2

C2
2α2

≤
∞∑
n=1

(
−tα1E

(n)

α′ ,1+α1
(t)
)2
λ2β
n 〈gε, φn〉

2

C2
2α2

≤

(
−C1t

α1

1+λβntα1

)2
λ2β
n 〈gε, φn〉

2

C2
2α2

≤ C1
2‖gε‖2b
C2

2α2
< +∞.

(28)

Ïdv(t) ∈ D(Ab). ,��¡

‖fα‖2 =
∞∑
n=1

〈gε, φn〉2(
(1 + αλbn)

∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

)2 . (29)
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éb > β, ^YoungØ�ª, ·�k

1 + αλbn ≥
b− β
b
· 1

b
b−β +

β

b

(
α
β
b λβn

) b
β

≥ α
β
b λβn, (30)

½

1 + αλbn ≥ α
β
b λβn . (31)

é¤kb ≥ β.

dd��,

‖fα‖2 ≤
∞∑
n=1

α−
2β
b 〈gε, φn〉2(

λβn
∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

)2 . (32)

dÚn3.3Ú(32), �3��~êC5 ¦�

‖fα‖ ≤ C5α
− βb ‖gε‖. (33)

y..

3e©¥, ·�^f1α 5L«e¡¯K�)

m∑
j=1

qj ∂
αj
0+ω(x, t) +Aβω(x, t) = (I + αAb)f1αh(t), (x, t) ∈ ΩT := Ω× I,

ω(x, 0) = 0, x ∈ Ω,

ω(x, t) = 0, (x, t) ∈ ∂Ω× I,

(34)

�t = T �, kω(x, T ) = g. (34) �)�L�ªXe:

‖f1α‖2 =

∞∑
n=1

〈g, φn〉2 φn
(1 + αλbn)

∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

. (35)

Ún 4.3 XJf1α ´¯K(34) �)Úfα ´¯K(4) �), K

‖fα − f1α‖ ≤ C5α
− βb ε.

y ·�w�fα − f1α ´¯K(4) �), �Ò´^gε − g �Ogε. ^Ún4.2, ·�k

‖fα − f1α‖ ≤ C5α
− βb ‖gε − g‖ ≤ C5α

− βb ε.

y..

Ún 4.4 XJé�
�~êp, E > 0, ‖f‖p ≤ E, K�3��~êC8 > 0 ¦�

‖f − f1α‖ ≤

{
α
β
b , p < b,

C6αE, p ≥ b.
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y ·�k

‖f − f1α‖2 =
∞∑
n=1

〈f − f1α, φn〉2

=
∞∑
n=1

 〈g, φn〉∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

− 〈g, φn〉
(1 + αλbn)

∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds


2

=
∞∑
n=1

α2λ2b
n 〈g, φn〉

2(
(1 + αλbn)

∫ T
0

(T − s)α1−1E
(n)

α′ ,α1
(T − s)h(s)ds

)2
=
∞∑
n=1

(
αλb−pn

1 + αλbn

)2

λ2p
n 〈f, φn〉

2
.

(36)

XJp < b, ^YoungØ�ª, ·�k

1 + αλbn ≥
p

b
· 1

b
p +

b− p
b

(
α
b−p
b λb−pn

) b
b−p
≥ α

b−p
b λb−pn . (37)

Ïd,

‖fα − f1α‖2 ≤
∞∑
n=1

α
2p
b λ2p

n 〈f, φn〉
2 ≤ α

2p
b E2. (38)

XJp ≥ b, K
‖fα − f1α‖2 ≤

∞∑
n=1

α2λ
2(b−p)
1 λ2p

n 〈f, φn〉
2 ≤ λ2(b−p)

1 α2E2. (39)

y..

y3·�5y²½n4.1. ·�Äk�Ñ½n4.11�Ü©�y²L§.

y XJp < b, dÚn4.3ÚÚn4.4, ·�k

‖f − fα‖ ≤ ‖f − f1α‖+ ‖fα − f1α‖

≤ α
p
bE + C5α

− βb ε.
(40)

À�α =
(
ε
E

) b
p+β , �3��~êC2 > 0 ¦�

‖f − fα‖ ≤ C2ε
p

p+βE
β
p+β . (41)

y..

�X·�y²½n4.1�1�Ü©.

y XJp ≥ b, ·�k

‖f − fα‖ ≤ ‖f − f1α‖+ ‖fα − f1α‖

≤ C6αE + C5α
− βb ε.

(42)
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À�α =
(
ε
E

) b
b+β , �3��~êC3 > 0 ¦�

‖f − fα‖ ≤ C3ε
b

b+βE
β
b+β . (43)

½n4.1�1�Ü©Òy²�¤. Ïd, ½n4.1y..

5. o(�Ð"

�©�Ä|^[_�{¦)õ��m©ê�*Ñ�§, 3��§¥O\���6Ä, ¦���

§·½. ÄuMittag-Leffler¼ê�5�, 3k��KzëêÀJ5Ke, ·���
�Kz)�Ø

��O. ÏL��©zuy, éuü��m©ê�*Ñ�§�
¯K�ïÄ¹�´L, �´éõ��

m©ê�*Ñ�§�¯K�ïÄ�êØõ, éd·�3c<Ä:þé¯K�\[_�Kz�{, ò

ü�[_�
¥���­�(Jí2�
õ�[_�
�¯K¥, ¿���
�¯K�^�­½5

Ú�Kz)�L�/ª. éuõ��m©ê�*Ñ�§, �©=?n
�5¯K, éu��5
��

¯K´ÄäkÓ��Âñ(Jk�?�ÚïÄ, �T�{´ÄU
?nõ��m©ê�*Ñ�§Ó

��üÐ�Ú
��¯K����, I�?�Ú�ïÄ.
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