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Abstract

In this paper, we obtain some necessary and sufficient conditions for the boundedness

of the n-dimensional Hausdorff operators on the two-weighted Lebesgue spaces. The

corresponding results for the adjoint of n-dimensional Hausdorff operators are also

obtained.

©ÙÚ^: ±ùD. n� Hausdorff�f�\�Ø�ª[J]. nØêÆ, 2021, 11(5): 790-801.
DOI: 10.12677/pm.2021.115093

http://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2021.115093
http://www.hanspub.org
https://doi.org/10.12677/pm.2021.115093


±ùD

Keywords

Hausdorff Operator, Adjoint Hausdorff Operator, Weight

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

Hausdorff�fÌ�´d Hausdorff3©z [1]¥�)ûê�Âñ5¯KÚ\�, §�²;©Û

k���éX, X Fourier?ê�¦Ú [2]!ê�?ê� Hausdorff¦Ú [3]�. §3E©Û [4]!NÚ

©Û [5–7]�¥k2��A^ÚïÄ.

·�Äk£��e²;��� Hausdorff�f hϕ, Ù½ÂXe:

hϕ(f)(x) =

∫ ∞
0

ϕ(x
t
)

t
f(t)dt,

Ù¥ f �Ð�±b½áu Schwartz¼ê�m. XJ�Ü·� ϕ, Hausdorff�f�±C�Nõ²;

��f. e� ϕ(t) =
χ(1,∞)(t)

t
, K hϕ=�²;��� Hardy�f [8]:

Hf(x) =
1

x

∫ x

0

f(t)dt;

e� ϕ(t) = χ(0,1)(t), hϕ=��� Hardy�f��Ý�f:

H∗f(x) =

∫ ∞
x

f(t)

t
dt,

ùp x > 0.

����/ª�í2, Andersen3©z [9]¥½Â
 Rnþ� n� Hausdorff�f

HΦ(f)(x) =

∫
Rn

Φ(x/|y|)
|y|n

f(y)dy, x ∈ Rn.

aqu����/, XJ� Φ(y) =
χ{|y|>1}(y)

|y|n , @oHΦ ¬C� n� Hardy�f [10]:

Hf(x) =
1

|x|n

∫
|y|<|x|

f(y)dy;
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XJ� Φ(y) = χ{|y|≤1}(y), KHΦ¬C� n� Hardy�f��Ý�f:

H∗f(x) =

∫
|y|≥|x|

f(y)

|y|n
dy,

ùp x ∈ Rn\{0}. |^�Ý�f�½ÂéN´��: n� Hausdorff�fHΦ��Ý�fH∗Φ�

H∗Φ(f)(x) =
1

|x|n

∫
Rn

Φ

(
y

|x|

)
f(y)dy.

p� Hausdorff�f9ÙC/k�X��(J, a,��Öö�±ëwü�nã5©Ù [11, 12].

- 0 < p <∞, \�V���m Lp(w)�mL«÷v

‖f‖Lp(w) =

(∫
Rn

|f(x)|pw(x)pdx

)1/p

<∞

�¼ê��N, Ù¥ w(x)´ Rnþ�¼ê(=��KÛÜ�È�¼ê). C5, Liflyand3©z [13]¥

�Ñ
�� Hausdorff�f hϕ 9Ù�Ý�fl Lp(v)� Lq(u)�k.5'u�¼ê uÚ v�¿�

^�. ÉÙéu, ��g,�¯K: UÄïá n� Hausdorff�f HΦ 9Ù�Ý�f H∗Φ l Lp(v)�

Lq(u)�k.5'u�¼ê uÚ v�¿�^�Qº�©)û
ù�¯K, ·�Ì�´/Ïu^=�

�{ü$�ê, T�{òéu?np�²þ�f�\�¯Kk�½�/�¿Â.

�©b� u, v ´ Rn þ�ü��¼ê. éu n � Hausdorff �f, ·��� HΦ l Lp(v) �

Lq(u)�k.5'u�¼ê uÚ v�¿�^�. Ù(JXe:

½n 1.1. � 1 < p ≤ q <∞, f ∈ Lp(v), Φ ∈ L∞ Ú Φ, f ≥ 0. e�3~ê C1 > 0¦�

C1 := sup
t>0

∫
Rn

u(x)Φ
(x
t

)q/p(∫
|y|<t

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy

)q/pp′

×
(∫

Rn

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy

)q/p′2
dx <∞ (1.1)

¤á, Keª¤á (∫
Rn

|HΦ(f)(x)|qu(x)dx

)1/q

≤ C2

(∫
Rn

f(y)pv(y)dy

)1/p

, (1.2)

Ù¥ C2 � C1, p, qk'.

eé?¿�¢ê r > 0, �3� xÃ'�~ê C3 > 0, ¦�eª¤á

Φ
(x
r

)∫
|y|<r

v(y)−p
′/p|y|−np

′
dy ≤ C3

∫
|y|<r

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy, (1.3)

K ∫
Rn

u(x)Φ
(x
r

)q/p(∫
|y|<r

Φ

(
x

|y|

)
|y|−np

′
v(y)

−p′/p
dy

)q/p′
dx ≤ C4

´ (1.2)¤á�7�^�, Ù¥ C4 � C2, C3, p, qk'.
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½n 1.2. � 1 < p ≤ q <∞, f ∈ Lp(v), Φ ∈ L∞ Ú Φ, f ≥ 0. e�3~ê C5 > 0¦�

C5 := sup
t>0

∫
Rn

u(x)Φ
(x
t

)q/p(∫
|y|>t

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy

)q/pp′

×
(∫

Rn

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy

)q/p′2
dx <∞ (1.4)

¤á, Keª¤á (∫
Rn

|HΦ(f)(x)|qu(x)dx

)1/q

≤ C6

(∫
Rn

f(y)pv(y)dy

)1/p

, (1.5)

Ù¥ C6 � C5, p, qk'.

eé?¿�¢ê r > 0, �3� xÃ'�~ê C7 > 0, ¦�eª¤á

Φ
(x
r

)∫
|y|>r

v(y)−p
′/p|y|−np

′
dy ≤ C7

∫
|y|>r

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy, (1.6)

K ∫
Rn

u(x)Φ
(x
r

)q/p(∫
|y|>r

Φ

(
x

|y|

)
|y|−np

′
v(y)

−p′/p
dy

)q/p′
dx ≤ C8

´ (1.5)¤á�7�^�, Ù¥ C8 � C6, C7, p, qk'.

éu Hausdorff�f��Ý�fH∗Φ, ·�Ó���H∗Φl Lp(v)� Lq(u)�k.5'u�¼ê

uÚ v�¿�^�. Ù(JXe:

½n 1.3. � 1 < p ≤ q <∞, f ∈ Lp(v), f ≥ 0. b� Φ´�K»�¼ê, � Φ ∈ L∞. e�3~ê
C9 > 0¦�

C9 := sup
t>0

∫
Rn

u(x)|x|−nqΦ
(
t

|x|

)q/p(∫
|y|<t

Φ

(
y

|x|

)
v(y)−p

′/pdy

)q/pp′

×
(∫

Rn

Φ

(
y

|x|

)
v(y)−p

′/pdy

)q/p′2
dx <∞ (1.7)

¤á, Keª¤á (∫
Rn

|H∗Φ(f)(x)|qu(x)dx

)1/q

≤ C10

(∫
Rn

f(y)pv(y)dy

)1/p

, (1.8)

Ù¥ C10 � C9, p, qk'.

eé?¿�¢ê r > 0, �3� xÃ'�~ê C11 > 0, ¦�eª¤á

Φ

(
r

|x|

)∫
|y|<r

v(y)−p
′/pdy ≤ C11

∫
|y|<r

Φ

(
y

|x|

)
v(y)−p

′/pdy. (1.9)
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K ∫
Rn

u(x)|x|−nqΦ
(
r

|x|

)q/p(∫
|y|<r

Φ

(
y

|x|

)
v(y)−p

′/pdy

)q/p′
dx ≤ C12

´ (1.8)¤á�7�^�, Ù¥ C12 � C10, C11, p, qk'.

½n 1.4. � 1 < p ≤ q <∞, f ∈ Lp(v), f ≥ 0. b� Φ´�K»�¼ê, � Φ ∈ L∞. e�3~ê
C13 > 0¦�

C13 := sup
t>0

∫
Rn

u(x)|x|−nqΦ
(
t

|x|

)q/p(∫
|y|>t

Φ

(
y

|x|

)
v(y)−p

′/pdy

)q/pp′

×
(∫

Rn

Φ

(
y

|x|

)
v(y)−p

′/pdy

)q/p′2
dx <∞ (1.10)

¤á, Keª¤á (∫
Rn

|H∗Φ(f)(x)|qu(x)dx

)1/q

≤ C14

(∫
Rn

f(y)pv(y)dy

)1/p

,

Ù¥ C14 � C13, p, qk'.

eé?¿�¢ê r > 0, �3� xÃ'�~ê C15 > 0, ¦�eª¤á

Φ

(
r

|x|

)∫
|y|>r

v(y)−p
′/pdy ≤ C15

∫
|y|>r

v(y)−p
′/pΦ

(
y

|x|

)
dy.

K ∫
Rn

u(x)|x|−nqΦ
(
r

|x|

)q/p(∫
|y|>r

Φ

(
y

|x|

)
v(y)−p

′/pdy

)q/p′
dx ≤ C16

´ (1.4)¤á�7�^�, Ù¥ C16 � C14, C15, p, qk'.

2. ½n�y²

½n 1.1 �y² Äk`² Hausdorff �f HΦ �½Â´Ün�. ¯¢þ, |^ Hölder Ø�ª

(1/p+ 1/p′ = 1)��

HΦ(f)(x) =

∫
Rn

Φ(x/|y|)
|y|n

f(y)dy

=

∫
Rn

f(y)v(y)1/pΦ(x/|y|)1/pΦ(x/|y|)1/p′v(y)−1/p|y|−ndy

≤
(∫

Rn

f(y)pv(y)Φ(x/|y|)dy
)1/p(∫

Rn

Φ(x/|y|)v(y)−p
′/p|y|−np

′
dy

)1/p′

.

Ï� f ∈ Lp(v)Ú Φ ∈ L∞, ¤±mý�1��È©´k��. qdb�^� (1.1), ��mý�1�

�È©'u x´A�??k��.
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e¡y²¿©5. |^4�IC��∫
Rn

|HΦ(f)(x)|qu(x)dx =

∫
Rn

(∫
Sn−1

∫ ∞
0

Φ
(x
t

)
f(ty′)

1

t
dtdσ(y′)

)q
u(x)dx. (2.1)

d (2.1), |^ HölderØ�ª (1/p+ 1/p′ = 1)��∫
Rn

u(x)

(∫
Sn−1

∫ ∞
0

Φ
(x
t

)
f(ty′)

1

t
dtdσ(y′)

)q
dx

≤
∫
Rn

u(x)

(∫
Sn−1

∫ ∞
0

Φ
(x
t

)
f(ty′)pv(ty′)tn−1h1(x, t)pdtdσ(y′)

)q/p

×
(∫

Sn−1

∫ ∞
0

Φ
(x
t

)
v(ty′)−p

′/pt−np
′+n−1h1(x, t)−p

′
dtdσ(y′)

)q/p′
dx, (2.2)

Ù¥

h1(x, t) =

(∫ t

0

∫
Sn−1

Φ
(x
s

)
v(sy′)−p

′/ps−np
′+n−1dσ(y′)ds

)1/pp′

, 0 ≤ t ≤ ∞.

w,

h1(x, t) =

(∫
|y|<t

Φ

(
x

|y|

)
v(y)−p

′/p|y|−np
′
dy

)1/pp′

.

- z = h1(x, t)pp
′
, |^�È©�Ä�5�, Ø�ª (2.2)mà�����È©�z�∫

Sn−1

∫ ∞
0

Φ
(x
t

)
v(ty′)−p

′/pt−np
′+n−1h1(x, t)−p

′
dtdσ(y′)

=

∫ h1(x,∞)pp
′

h1(x,0)pp′
z−1/pdz

= p′
(∫ ∞

0

∫
Sn−1

Φ
(x
t

)
v(ty′)−p

′/pt−np
′+n−1dσ(y′)dt

)1/p′

. (2.3)

duq ≥ p, é (2.2)�mà|^2ÂMinkowskiÈ©Ø�ª��

p′q/p
′
∫
Rn

u(x)

(∫ ∞
0

∫
Sn−1

Φ
(x
t

)
f(ty′)pv(ty′)tn−1h1(x, t)ph1(x,∞)p

2/p′dσ(y′)dt

)q/p
dx

≤ p′q/p
′
(∫ ∞

0

∫
Sn−1

f(ty′)pv(ty′)tn−1

(∫
Rn

u(x)Φ
(x
t

)q/p
×h1(x, t)qh1(x,∞)pq/p

′
dx
)p/q

dσ(y′)dt

)q/p
.

db�^� (1.1), �±��(∫
Rn

|HΦ(f)(x)|qu(x)dx

)1/q

≤ C1/q
1 p′1/p

′
(∫

Rn

f(y)pv(y)dy

)1/p

.
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ey7�5. b� (1.2)¤á, Ké?¿�¢ê r > 0, eãØ�ª

∫
Rn

∣∣∣∣∣∣
∫
|z|<r

Φ
(
x
|z|

)
|z|n

f(z)dz

∣∣∣∣∣∣
q

u(x)dx

1/q

≤ C2

(∫
|z|<r

f(z)pv(z)dz

)1/p

¤á. � f(z) = v(z)−p
′/p|z|n−np′ , òþãØ�ª{z�

(∫
Rn

u(x)

∣∣∣∣∫
|z|<r

Φ

(
x

|z|

)
|z|−np

′
v(z)−p

′/pdz

∣∣∣∣q × (∫
|z|<r

v(z)−p
′/p|z|−np

′
dz

)−q/p
dx

)1/q

≤ C2.

|^ (1.3), Kk(∫
Rn

u(x)

∣∣∣∣∫
|z|<r

Φ

(
x

|z|

)
|z|−np

′
v(z)−p

′/pdz

∣∣∣∣q

×
(∫
|z|<r

v(z)−p
′/p|z|−np

′
dz

)−q/p
dx

)1/q

=

(∫
Rn

u(x)Φ
(x
r

)q/p(∫
|z|<r

Φ

(
x

|z|

)
|z|−np

′
v(z)−p

′/pdz

)q

×
(

Φ
(x
r

)∫
|z|<r

v(z)−p
′/p|z|−np

′
dz

)−q/p
dx

)1/q

≥ C−1/p
3

(∫
Rn

u(x)Φ
(x
r

)q/p(∫
|z|<r

Φ

(
x

|z|

)
|z|−np

′
v(z)−p

′/pdz

)q

×
(∫
|z|<r

Φ

(
x

|z|

)
v(z)−p

′/p|z|−np
′
dz

)−q/p
dx

)1/q

= C
−1/p
3

(∫
Rn

u(x)Φ
(x
r

)q/p(∫
|z|<r

Φ

(
x

|z|

)
|z|−np

′
v(z)

−p′/p
dz

)q/p′
dx

)1/q

.

nþ�� ∫
Rn

u(x)Φ
(x
r

)q/p(∫
|z|<r

Φ

(
x

|z|

)
|z|−np

′
v(z)

−p′/p
dz

)q/p′
dx ≤ Cq/p3 Cq2 .

½ny..

½n 1.2�y² Äky²¿©5. �â (2.1)Ú HölderØ�ª (1/p+ 1/p′ = 1)��∫
Rn

u(x)

(∫
Sn−1

∫ ∞
0

Φ
(x
t

)
f(ty′)

1

t
dtdσ(y′)

)q
dx

≤
∫
Rn

u(x)

(∫
Sn−1

∫ ∞
0

Φ
(x
t

)
f(ty′)pv(ty′)tn−1h2(x, t)pdtdσ(y′)

)q/p
×
(∫

Sn−1

∫ ∞
0

Φ
(x
t

)
v(ty′)−p

′/pt−np
′+n−1h2(x, t)−p

′
dtdσ(y′)

)q/p′
dx, (2.4)
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Ù¥

h2(x, t) =

(∫ ∞
t

∫
Sn−1

Φ
(x
s

)
v(sy′)−p

′/ps−np
′+n−1dσ(y′)ds

)1/pp′

, 0 ≤ t ≤ ∞.

aqu (2.3)��O. - z = h2(x, t)pp
′
, Ø�ª (2.4)mà�����È©�z�∫

Sn−1

∫ ∞
0

Φ
(x
t

)
v(ty′)−p

′/pt−np
′+n−1h2(x, t)−p

′
dtdσ(y′)

=

∫ h2(x,0)pp
′

h2(x,∞)pp′
z−1/pdz

= p′
(∫ ∞

0

∫
Sn−1

Φ
(x
t

)
v(ty′)−p

′/pt−np
′+n−1dσ(y′)dt

)1/p′

.

du q ≥ p, é (2.4)�mà|^2ÂMinkowskiÈ©Ø�ª��

p′q/p
′
∫
Rn

u(x)

(∫ ∞
0

∫
Sn−1

Φ
(x
t

)
f(ty′)pv(ty′)tn−1h2(x, t)ph2(x, 0)p

2/p′dσ(y′)dt

)q/p
dx

≤ p′q/p
′
(∫ ∞

0

∫
Sn−1

f(ty′)pv(ty′)tn−1

(∫
Rn

u(x)Φ
(x
t

)q/p
×h2(x, t)qh2(x, 0)pq/p

′
dx
)p/q

dσ(y′)dt

)q/p
.

A^4�IC�Ú^� (1.4)��(∫
Rn

|HΦ(f)(x)|qu(x)dx

)1/q

≤ C1/q
5 p′

1/p′
(∫

Rn

f(y)pv(y)dy

)1/p

.

ey7�5. b� (1.5)¤á, Ké?¿�¢ê r > 0, e¡�Ø�ª

∫
Rn

∣∣∣∣∣∣
∫
|z|>r

Φ
(
x
|z|

)
|z|n

f(z)dz

∣∣∣∣∣∣
q

u(x)dx

1/q

≤ C6

(∫
|z|>r

f(z)pv(z)dz

)1/p

¤á. À�¼ê f(z) = v(z)−p
′/p|z|n−np′ , òþãØ�ª{z�(∫

Rn

u(x)

∣∣∣∣∫
|z|>r

Φ

(
x

|z|

)
|z|−np

′
v(z)−p

′/pdz

∣∣∣∣q

×
(∫
|z|>r

v(z)−p
′/p|z|−np

′
dz

)−q/p
dx

)1/q

≤ C6.

aqu½n 1.1¥7�5�y², |^ (1.6), ��

∫
Rn

u(x)Φ
(x
r

)q/p(∫
|z|>r

Φ

(
x

|z|

)
|z|−np

′
v(z)

−p′/p
dz

)q/p′
dx ≤ Cq/p7 Cq6 .

y..
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½n 1.3 �y² Äk`²�Ý Hausdorff�f H∗Φ �½Â´Ün�. ¯¢þ, |^ HölderØ�ª

(1/p+ 1/p′ = 1)k

H∗Φ(f)(x) = |x|−n
∫
Rn

Φ(y/|x|)f(y)dy

≤
(∫

Rn

f(y)pv(y)Φ(y/|x|)dy
)1/p

|x|−n
(∫

Rn

Φ(y/|x|)v(y)−p
′/pdy

)1/p′

.

Ï� f ∈ Lp(v)Ú Φ ∈ L∞, ¤±mý�1��È©´k��. qdb�^� (1.7), ��mý�1�

�È©� |x|−n�¦È´A�??k��.

ey¿©5. d4�IC���∫
Rn

|H∗Φ(f)(x)|qu(x)dx =

∫
Rn

(∫
Sn−1

∫ ∞
0

Φ

(
ty′

|x|

)
f(ty′)tn−1dtdσ(y′)

)q
u(x)

|x|nq
dx. (2.5)

|^ HölderØ�ª∫
Rn

u(x)

|x|nq

(∫
Sn−1

∫ ∞
0

Φ

(
ty′

|x|

)
f(ty′)tn−1dtdσ(y′)

)q
dx

≤
∫
Rn

u(x)

|x|nq

(∫
Sn−1

∫ ∞
0

Φ

(
ty′

|x|

)
f(ty′)pv(ty′)tn−1h3(x, t)pdtdσ(y′)

)q/p

×
(∫

Sn−1

∫ ∞
0

Φ

(
ty′

|x|

)
v(ty′)−p

′/ptn−1h3(x, t)−p
′
dtdσ(y′)

)q/p′
dx, (2.6)

Ù¥

h3(x, t) =

(∫ t

0

∫
Sn−1

Φ

(
sy′

|x|

)
v(sy′)−p

′/psn−1dσ(y′)ds

)1/pp′

, 0 ≤ t ≤ ∞.

aqu½n 1.1¥é (2.2)�?nL§, ´�∫ ∞
0

∫
Sn−1

Φ

(
ty′

|x|

)
v(ty′)−p

′/ptn−1h3(x, t)−p
′
dσ(y′)dt

= p′
(∫ ∞

0

∫
Sn−1

Φ

(
ty′

|x|

)
v(ty′)−p

′/ptn−1dσ(y′)dt

)1/p′

.

Ï� q ≥ p, é (2.6)�mà¦^2Â�MinkowskiÈ©Ø�ª, �±��Xe�O

p′
q/p′

∫
Rn

u(x)

|x|nq

(∫ ∞
0

∫
Sn−1

Φ

(
ty′

|x|

)
f(ty′)pv(ty′)tn−1h3(x, t)ph3(x,∞)p

2/p′dσ(y′)dt

)q/p
dx

≤ p′q/p
′

(∫ ∞
0

∫
Sn−1

f(ty′)pv(ty′)tn−1

(∫
Rn

u(x)

|x|nq
Φ

(
ty′

|x|

)q/p

× h3(x, t)qh3(x,∞)pq/p
′
dx
)p/q

dσ(y′)dt

)q/p
.
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du Φ´»��, |^b�^�(1.7), ��(∫
Rn

|H∗Φ(f)(x)|qu(x)dx

)1/q

≤ C1/q
9 p′

1/p′
(∫

Rn

f(y)pv(y)dy

)1/p

.

ey7�5. b� (1.8)¤á, Ké?¿�¢ê r > 0, e¡��O(∫
Rn

u(x)

|x|nq

∣∣∣∣∫
|z|<r

Φ

(
z

|x|

)
f(z)dz

∣∣∣∣q dx)1/q

≤ C10

(∫
|z|<r

f(z)pv(z)dz

)1/p

¤á. � f(z) = v(z)−p
′/p, éþ¡�È©Ø�ª?1C/(∫

Rn

u(x)

|x|nq

∣∣∣∣∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

∣∣∣∣q (∫
|z|<r

v(z)−p
′/pdz

)−q/p
dx

)1/q

≤ C10.

|^b� (1.9), �±��(∫
Rn

u(x)|x|−nq
∣∣∣∣∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

∣∣∣∣q (∫
|z|<r

v(z)−p
′/pdz

)−q/p
dx

)1/q

=

(∫
Rn

u(x)|x|−nqΦ
(
r

|x|

)q/p(∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

)q

×
(

Φ

(
r

|x|

)∫
|z|<r

v(z)−p
′/pdz

)−q/p
dx

)1/q

≥ C−1/p
11

(∫
Rn

u(x)|x|−nqΦ
(
r

|x|

)q/p(∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

)q

×
(∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

)−q/p
dx

)1/q

= C
−1/p
11

(∫
Rn

u(x)|x|−nqΦ
(
r

|x|

)q/p(∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

)q/p′
dx

)1/q

.

l�� ∫
Rn

u(x)|x|−nqΦ
(
r

|x|

)q/p(∫
|z|<r

Φ

(
z

|x|

)
v(z)−p

′/pdz

)q/p′
dx ≤ Cq/p11 Cq10.

y..

½n 1.4�y² Äky²¿©5. |^ (2.5), HölderØ�ªÚ2Â�MinkowskiÈ©Ø�ª, �∫
Rn

u(x)|x|−nq
(∫ ∞

0

∫
Sn−1

Φ

(
ty′

|x|

)
f(ty′)tn−1dσ(y′)dt

)q
dx

≤
∫
Rn

u(x)|x|−nq
(∫ ∞

0

∫
Sn−1

Φ

(
ty′

|x|

)
f(ty′)pv(ty′)tn−1h4(x, t)pdσ(y′)dt

)q/p
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×
(∫ ∞

0

∫
Sn−1

Φ

(
ty′

|x|

)
v(ty′)−p

′/ptn−1h4(x, t)−p
′
dσ(y′)dt

)q/p′
dx

= p′
q/p′

∫
Rn

u(x)|x|−nq
(∫ ∞

0

∫
Sn−1

Φ

(
ty′

|x|

)p
f(ty′)pv(ty′)tn−1h4(x, t)p

×h4(x, 0)p
2/p′dσ(y′)dt

)q/p
dx

≤ p′q/p
′

(∫ ∞
0

∫
Sn−1

f(ty′)pv(ty′)tn−1

(∫
Rn

u(x)|x|−nqΦ
(
ty′

|x|

)q/p
× h4(x, t)qh4(x, 0)pq/p

′
dx
)p/q

dσ(y′)dt

)q/p
,

Ù¥

h4(x, t) =

(∫ ∞
t

∫
Sn−1

Φ

(
sy′

|x|

)
v(sy′)−p

′/psn−1dσ(y′)ds

)1/pp′

, 0 ≤ t ≤ ∞.

du Φ´»��, |^^�b� (1.10), ��eª¤á(∫
Rn

|H∗Φ(f)(x)|qu(x)dx

)1/q

≤ C1/q
13 p′

1/p′
(∫

Rn

f(y)pv(y)dy

)1/p

.

7�5�y²aq½n 1.3�7�5y². ùpØ2�[�Ñ. y..

Ä7�8
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