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Abstract

This paper investigates the synchronization of fuzzy cellular neural networks with vari-

able coefficients and time-varying delay by designing a impulsive control. By taking

Lyapunov functional method and the matrix inequality method, the linear matrix in-

equality conditions are given to ensure the synchronization of the system. Meanwhile,

exponential synchronization conditions and asymptotic behavior of unknown param-

eters are derived. Finally, a simulation example is given to verify the effectiveness of

the proposed method.
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2. �.ïá

�©Ì�ïÄ
�a�C�¢�ëê����
[� ²�äÄuóÀ��eÓÚ¯K"

u̇i(t, x) =
m∑
k=1

∂

∂xk
(Dik

∂ui(t, x)

∂xk
)− ωiui(t, x) +

n∑
j=1

bij f̃j(uj(t, x)) +
n∑
j=1

aijvj + Ii

+
n∧
j=1

ηij f̃j [uj(t− τ(t), x)] +
n∧
j=1

Tijvj

+
n∨
j=1

βij f̃j [uj(t− τ(t), x)] +
n∨
j=1

Sijvj , i = 1, 2, · · · , n, t ≥ 0, t 6= tk,

4ui(tk, x) = ui(t
+
k , x)− ui(t−k , x) = −θikui(tk, x), k ∈ Z+, t = tk,

ui(t, x) = 0, (t, x) ∈ [−τ,+∞]× ∂Ω, i = 1, 2, ..., n

ui(t, x) = ψi(t, x), (t, x) ∈ [−τ, 0]× Ω, i = 1, 2, ..., n.

(2.1)

Ù¥ ui(t, x)éAu��tÚ�mx� ²ü��G�; nL« ²���ê; x = (x1, ...xm)T ∈
Ω ⊂ Rm �Ω = {x = (x1, ..., xm)T :| x |< wk, k = 1, 2, ...,m} ´äk1w>.∂Ω �k.;8

�mesΩ > 0; Dik = Dik(t, x) ≥ 0 ´*ÑXê; ωi > 0 L«� ²�ä�ë��vk	ÜN\>

Ø��, 1i � ²��£�á·EG���Ç; ηij( βij), Tij( Sij) ©O´�
�"��£�¤�

�Ú�
c"��£�¤�����. aij Úbij ´c"��Ú�"�����.
∧

(
∨

) L«�


Ú(½). Ii Úvi ©OL«1i � ²��Ñ\Ú �. 0 < τ(t) < τ ´�Cò´, f̃ ´-y¼ê;

ψi(s, x)(i = 1, 2, ..., n) L«3[−τ, 0] × Ω ´k.�ÚëY�. θik (i = 1, 2, ..., n. k ∈ Z+)´óÀr

Ý. {tk|k = 1, 2, ...} ÷v 0 ≤t0 < t1 < t2 < ... < tk < ..., lim
k→∞

tk = +∞, lim
t→t+k

ui(t, x) = ui(t
+
k , x),

ui(t
−
k , x) = ui(tk, x).

�.(2.1)�lXÚ�

˙̃ui(t, x) =

m∑
k=1

∂

∂xk
(Dik

∂ũi(t, x)

∂xk
)− ω̄i(t)ũi(t, x) +

n∑
j=1

b̄ij(t)f̃j(ũj(t, x)) +

n∑
j=1

aijvj

+ Ii +

n∧
j=1

η̄ij(t)f̃j [ũj(t− τ(t), x)] +

n∧
j=1

Tijvj +
n∨
j=1

β̄ij(t)f̃j [ũj(t− τ(t), x)]

+

n∨
j=1

Sijvj + εi(t)(ũi(t, x)− ui(t, x)), i = 1, 2, · · · , n, t ≥ 0, t 6= tk,

4ũi(tk, x) = ũi(t
+
k , x)− ũi(t−k , x) = −θikũi(tk, x), i = 1, 2, ..., n, k ∈ Z+, t = tk,

ũi(t, x) = 0, (t, x) ∈ [−τ,+∞]× ∂Ω, i = 1, 2, ..., n,

ũi(t, x) = φi(t, x), (t, x) ∈ [−τ, 0]× Ω, i = 1, 2, ..., n.

(2.2)

Ù¥ε(t) = (ε1(t), ε2(t), · · · , εn(t)) ∈ Rn(i = 1, 2, · · · , n) L«��ìOÃ�. òÓÚØ�½Â
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�ei(t, x) = ũi(t, x)− ui(t, x), ·�k

ėi(t, x) =
m∑
k=1

∂

∂xk
(Dik

∂ei(t, x)

∂xk
)− ωiei(t, x) +

n∑
j=1

bijfj(ej(t, x))

+
n∧
j=1

ηijf
∗
j [ej(t− τ(t), x)] +

n∨
j=1

βijf
∗∗
j [ej(t− τ(t), x)]

− (ω̄i(t)− ωi)ũi(t, x) +
n∑
j=1

(b̄ij(t)− bij)f̃j(ũj(t, x))

+
n∧
j=1

(η̄ij(t)− ηij)f̃j [ũj(t− τ(t), x)] +
n∨
j=1

(β̄ij(t)− βij)f̃j [ũj(t− τ(t), x)]

+ εi(t)ei(t, x), i = 1, 2, · · · , n, t ≥ 0, t 6= tk,

4ei(tk, x) = ei(t
+
k , x)− ei(t−k , x) = −θikei(tk, x), i = 1, 2, ..., n, k ∈ Z+, t = tk,

ei(t, x) = 0, (t, x) ∈ [−τ,+∞]× ∂Ω, i = 1, 2, ..., n,

ei(t, x) = ψi(t, x)− φi(t, x), (t, x) ∈ [−τ, 0]× Ω, i = 1, 2, ..., n.

(2.3)

Ù¥

fj(ej(t, x)) = f̃j(ũj(t, x))− f̃j(uj(t, x)),
n∧
j=1

ηijf
∗
j [ej(t− τ(t), x)] =

n∧
j=1

ηij f̃j [ũj(t− τ(t), x)]−
n∧
j=1

ηij f̃j [uj(t− τ(t), x)],

n∨
j=1

βijf
∗∗
j [ej(t− τ(t), x)] =

n∨
j=1

βij f̃j [ũj(t− τ(t), x)]−
n∨
j=1

βij f̃j [uj(t− τ(t), x)].

½Â2.1. éuψ(t, x) = (ψ1(t, x), ...ψn(t, x))T ∈ C([−τ, 0]× Rm,Rn) ´l[−τ, 0]× Rm �Rnþ
�ëY¼êN��Banach�m, ½Â

‖ ψ(t, x) ‖2=

√√√√ n∑
i=1

‖ ψi(t, x) ‖22,

Ù¥‖ ψi(t, x) ‖2=

(∫
Ω

sup
−τ≤t≤0,x∈Ω

| ψi(t, x) |2 dx
) 1

2

.

½Â2.2. XJ�3L > 1 , ε > 0 ¦�

‖ ũi(t, x)− ui(t, x) ‖2=‖ e(t, x) ‖2≤ L ‖ ψ − φ ‖2 e−εt, (t, x) ∈ [0,+∞)× Ω.

K¡XÚ(2.1)Ú(2.2)´�Û�êÓÚ�"Ù¥

‖ ũi(t, x)− ui(t, x) ‖2=

(∫
Ω

n∑
i=1

| ũi(t, x)− ui(t, x) |2 dx

) 1
2

.
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Ún2.1. eh(x) ∈ C1(Ω,R), h(x) |∂Ω= 0, Ω ´k.;8, | xk |≤ wk(k = 1, 2, ...,m). Kk

∫
Ω

h2(x)dx ≤ w2
k

∫
Ω

(
∂h

∂xk

)2

dx.

Ún2.2.( [2]). éu∀ ηij , βij ∈ R, k

|
n∧
j=1

ηij f̃j(uj)−
n∧
j=1

ηij f̃j(ũj)| ≤
n∑
j=1

|ηij ||f̃j(uj)− f̃j(ũj)|,

|
n∨
j=1

βij f̃j(uj)−
n∨
j=1

βij f̃j(ũj)| ≤
n∑
j=1

|βij ||f̃j(uj)− f̃j(ũj)|.

Ún2.3. éu ∀ x, y ∈ Rn Ú�½Ý
 Q ∈ Rn×n, k

2xT y ≤ xTQx+ yTQ−1y.

Ún2.4. (SchurÖÚn) éu©¬Ý


X =

 X11 X12

XT
12 X22

 > 0,

Ù¥X11, X22 ´�
, e�^�´�d�µ

1) X11 > 0, X22 −XT
12X

−1
11 X12 > 0,

2) X22 > 0, X11 −X12X
−1
22 X

T
12 > 0.

3. Ì�(J

�
(�XÚ(2.1) Ú(2.2)ÓÚ, b�±e^�¤áµ

(H1). f̃i(x) ´Lipschitz ëY�, �3 hi > 0 ¦�

|f̃i(x)− f̃i(y)| ≤ hi|x− y|,

∀x, y ∈ R, x 6= y, i = 1, 2, · · · , n. �h = max
1≤i≤n

(h2
i ).

(H2). τ(t) > 0, 0 ≤ τ̇(t) ≤ µ ≤ 1, é?¿�t, ùpµ ´~ê.

(H3). θik ∈ R Úθik ∈ [0, 2], i = 1, 2, ..., n. k ∈ Z+.

(H4). e��5Ý
Ø�ª Γ Q(|η|+ |β|)

(|η|+ |β|)TQ E

 > 0, (3.1)
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Ù¥Q = diag(qi),W = diag(ωi), B = (bij)n×n, |η| = (ηij)n×n, |β| = (|βij |)n×n, H = diag(hi),

Γ = QD +QW − λQ− 1
2
(Q|B|H +H|BT |Q)− 1

1−µH
TH, λ > 0, E ´ü Ý
.

½n3.1. Äu(H1)− (H4). b�ω̄i(t), b̄ij(t), η̄ij(t), β̄ij(t), εi(t)(i, j = 1, 2, · · · , n) ÷v:

˙̄ωi(t) = 1
γi
eλtei(t, x)ũi(t, x),

˙̄bij(t) = − 1
αij
eλtei(t, x)g̃j(ũj(t, x)),

˙̄ηij(t) = − 1
%ij
eλt|ei(t, x)g̃j [ũj(t− τ(t), x)]|sgn(η̄ij(t)− ηij),

˙̄βij(t) = − 1
σij
eλt|ei(t, x)g̃j [ũj(t− τ(t), x)]|sgn(β̄ij(t)− βij),

ε̇i(t) = − 1
δi
eλte2

i (t, x).

(3.2)

¿�εi(tk) = εi(t
+
k ), ω̄i(tk) = ω̄i(t

+
k ), b̄ij(tk) = b̄ij(t

+
k ), η̄ij(tk) = η̄ij(t

+
k ), β̄ij(tk) = β̄ij(t

+
k ). qi, ωi,

δi, γi, αij , %ij , σij ´?¿��~ê, KXÚ(2.1) Ú(2.2) ÓÚ, ¿�

lim
t→∞

(ω̄i(t)) = ωi, lim
t→∞

(b̄ij(t)) = bij , lim
t→∞

(η̄ij(t)) = ηij , lim
t→∞

(β̄ij(t)) = βij . (3.3)

y². �ELyapunov-krasovskii ¼ê

V (t) =

∫
Ω

{1

2

n∑
i=1

qi{eλte2
i (t, x) + γi(ω̄i(t)− ωi)2 +

n∑
j=1

αij(b̄ij(t)− bij)2

+
n∑
j=1

%ij(η̄ij(t)− ηij)2 +
n∑
j=1

σij(β̄ij(t)− βij)2 + δiε
2
i (t)}

+

∫ t

t−τ(t)

1

1− µ
eλ(s+τ)|fT [e(s, x)]||f [e(s, x)]|ds}dx.

(3.4)

éut ≥ 0, t 6= tk, k ∈ Z+, O�(3.4)��ê,

V̇ (t) =

∫
Ω

{
n∑
i=1

qi{eλtei(t, x)
∂ei(t, x)

∂t
+

1

2
λeλte2

i (t, x) + γi(ω̄i(t)− ωi) ˙̄ωi(t)

+
n∑
j=1

αij(b̄ij(t)− bij)˙̄bij(t) +
n∑
j=1

%ij(η̄ij(t)− ηij) ˙̄ηij(t) +
n∑
j=1

σij(β̄ij(t)− βij) ˙̄βij(t)

+ δiεi(t)ε̇i(t)}+ 1
1−µe

λ(t+τ)|fT [e(t, x)]||f [e(t, x)]|

− 1−τ̇(t)
1−µ eλ(t−τ(t)+τ)|fT [e(t− τ(t), x)]||f [e(t− τ(t), x)]|}dx

≤
∫

Ω

{
n∑
i=1

qi{eλtei(t, x)

m∑
k=1

∂

∂xk
(Dik

∂ei(t, x)

∂xk
)− ωieλte2

i (t, x)

+
n∑
j=1

bije
λtei(t, x)fj(ej(t, x)) + λeλte2

i (t, x) +
n∑
j=1

|ηij |eλtei(t, x)|fj [ej(t− τ(t), x)]|

+
n∑
j=1

|βij |eλtei(t, x)|fj [ej(t− τ(t), x)]|}+ 1
1−µe

λ(t+τ)|fT [e(t, x)]||f [e(t, x)]|

− 1−τ̇(t)
1−µ eλ(t−τ(t)+τ)|fT [e(t− τ(t), x)]||f [e(t− τ(t), x)]|}dx,
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dÚn 2.1 9>�^��∫
Ω

ei(t, x)
m∑
k=1

∂

∂xk

(
Dik

∂ei(t, x)

∂xk

)
dx

=

∫
Ω

ei(t, x)
m∑
k=1

∂

∂xk

(
Dik

∂ei(t, x)

∂xk

)
dx

=

∫
Ω

ei(t, x)∇
(
Dik

∂ei(t, x)

∂xk

)m
k=1

dx

=

(∫
∂Ω

ei(t, x)

(
Dik

∂ei(t, x)

∂xk

)m
k=1

dx−
∫

Ω

(
Dik

∂ei(t, x)

∂xk

)m
k=1

∇ei(t, x)dx

)

= −
∫

Ω

(
Dik

∂ei(t, x)

∂xk

)m
k=1

∇ei(t, x)dx

= −
m∑
k=1

∫
Ω

Dik

(
∂ei(t, x)

∂xk

)2

dx

≤ −
m∑
k=1

∫
Ω

Dik

w2
k

e2
i (t, x)dx,

Ù¥∇ = ( ∂
∂x1

, ∂
∂x2

, ..., ∂
∂xm

)T ´FÝ�f, ¿�

(Dik
∂ei(t, x)

∂xk
)mk=1 = (Di1

∂ei(t, x)

∂x1

, Di2
∂ei(t, x)

∂x2

, ...Dim
∂ei(t, x)

∂xm
).

�â(H1) ÚÚn 2.2, ·�k

V̇ (t) ≤
∫

Ω

{−
n∑
i=1

qi(

m∑
k=1

Dik

w2
k

+ ωi)e
λte2

i (t, x) +

n∑
i=1

n∑
j=1

eλtqi|ei(t, x)||bij ||fj(ej(t, x))|

+
n∑
i=1

qiλe
λte2

i (t, x) +
n∑
i=1

n∑
j=1

eλtqi|ei(t, x)||ηij ||fj [ej(t− τ(t), x)]|

+
n∑
i=1

n∑
j=1

eλtqi|ei(t, x)||βij ||fj [ej(t− τ(t), x)]|+ 1
1−µe

λ(t+τ)|fT [e(t, x)]||f [e(t, x)]|

− 1−τ̇(t)
1−µ eλ(t−τ(t)+τ)|fT [e(t− τ(t), x)]||f [e(t− τ(t), x)]|}dx

≤
∫

Ω

{−eλteT (t, x)(QD +QW )e(t, x) + eλt
n∑
i=1

n∑
j=1

qi|ei(t, x)||bij ||hi||ej(t, x)|

+ λeλteT (t, x)Qe(t, x) + eλt|eT (t, x)|Q(|η|+ |β|)|f [e(t− τ(t), x)]|

− 1−τ̇(t)
1−µ eλ(t−τ(t)+τ)|fT [e(t− τ(t), x)]||f [e(t− τ(t), x)]|

+ 1
1−µe

λ(t+τ)|fT [e(t, x)]||f [e(t, x)]|}dx,
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d(H2) ÚÚn 2.3, ��

V̇ (t) ≤
∫

Ω

{−eλteT (t, x)(QD +QW )e(t, x) + eλt|eT (t, x)|1
2

(Q|B|H +H|BT |Q)|e(t, x)|

+ λeλteT (t, x)Qe(t, x) + 1
2
eλt|eT (t, x)|Q(|η|+ |β|)(|η|+ |β|)TQT |e(t, x)|

+ 1
2
eλtfT [e(t− τ(t), x)]||f [e(t− τ(t), x)]|

− 1−τ̇(t)
1−µ eλ(t−τ(t)+τ)|fT [e(t− τ(t), x)]||f [e(t− τ(t), x)]|

+ 1
1−µe

λ(t+τ)|fT [e(t, x)]||f [e(t, x)]|}dx

≤
∫

Ω

eλt{−|eT (t, x)|{QD +QW − λQ− 1

2
(Q|B|H +H|BT |Q)

− 1
2
Q(|η|+ |β|)(|η|+ |β|)TQT − 1

1−µH
TH}|e(t, x)|}dx

= −Keλt ‖ ei(t, x) ‖22≤ 0,

Ù¥K = QD +QW − λQ− 1
2
(Q|B|H +H|BT |Q)− 1

2
Q(|η|+ |β|)(|η|+ |β|)TQT − 1

1−µH
TH. ÏL

Ún2.4�, K > 0. ,�kV (t) ≤ −Keλt ‖ ei(t, x) ‖22≤ 0.ÏdV (t) ≤ V (t+k−1)é?¿�t ∈ (tk−1, tk],

k ∈ Z+, ùpV (0+) = V (0). d(2.3)(3.2)(3.4) Ú(H3), ��

V (t+k ) =

∫
Ω

{1

2

n∑
i=1

qi{eλt
+
k e2

i (t
+
k , x) + γi(ω̄i(t

+
k )− ωi)2 +

n∑
j=1

αij(b̄ij(t
+
k )− bij)2

+
n∑
j=1

%ij(η̄ij(t
+
k )− ηij)2 +

n∑
j=1

σij(β̄ij(t
+
k )− βij)2 + δiε

2
i (t

+
k )}

+

∫ t+k

t+k−τ(tk)

1

1− µ
eλ(s+τ)|fT [e(s, x)]||f [e(s, x)]|ds}dx

=

∫
Ω

{1

2

n∑
i=1

qi{eλtk(1− θik)2e2
i (tk, x) + γi(ω̄i(tk)− ωi)2 +

n∑
j=1

αij(b̄ij(tk)− bij)2

+
n∑
j=1

%ij(η̄ij(tk)− ηij)2 +
n∑
j=1

σij(β̄ij(tk)− βij)2 + δiε
2
i (tk)}

+

∫ tk

tk−τ(tk)

1

1− µ
eλ(s+τ)|fT [e(s, x)]||f [e(s, x)]|ds

−
∫ t+k−τ(tk)

tk−τ(tk)

1

1− µ
eλ(s+τ)|fT [e(s, x)]||f [e(s, x)]|ds

+

∫ t+k

tk

1

1− µ
eλ(s+τ)|fT [e(s, x)]||f [e(s, x)]|ds}dx

≤ V (tk).

Ïd, XÚ(2.1) Ú(2.2) ´ÓÚ�. ½n3.1y..

íØ3.1. Äu½n2.1�^�, XJεi(0) = 0, ω̄i(0) = ωi, b̄ij(0) = bij , η̄ij(0) = ηij , β̄ij(0) =

βij . KXÚ(2.1) Ú(2.2)�Û�êÓÚ.

53.1. �θik ≡ 0, i = 1, 2, ..., n. k ∈ Z+,XÚ(2.1) Ú(2.2) òz�©z [3, 4]¥�ÃóÀ�A�

ò´[� ²�ä��¹.
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4. ê��[

~4.1. 3(2.1)ª¥�Dik = 0§i = 1, 2.

(ωij)2×2 =

(
1 0

0 1

)
, (bij)2×2 =

(
2.0 −0.1

−5.0 2.8

)
,

(βij)2×2 = (ηij)2×2 =

(
−1.5 −0.1

−0.21 −1.8

)
, τ(t) =

et

1 + et
, g̃j(t) = tanh(t).

Ð©^�Xeµ u1(t) = −0.01, u2(t) = 0.05, ũ1(t) = −0.5, ũ2(t) = 0.5,

ε1(0) = −0.1, ε2(0) = 0.02; b1(0) = −0.02, b2(0) = 4.46,

η1(0) = −0.02, η2(0) = 0.01;β1(0) = 0.2, β2(0) = −0.2.θik = 0.1.

XÚëêìC5Æ

˙̄b1(t) = −9.43× (ũ1 − u1)tanh(ũ1), ˙̄b2(t) = −2.173× (ũ2 − u2)tanh(ũ2).

˙̄η1(t) = −6.65× sgn(η̄1 + 1.5)|(ũ1 − u1)tanh(ũ1(t− τ))|,
˙̄η2(t) = −1.45× sgn(η̄2 + 1.8)|(ũ2 − u2)tanh(ũ2(t− τ))|.
˙̄β1(t) = −9.22× sgn(β̄1 + 1.5)|(ũ1 − u1)tanh(ũ1(t− τ))|,
˙̄β2(t) = −2.5× sgn(β̄2 + 1.8)|(ũ2 − u2)tanh(ũ2(t− τ))|.
ε̇1(t) = −0.5× (ũ1 − u1)2, ε̇2(t) = −0.35× (ũ2 − u2)2.

ÏLã 1Úã 2��, XÚ(2.1)Ú(2.2) ÓÚ, ¿�XÚ(2.2)�Xê, b̄1, b̄2 ,η̄1, η̄2 ,β̄1, β̄2,©Oì

Cª�u2.0, 2.8, -1.5, -1.8, -1.5, -1.8.

Figure 1. Synchronization errors e1(t) and e2(t)

ã 1. Ø�ÓÚe1(t) Úe2(t)
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Figure 2. Asymptotic behavior of system (2.2) parameters

ã 2. XÚ(2.2) Xê�ìCã�

Ä7�8
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