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�ϕ, g´E²¡C¥ü ��Dþ�)ÛN�§�ϕ(D) ⊂ D, n ∈ N"½Â2ÂÈ©�f�

I(n)
g,ϕf(z) =

∫ z

0

f (n)(ϕ(ζ))g(ζ)dζ.
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Abstract

A generalized integration operator is defined by

I(n)
g,ϕf(z) =

∫ z

0

f (n)(ϕ(ζ))g(ζ)dζ

induced by holomorphic maps g and ϕ of the unit disk D, where ϕ(D) ⊂ D and n is a

positive integer. In this paper, we investigate the boundedness and the compactness of

the differences of two generalized integration operators from α-Bloch spaces to β-Bloch

spaces.
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1. Úó

PD�E²¡C¥�ü m��, H(D)�Dþ�)Û¼ê�N, H∞(D) �Dþ�k.)Û¼ê
�N. é0 < α <∞, Bloch.�m(½α-Bloch�m)Bα´�¤k÷v

‖f‖α = sup
z∈D

(1− |z|2)α|f ′(z)| <∞

�)Û¼ê�N. ´�, 3�ê‖f‖Bα = |f(0)|+ ‖f‖α¿Âe, Bα�¤��Banach �m.

3�©¥, PS(D)�D�g��)ÛN��N. éf ∈ H(D), ½Â±ϕ ∈ S(D)�ÎÒ�EÜ�

f�Cϕf = f ◦ ϕ. EÜ�fnØ´Cc5�ïÄ9:��, AO´ϕ�5��Cϕ�'X¯K. éu

²;)Û¼ê�mþ�EÜ�fnØ, ��©z [1]Ú [2].

�g : D→ C´ü m��þ�)ÛN�, éf ∈ H(D), z ∈ D, ¡�f

Igf(z) =

∫ z

0

f(ζ)g′(ζ)dζ (z ∈ D)
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�Riemann - Stieltjes�f(½2ÂCesàro�f). Ch. Pommerenke3©z [3]¥ÄgïÄ
Riemann

- Stieltjes �f, Ùy²
Ig3H
2þk.��=�g ∈ BMOA. ©z [4]Ú [5]rT(Øí2�
Ù¦

�Hp(1 ≤ p <∞)�m, Ù�âÎÒg����x
Ig3H
p�;5ÚIg3H

2þ�Schattena.

3�©p, ·��ÄÈ©�f

I(n)
g,ϕf(z) =

∫ z

0

f (n)(ϕ(ζ))g(ζ)dζ, z ∈ D.

¡T�f�2ÂÈ©�f, Ù3 [6]¥ÄgÚ^¿3©z [7]Ú [8]¥��?�ÚïÄ. Ó�, �

fI
(n)
g,ϕ�±w¤´dg¤p��Rimann-Stieltjes �fIg �í2. ¯¢þ, �fI

(n)
g,ϕ�±��NõÙ�

��f. 'X, �n = 1�, I
(n)
g,ϕÒ´S. Stević, S. Li, X. Zhu ÚW. Yang3©z [9–15]¥¤ïÄ�È

©�f. �n = 1, g(z) = ϕ′(z)�, K�EÜ�fCϕ. ePD��©�f, n = m+ 1, g(z) = ϕ′(z), K

��fCϕD
mf(z) = f (m)(ϕ(z))− f (m)(ϕ(0))(�©z [16–18]).

�ïÄH2�mþEÜ�f8C(H2)�ÿÀ(�(�f�êÿÀ¿Âe), ©z [19]¥Äg&

Ä
ü�EÜ�f��©5�. ��, Ø�ïÄö��x
(\�)EÜ�f��©. MacCluer,

OhnoÚZhao3 [20]¥y²
Cϕ − Cψ : H∞ → H∞�;5�Cϕ − Cψ : B → H∞ �;5�

d. Ó�, H∞þ�EÜ�fCϕ ÚCψ3Ó��ëÏ©|þ��=�Cϕ − Cψ : B → H∞k..

HosokawaÚOhno 3 [21]¥Ø=éB�H∞þ�ü�\�EÜ�f�©�k.5Ú;5�Ñ
#
�(J, ��Ñ
¦���5�ê. �8c��, 'uü�(\�)EÜ�f�©�©zkéõ,

X [22–25], Ù¦�õ�©z3dØ���Ñ.

�©¥, ·�ò&Äα-Bloch�m�β-Bloch�mþ�ü�2ÂÈ©�f��k.5Ú;5¯K.

Ó�, 3d`²: ©¥�~êC 3ØÓ�/���Ø�½�Ó.

2. �
Ún

éa ∈ D, �σa�Dþr0N¤a�gÓ�N�. =, σa(z) = a−z
1−āz , z ∈ D. Ó�, Dþ��V­ål

P�

ρ(z, a) = |σa(z)| =|
a− z
1− āz

|, z, a ∈ D.

�e5, ·��Ñ©¥Ì�(Øy²�I�^��A�(Ø.

Ún1 [26] éα > 0, f ∈ Bα, k

|f (n)(z)| ≤ C ‖f‖Bα
(1− |z|2)α+n−1

,

Ù¥C�fÃ'.

�( [1],Pro.3.11)�y²aq, �±��e�Ún2.

Ún2 �ϕ1, ϕ2 ∈ S(D), g1, g2 ∈ H(D). KI
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβ ´;�f��=

�I
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβ´k.�f, �éBα¥�?¿k.S�{fk}, �Ù3D�?¿;f8þ�

�Âñu0�, k‖(I(n)
g1,ϕ1 − I

(n)
g2,ϕ2)fk‖Bβ → 0.
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Ún3 [27] �0 < α < ∞. Ké?¿z, w ∈ D, �3~êC > 0, ¦�é¤kf ∈ Bα÷
v‖f‖Bα ≤ 1�, k

|(1− |z|2)α+n−1f (n)(z)− (1− |w|2)α+n−1f (n)(w)| ≤ Cρ(z, w).

Ún4 [27] éz, w ∈ D�a 6= 0, -

fa(z) =
1− |a|2

α(α+ 1) · · · (α+ n− 1)ān(1− āz)α
,

ka(z) =
1

α(α+ 1) · · · (α+ n)

(
n(1− |a|2)

ān+1(1− āz)α
+ α · (a− z)(1− |a|2)

ān(1− āz)α+1

)
.

Kfa, ka ∈ Bα�

f (n)
a (z) =

1− |a|2

(1− āz)α+n
,

k(n)
a (z) =

(a− z)(1− |a|2)

(1− āz)α+n+1
.

3. Ì�(Ø

�
�B, P

Dϕ,g(z) :=
(1− |z|2)βg(z)

(1− |ϕ(z)|2)α+n−1
.

¿-

I1(z) = |Dϕ1,g1(z)|ρ(ϕ1(z), ϕ2(z)),

I2(z) = |Dϕ2,g2(z)|ρ(ϕ1(z), ϕ2(z)),

I3(z) = |Dϕ1,g1(z)−Dϕ2,g2(z)|.

½n1 �ϕ1, ϕ2 ∈ S(D), g1, g2 ∈ H(D)�n ∈ N. Keã^��d:

(i) I
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβk.;

(ii) supz∈D I1(z) <∞ and supz∈D I3(z) <∞;

(iii) supz∈D I2(z) <∞ and supz∈D I3(z) <∞.

y² (i)⇒ (ii). b�I
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβ k.. éa ∈ D�a 6= 0, -

fa(z) =
1− |a|2

α(α+ 1) · · · (α+ n− 1)ān(1− āz)α
,

ka(z) =
1

α(α+ 1) · · · (α+ n)

(
n(1− |a|2)

ān+1(1− āz)α
+ α · (a− z)(1− |a|2)

ān(1− āz)α+1

)
.
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KdÚn4��, fa, ka ∈ Bα. u´é�½�w ∈ D�÷vϕ1(w) 6= 0, k

∞ > ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)fϕ1(w)‖Bβ = sup
z∈D

(1− |z|2)β|((I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)fϕ1(w))
′(z)|

≥

∣∣∣∣∣(1− |w|2)βg1(w)(1− |ϕ1(w)|2)

(1− |ϕ1(w)|2)α+n
− (1− |w|2)βg2(w)(1− |ϕ1(w)|2)

(1− ϕ1(w)ϕ2(w))α+n

∣∣∣∣∣
≥ |Dϕ1,g1(w)| −

∣∣∣∣∣Dϕ2,g2(w)
(1− |ϕ1(w)|2)(1− |ϕ2(w)|2)α+n−1

(1− ϕ1(w)ϕ2(w))α+n

∣∣∣∣∣ , (1)

Ú

∞ > ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)kϕ1(w)‖Bβ = sup
z∈D

(1− |z|2)β|((I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)kϕ1(w))
′(z)|

≥

∣∣∣∣∣(1− |w|2)βg2(w)(ϕ1(w)− ϕ2(w))(1− |ϕ1(w)|2)

(1− ϕ1(w)ϕ2(w))α+n+1

∣∣∣∣∣
=

∣∣∣∣∣Dϕ2,g2(w)
(1− |ϕ1(w)|2)(1− |ϕ2(w)|2)α+n−1

(1− ϕ1(w)ϕ2(w))α+n

∣∣∣∣∣ · ρ(ϕ1(w), ϕ2(w)). (2)

(1)ªü>Ó�¦±ρ(ϕ1(w), ϕ2(w)), (Ü(2)��

sup
w∈D\D1

|Dϕ1,g1(w)|ρ(ϕ1(w), ϕ2(w)) <∞, (3)

Ù¥D1 = {w ∈ D : ϕ1(w) = 0}.

Ón��

sup
w∈D\D2

|Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w)) <∞, (4)

Ù¥D2 = {w ∈ D : ϕ2(w) = 0}.

,��¡, d(1)�±��

∞ > ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)fϕ1(w)‖Bβ

≥

∣∣∣∣∣(1− |w|2)βg1(w)(1− |ϕ1(w)|2)

(1− |ϕ1(w)|2)α+n
− (1− |w|2)βg2(w)(1− |ϕ1(w)|2)

(1− ϕ1(w)ϕ2(w))α+n

∣∣∣∣∣
≥ |Dϕ1,g1(w)−Dϕ2,g2(w)| − |Dϕ2,g2(w)| ·

∣∣∣∣∣1− (1− |ϕ1(w)|2)(1− |ϕ2(w)|2)α+n−1

(1− ϕ1(w)ϕ2(w))α+n

∣∣∣∣∣
≥ C (|Dϕ1,g1(w)−Dϕ2,g2(w)| − |Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w))) , (5)

l


sup
w∈D\{D1∪D2}

|Dϕ1,g1(w)−Dϕ2,g2(w)| <∞. (6)
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�ϕ1(w) = ϕ2(w) = 0�, -f0(z) = zn

n!
, KdI

(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβ �k.5��

sup
w∈D1∩D2

|Dϕ1,g1(w)−Dϕ2,g2(w)| = sup
w∈D1∩D2

µ(|w|)|g1(w)− g2(w)|

≤ ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)f0‖Bβ <∞, (7)

sup
w∈D1∩D2

|Dϕ1,g1(w)|ρ(ϕ1(w), ϕ2(w)) = 0, (8)

�

sup
w∈D1∩D2

|Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w)) = 0. (9)

�ϕ2(w) = 0, ϕ(w)1 6= 0�, -

Pϕ1(w)(z) =
1

α · · · (α+ n)

(
n

ϕ1(w)
n+1

(1− ϕ1(w)z)α
+

α(ϕ1(w)− z)
ϕ1(w)

n
(1− ϕ1(w)z)α+1

)
.

K

∞ > ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)Pϕ1(w)‖Bβ = sup
z∈D
|((I(n)

g1,ϕ1
− I(n)

g2,ϕ2
)Pϕ1(w))

′(z))|

≥

∣∣∣∣∣(1− |w|2)βg2(w)(ϕ1(w)− ϕ2(w))

(1− ϕ1(w)ϕ2(w))α+n+1

∣∣∣∣∣
= (1− |w|2)β|ϕ1(w)g2(w)|

= |Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w)),

u´

sup
w∈D2\D1

|Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w)) <∞. (10)

Ïd, (Ü(5)Ú(10)�±��

sup
w∈D2\D1

|Dϕ1,g1(w)−Dϕ2,g2(w)| <∞. (11)

Ón��, �ϕ1(w) = 0, ϕ(w)2 6= 0�, k

sup
w∈D1\D2

|Dϕ1,g1(w)−Dϕ2,g2(w)| <∞ (12)

sup
w∈D1\D2

|Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w)) <∞. (13)
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�
, d(3), (8)Ú(13)��supz∈D I1(z) <∞; d(6), (7), (11)Ú(12)��supz∈D I3(z) <∞.

(ii)⇒ (iii). e(ii)¤á, K

sup
z∈D

I2(z) = sup
z∈D
|Dϕ2,g2(z)|ρ(ϕ1(z), ϕ2(z))

≤ sup
z∈D
|Dϕ1,g1(z)|ρ(ϕ1(z), ϕ2(z))

+ sup
z∈D
|Dϕ1,g1(z)−Dϕ2,g2(z)|ρ(ϕ1(z), ϕ2(z))

≤ sup
z∈D

I1(z) + sup
z∈D

I3(z) <∞,

l
(iii)�¤á.

(iii)⇒ (i). e(iii)¤á, KdÚn1��, éf ∈ Bα�‖f‖Bα ≤ 1, k

‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)f‖Bβ

= sup
z∈D
|(1− |z|2)βf (n)(ϕ1(z))g1(z)− (1− |z|2)βf (n)(ϕ2(z))g2(z)|

= sup
z∈D
|Dϕ1,g1(z)(1− |ϕ1(z)|2)α+n−1f (n)(ϕ1(z))

−Dϕ2,g2(z)(1− |ϕ2(z)|2)α+n−1f (n)(ϕ2(z))|

≤ sup
z∈D
|Dϕ1,g1(z)−Dϕ2,g2(z)|

+C sup
z∈D
|Dϕ2,g2(z)|ρ(ϕ1(z), ϕ2(z))

< ∞,

¤±I
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβk..

3?ØI
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : F (p, q, s)→ Bµ�;5�c, ·�Ú\e�PÒ:

Γ(ϕ) = {{zk} ⊂ D : |ϕ(zk)| → 1},

D(g, ϕ) := {{zk} ⊂ D : |ϕ(zk)| → 1, |Dϕ,g(zk)|9 0}.

½n2 �ϕ1, ϕ2 ∈ S(D), g1, g2 ∈ H(D). eI
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβ k., �I

(n)
g1,ϕ1ÚI

(n)
g2,ϕ2Ñ

Ø´;�f, KI
(n)
g1,ϕ1 − I

(n)
g2,ϕ2 : Bα → Bβ ´;�f��=�

(i) D(g1, ϕ1) = D(g2, ϕ2) 6= 0, D(g1, ϕ1) ⊂ Γ(ϕ2),

(ii) ézk ∈ Γ(ϕ1) ∩ Γ(ϕ2),

lim
k→∞

I1(zk) = lim
k→∞

I2(zk) = lim
k→∞

I3(zk) = 0.
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y² ¿©5. �{fk}´Bα¥�S�, Ù3Dþ�?¿;f8þÑ��Âñu0, �‖fk‖Bα ≤ 1.

e‖(I(n)
g1,ϕ1 − I

(n)
g2,ϕ2)fk‖Bβ 9 0, K�3ε > 0 , ¦�é?¿kk‖(I(n)

g1,ϕ1 − I
(n)
g2,ϕ2)fk‖Bβ > ε. u´éz

�k, �3zk ∈ D¦�

|Dϕ1,g1(zk)(1− |ϕ1(zk)|2)α+n−1f
(n)
k (ϕ1(zk))−Dϕ2,g2(zk)(1− |ϕ2(zk)|2)α+n−1f

(n)
k (ϕ2(zk))| > ε. (14)

l
|ϕ1(zk)| → 1½ö|ϕ2(zk)| → 1. e|ϕ1(zk)| → 1, �w ∈ D�{ϕ2(zk)}�4�. K�3f�Âñ

uw, Ø�Ò�ϕ2(zk)→ w. XJ|w| < 1, @ozk 6∈ Γ(ϕ1) ∩ Γ(ϕ2). u´d

D(g1, ϕ1) ⊂ Γ(ϕ1) ∩ Γ(ϕ2)

��Dϕ1,g1(zk)→ 0. ,��¡, duI
(n)
g2,ϕ2k., u´

|Dϕ2,g2(zk)|(1− |ϕ2(zk)|2)α+n−1 = (1− |zk|2)β|g2(zk)| <∞,

l
|w| < 1íÑf
(n)
k (ϕ2(zk))→ 0, �(14)gñ, �|w| = 1. Ïd, |ϕ1(zk)| → 1 �|ϕ2(zk)| → 1. db

��±��

|Dϕ1,g1(zk)(1− |ϕ1(zk)|2)α+n−1f
(n)
k (ϕ1(zk))−Dϕ2,g2(zk)(1− |ϕ2(zk)|2)α+n−1f

(n)
k (ϕ2(zk))|

≤ |Dϕ1,g1(zk)−Dϕ2,g2(zk)|+ sup
z∈D
|Dϕ2,g2(zk)|ρ(ϕ1(zk), ϕ2(zk))→ 0, k →∞.

�(14)gñ.

7�5. db���, eI
(n)
g1,ϕ1 �;, K�3S�{zk} ⊂ D(g1, ϕ1) ¦��|ϕ1(zk)| → 1

�|Dϕ1,g1(zk)| 9 0. éwk = ϕ1(zk), �½n1 aq/½ÂfwkÚkwk , K{fwk}Ú{kwk}´Bα¥�
k.S�, �3D �z�;f8þÑ��Âñu0. Ïd, dÚn2��, �k →∞�

0 ← ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)fϕ1(zk)‖Bβ

≥

(
|Dϕ1,g1(zk)| −

∣∣∣∣∣Dϕ2,g2(zk)
(1− |ϕ1(zk)|2)(1− |ϕ2(zk)|2)α+n−1

(1− ϕ1(zk)ϕ2(zk))α+n

∣∣∣∣∣
)
, (15)

Ú

0 ← ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)kϕ1(zk)‖Bβ

≥

∣∣∣∣∣Dϕ2,g2(zk)
(1− |ϕ1(zk)|2)(1− |ϕ2(zk)|2)α+n−1

(1− ϕ1(zk)ϕ2(zk))α+n

∣∣∣∣∣ · ρ(ϕ1(zk), ϕ2(zk)). (16)

u´(Ü(15)Ú(16)��

lim
k→∞

I1(zk) = lim
k→∞

|Dϕ1,g1(zk)|ρ(ϕ1(zk), ϕ2(zk)) = 0. (17)
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d|Dϕ1,g1(zk)|9 0Ú(17)��limk→∞ ρ(ϕ1(zk), ϕ2(zk)) = 0. l


lim
k→∞

I2(zk) = lim
k→∞

|Dϕ2,g2(zk)|ρ(ϕ1(zk), ϕ2(zk)) = 0. (18)

?�Ú, é?¿{zk} ⊂ D(g1, ϕ1), klimk→∞ |ϕ1(zk)− ϕ2(zk)| = 0. Ïd

D(g1, ϕ1) ⊂ Γ(ϕ2). (19)

d	, �k →∞�, k

|Dϕ1,g1(zk)−Dϕ2,g2(zk)| − |Dϕ2,g2(zk)|ρ(ϕ1(zk), ϕ2(zk))→ 0.

u´d(18)�±��

lim
k→∞

I3(zk) = lim
k→∞

|Dϕ1,g1(zk)−Dϕ2,g2(zk)| = 0. (20)

Ïd, d(19)Ú(20)��D(g1, ϕ1) ⊂ D(g2, ϕ2). Ón��D(g2, ϕ2) ⊂ D(g1, ϕ1). �
, D(g1, ϕ1) =

D(g2, ϕ2).

é?¿S�{zk}, �|ϕ1(zk)| → 1, |ϕ2(zk)| → 1�|Dϕ1,g1(zk)| → 0�, k

lim
k→∞

I1(zk) = lim
k→∞

|Dϕ1,g1(zk)|ρ(ϕ1(zk), ϕ2(zk)) = 0. (21)

,��¡, �k →∞�, k

0 ← ‖(I(n)
g1,ϕ1

− I(n)
g2,ϕ2

)kϕ2(zk)‖Bβ

≥ C (|Dϕ1,g1(w)−Dϕ2,g2(w)| − |Dϕ2,g2(w)|ρ(ϕ1(w), ϕ2(w))) .

u´, �±��

lim
k→∞

I3(zk) = lim
k→∞

|Dϕ1,g1(zk)−Dϕ2,g2(zk)| = 0. (22)

l
k

lim
k→∞

|Dϕ1,g1(zk)| = lim
k→∞

|Dϕ2,g2(zk)| = 0.

Ïd, k

lim
k→∞

I2(zk) = lim
k→∞

|Dϕ2,g2(zk)|ρ(ϕ1(zk), ϕ2(zk)) = 0.

Ä7�8

I[g,�ÆÄ7]Ï�8(No. 11971123).
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