
Pure Mathematics nØêÆ, 2021, 11(12), 2069-2075

Published Online December 2021 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2021.1112230

�¡N+Ú2Âo�ê+þ�k�éó
Vp4ã

¯õ�

�Hã²�ÆÚO�êÆÆ�§�H&²

ÂvFÏµ2021c11�10F¶¹^FÏµ2021c12�10F¶uÙFÏµ2021c12�17F

Á �

�©Ì��Ñ
k�éóVp4ã����d^�§��
�¡N+Ú2Âo�ê+þ�éóV

p4ã�5�Ú(�"

'�c

�¡N+§2Âo�ê+§k�éóVp4ã§�é¡ã

Finite Dual Bi-Cayley Graphs
on Dihedral Groups and
Generalized Quaternion
Groups

Honglin Ning

School of Statistics and Mathematics, Yunnan University of Finance and Economics, Kunming

Yunnan

Received: Nov. 10th, 2021; accepted: Dec. 10th, 2021; published: Dec. 17th, 2021

©ÙÚ^: ¯õ�. �¡N+Ú2Âo�ê+þ�k�éóVp4ã[J]. nØêÆ, 2021, 11(12): 2069-2075.
DOI: 10.12677/pm.2021.1112230

http://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2021.1112230
http://www.hanspub.org
https://doi.org/10.12677/pm.2021.1112230


¯õ�

Abstract

In this paper, we give an equivalent condition of finite dual bi-Cayley graphs and

obtain properties and structures of dual bi-Cayley graphs on dihedral groups and

generalized quaternion groups.
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1. Úó

�©ïÄ�ãÑ´k�ëÏ�Ã�üã, �©�9�+Ñ´k�+. � Γ ���ã,·�^

V Γ , EΓ , AΓ Ú Aut(Γ ) ©OL«§�º:8,>8,l8Ú�gÓ�+,¡ Γ �º:�ê |V Γ | �
Γ ��ê.�º: α����º:|¤�8Ü¡� α���, P� Γ (α),¡ |Γ (α)|�: α�Ýê,

P� val(α).XJz�:�ÝêÑ�Ó,K¡ Γ ��Kã, d�ã Γ �Ýê val(Γ )�u: α�Ýê.

� X ≤ Aut(Γ ) �ã Γ ���gÓ�+, XJ X 3 V Γ , EΓ ,½ AΓ þD4,K©O¡ Γ ´ X-:

D4ã, X->D4ã,½ X-lD4ã.XJ X ©O/3 EΓ þD4, �3 V Γ þØD4,K¡ Γ ´

X-�é¡ã.

Vp4ã´�êãØ�9�ïÄ����. �½��+ H 9Ùf8 R, L, S, Ù¥R = R−1,

L = L−1,R∪L ⊆ H\{1}. ½Â+Hþ�Vp4ãBiCay(H,R,L, S)Xe: º:8 V Γ = H0∪H1,

Ù¥ H0 := {h0 | h ∈ H}, H1 := {h1 | h ∈ H}, >8 EΓ = {{h0, g0} | gh−1 ∈ R} ∪ {{h1, g1} |
gh−1 ∈ L} ∪ {{h0, g1} | gh−1 ∈ S}.

Vp4ã´�êãØ¥���ãa��, �´�êãØ�9�ïÄ�K��. 'uVp4ã

�ïÄ,Cc5ïÄÆö��
Nõó�, 3 2012c, KovScsÚ Kuzman�<3©z [1]¥©a


Ì�+þ�oÝ>D4Vp4ã. 3 2014c, ZhouÚ Feng3©z [2]¥©a
��+þnÝ:D

4Vp4ã. 3 2020c, ConderÚ Zhou�<3©z [3]¥�Ñ
A��5>D4Vp4ã���

�x, Ó��Ñ
��Ø�L6�>D4ã���©a. ���J�´3 2016c, ZhouÚ Feng3©
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z [4]¥éu+ H þ�Vp4ã,(½
 H 3ã��gÓ�+¥��5zf,ù�(J?�ÚíÄ


�YVp4ã�ïÄ. 'uVp4ã��#ïÄ�ë�©z [5–9].

3©z [10]¥éuk�+þ�éóp4ã?1
ïÄ, ��
�
Ð�(J: �Ñ
k�éó

p4ã��'5�Ú(�, éÙé¡5�?1
�½�ïÄ. aq/, ·��òk�éóp4ã�ï

Äí2�k�éóVp4ã. �©òé�¡N+Ú2Âo�ê+þ�éóVp4ã?1?Ø.

�©¤¦^�â�ÚÎÒÑ´IO�, �±ë�Í� [11]. éu+ G,·�^ Z(G)L« G�¥

%.éuü�+ N ÚH,·�^ N : H L« N �H ���*Ü. éu����ê n, ·�^K2nL

« 2n����ã, Kn,n L« 2n�����Üã, Kn,n-nK2 L«3 Kn,n ¥�K������¤�

�ã.

2. ý��£

�¡N+Ú2Âo�ê+´+Øp�©��+. e¡·��Ñ�¡N+Ú2Âo�ê+�½

Â.

2n��¡N+ D2n½ÂXe:

D2n = 〈a, b | an = b2 = 1, b−1ab = a−1〉(n > 2).

4n�2Âo�ê+ D2n½ÂXe:

Q4n = 〈a, b | a2n = 1, b2 = an, b−1ab = a−1〉(n ≥ 2).

´��¡N+Ú2Âo�ê+Ñ´���+.

� Γ = BiCay(H,R,L, S)´k�+ H þ�Vp4ã,

Ĥ = {ĥ | ĥ : x0 7→ (xh)0, x1 7→ (xh)1, x ∈ H,h ∈ H},

Ȟ = {ȟ | ȟ : x0 7→ (h−1x)0, x1 7→ (h−1x)1, x ∈ H,h ∈ H}.

©O´ H �m�KL«Ú��KL«.N´�ym�KL« Ĥ o´Vp4ã Γ �gÓ�+�f+,

��KL« Ȟ KØ�½. XJ Ȟ ≤ Aut(Γ ),K¡ Γ ´k�éóVp4ã. d�N´�y ĤȞ ´

Aut(Γ )�f+.

du�©�9�+Ñ´k�+, �3�©�Qã¥òk�éóVp4ã{¡�éóp4ã. e

H ´��+, K Ȟ = Ĥ ≤ Aut(BiCay(H,R,L, S)), �âéóVp4ã�½Â����+þ�Vp

4ãÑ´éóVp4ã. Ïd·�Ì�ïÄ���+þ�éóVp4ã. d©z[3]Vp4ãäk±

eÄ�5�:

Ún 2.1 [3]� Γ = BiCay(H,R,L, S)´+ H þëÏ�Vp4ã,Ù¥ R,L, S ´ H �f8.

K±e·K¤á:
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(1) 〈R,L, S〉 = H;

(2) 3ãgÓ��¿Âe, S ��¹ H ¥�ü �;

(3) BiCay(H,R,L, S) ∼= BiCay(H,Rα, Lα, Sα),Ù¥ α ∈ Aut(H);

(4) BiCay(H,R,L, S) ∼= BiCay(H,R,L, S−1).

3. Ì�(J

3Vp4ã¥, + H �m�KL«Ú��KL«k±e·K:

·K 3.1 Ĥ ∩ Ȟ ∼= Z(H).AO/, Ĥ 6= Ȟ ��=� H ´���+.

y² � ĥ = ǧ, h, g ∈ H, K

(xh)0 = (x0)ĥ = (x0)ǧ = (g−1x)0,

(xh)1 = (x1)ĥ = (x1)ǧ = (g−1x)1,

?¿ x ∈ H, - x = 1,K g−1 = h.Ïd (xh)0 = (hx)0, (xh)1 = (hx)1, =k xh = hx,K h ∈ Z(H).

� Ĥ ∩ Ȟ = {ĥ|h ∈ Z(H)} ∼= Z(H).

�©���1��Ì�(Ø´�Ñ
éóVp4ã����d^�.

½n 3.2 � Γ = BiCay(H,R,L, S) ´+ H þ�Vp4ã, Γ ´éóVp4ã��=�

R, L, S ©O´+ H �,
�Ýa�¿.

y² ¿©5. d Γ ´éóVp4ã,k Ȟ ≤ Aut(Γ ), h̃ = ȟĥ ∈ ȞĤ ≤ Aut(Γ ).

d Γ (10) = R0∪S1, H̃ = {h̃ | h ∈ H} ≤ Aut(Γ ),k(Γ (10))H̃ = Γ (10) = R0∪S1,?¿ r ∈ R, h̃ ∈ H̃,

d 10 ∼ r0 k (10)h̃ ∼ (r0)h̃ = (rh)0,Ïd rh ∈ R,u´Rh ⊆ R,qÏ� h̃ ∈ Aut(Γ ),KkRh = R,

d h�?¿5�� R´ H ��
�Ýa�¿. Ón�� L, S �´ H ��
�Ýa�¿.

7�5.e R, L, S ©O´+ H �,
�Ýa�¿,Kéu?¿ h ∈ H,k Rh = R, Lh = L,

Sh = S.?¿ x, y, h ∈ H, k

x0 ∼ y0 ⇔ yx−1 ∈ R⇔ (yx−1)h ∈ Rh = R⇔ (x0)ȟ ∼ (y0)ȟ,

x1 ∼ y1 ⇔ yx−1 ∈ L⇔ (yx−1)h ∈ Lh = L⇔ (x1)ȟ ∼ (y1)ȟ,

x0 ∼ y1 ⇔ yx−1 ∈ S ⇔ (yx−1)h ∈ Sh = S ⇔ (x0)ȟ ∼ (y1)ȟ,

y1 ∼ x0 ⇔ yx−1 ∈ S ⇔ (yx−1)h ∈ Sh = S ⇔ (y1)ȟ ∼ (x0)ȟ,

Ïd ȟ ∈ Aut(Γ ),� Ȟ ≤ Aut(Γ ), u´ Γ ´éóVp4ã.

e¡�½n�Ñ
�¡N+Ú2Âo�ê+þéóVp4ã�5�.

½n 3.3
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(1) Ø�3 2n��¡N+þëÏ� G-�é¡éóVp4ã,Ù¥ H = D2n, G = ȞĤ ≤ Aut(Γ ),

n´óê.

(2) Ø�32Âo�ê+þëÏ� G-�é¡éóVp4ã,Ù¥ H = Q4n, G = ȞĤ ≤ Aut(Γ ).

y² (1)� H = D2n = 〈a, b | an = b2 = 1, b−1ab = a−1〉, Γ = BiCay(H,R,L, S),Ù¥ n´

óê. e Γ ´ G-�é¡�éóVp4ã, K Γ ´���Üã, = R = L = ∅, ¿� G10
= H̃ 3

Γ (10) = S1 þD4, = S1 = sH̃1 = (sH̃)1 = (sH)1, 1 6= s ∈ S,? S = sH . du Γ ´ëÏã, dÚ

n 2.1 k, 〈S〉 = 〈sH〉 = H. � s = aibj , 0 ≤ i ≤ n − 1, 0 ≤ j ≤ 1. XJ j = 0,@o s ∈ 〈a〉.d 〈a〉
´ H �A�f+, k 〈S〉 ≤ 〈a〉 < H,ù� Γ �ëÏ5gñ. Ïd s = aib´�����.

e n ´óê. du ba = a−1abb = a−2b = an−2b, XJ s � b 3 H ¥�Ý, @o S =

{b, a2b, · · · , an−2b}, �´ 〈S〉 = 〈a2, b〉 = 〈a2〉 : 〈b〉 ∼= Dn, ù�ëÏ5gñ. XJ s � b 3 H

¥Ø�Ý, @o S = {ab, a3b, · · · , an−1b}. �´ 〈S〉 = 〈a2, ab〉 = 〈a2〉 : 〈ab〉 ∼= Dn,ù��ëÏ5g

ñ. �� n�óê�, Γ Ø�3.

(2)� H = Q4n = 〈a, b | a2n = 1, b2 = an, b−1ab = a−1〉, Γ = BiCay(H,R,L, S). Ï� Γ ´

G-�é¡�éóVp4ã,K Γ ´���Üã, d (1) �y²�� R = L = ∅, S = sH . du Γ ´

ëÏã, dÚn 2.1 k, 〈S〉 = 〈sH〉 = H. � s = aibj , 0 ≤ i ≤ 2n − 1, 0 ≤ j ≤ 1. XJ j = 0,@o

s ∈ 〈a〉.d 〈a〉´ H �A�f+, k 〈S〉 ≤ 〈a〉 < H,ù� Γ �ëÏ5gñ. Ïd s = aib´��4 �

�.

XJ s� b3H ¥�Ý, @o S = sH = {b, ba2, · · · , ba2n−2}, d� 〈S〉 = 〈b, a2〉 < Q4n,ù�ë

Ï5gñ. XJ s� b3 H ¥Ø�Ý, @o S = {ba, ba3, · · · , ba2n−1}, d� 〈S〉 = 〈ab, a2〉 < Q4n,

ù�ëÏ5gñ. �Ø�32Âo�ê+þëÏ� G-�é¡éóVp4ã.

íØ 1 � Γ = BiCay(H,R,L, S)´ 2m ��¡N+þëÏ� G-�é¡éóVp4ã,Ù¥

H = D2m, G = ȞĤ ≤ Aut(Γ ), m´Ûê. K

Γ = BiCay(H, ∅, ∅, {b, ab, · · · , am−1b}).

y² � H = D2m = 〈a, b | am = b2 = 1, b−1ab = a−1〉, Γ = BiCay(H,R,L, S), Ù¥ m ´

Ûê. e Γ ´ëÏ� G-�é¡éóVp4ã, d½n 3.3 �y²��, R = L = ∅,¿� S = sH ,

Ù¥ s = aib ´�����. du m ´Ûê, K H ¥�z�����Ñ� b 3 H ¥�Ý, @o

S = sH = {b, ab, · · · , an−1b}. d�〈S〉 = 〈a, b〉 = D2m,÷vëÏ5.

e¡ù�½n�Ñ
�¡N+Ú2Âo�ê+þ�AÏ�éóVp4ã�(�.

½n 3.4 � n´��ê,K

(1) e n > 4´óê, KK2n, Kn,n, Kn,n − nK2´�¡N+þ�éóVp4ã.

(2) e 4 | n� n ≥ 8, KK2n, Kn,n, Kn,n − nK2´2Âo�ê+þ�éóVp4ã.

y² (1)Ï� n´�u4 �óê,= n = 2k, k > 2, K�3 n��¡N+ D2k = 〈a, b | ak =

b2 = 1, b−1ab = a−1〉(k > 2), - H = D2k, �E H þ�Vp4ã BiCay(H,H\{1}, H\{1}, H),
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dVp4ã�k 2n �:, ¿�?¿��:Ñ�,	 2n-1 �:���, �â��ã�½Â��,

K2n
∼= BiCay(H,H\{1}, H\{1}, H). du H\{1} = (H\{1})−1 ´ H ��
�Ýa�¿, �â½

n 3.2 , �K2n´ H þ�éóVp4ã.

éuþã H, �E H þ�Vp4ã BiCay(H, ∅, ∅, H). dVp4ã� 2n �:þ��Üã,

¿�?¿��:Ñ=�,	��Ü¥�¤k:���, �â���Üã�½Â��, Kn,n
∼=

BiCay(H, ∅, ∅, H), �â½n 3.2 , Kn,n ´ H þ�éóVp4ã.

�E H þ�Vp4ã BiCay(H, ∅, ∅, H\{1}), K Kn,n − nK2
∼= BiCay(H, ∅, ∅, H\{1}). Ï�

H\{1} = (H\{1})−1 ´ H ��
�Ýa�¿, �â½n 3.2 , Kn,n − nK2´ H þ�éóVp4ã.

(2)du 4 | n� n ≥ 8, u´ n = 4l, l ≥ 2, K�3 n�2Âo�ê+

Q4l = 〈a, b | a2l = 1, b2 = al, b−1ab = a−1〉(l ≥ 2),

- H = Q4l,�E H þ�Vp4ã BiCay(H,H\{1}, H\{1}, H), BiCay(H, ∅, ∅, H),

BiCay(H, ∅, ∅, H\{1}), �â (1) �y², kK2n
∼= BiCay(H,H\{1}, H\{1}, H),

Kn,n
∼= BiCay(H, ∅, ∅, H), Kn,n − nK2

∼= BiCay(H, ∅, ∅, H\{1}), ¿�§�Ñ´ H þ�éóVp

4ã, �K2n, Kn,n, Kn,n − nK2´2Âo�ê+þ�éóVp4ã.
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