
Pure Mathematics nØêÆ, 2021, 11(12), 1993-2002

Published Online December 2021 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2021.1112222

�Ýa�üü��úÏf�õkü��Ïf�

k�ü+

ÜÜÜ������1§§§444ÿÿÿddd2

1Êô���Æ��Æ�§ôÜÊô
2ôÜ���ÆêÆ�ÚOÆ�§ôÜH�

ÂvFÏµ2021c11�4F¶¹^FÏµ2021c12�6F¶uÙFÏµ2021c12�13F

Á �

�©y²
A5 ´��÷v?¿ü�ØÓ�Ýa����úÏf�õkü�(Ø�½ØÓ)�Ïf�

k�ü+"

'�c

k�ü+§�Ýa§��úÏf§�Ïf

Finite Simple Groups in Which Any Two

Different Conjugacy Class Lengths Have

at Most Two Prime Divisors in Common

Yaofang Zhang1, Yanjun Liu2

1Normal School, Jiujiang Vocational University, Jiujiang Jiangxi
2School of Mathematics and Statistics, Jiangxi Normal University, Nanchang Jiangxi

Received: Nov. 4th, 2021; accepted: Dec. 6th, 2021; published: Dec. 13th, 2021

©ÙÚ^: Ü��, 4ÿd. �Ýa�üü��úÏf�õkü��Ïf�k�ü+[J]. nØêÆ, 2021, 11(12):
1993-2002. DOI: 10.12677/pm.2021.1112222

http://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2021.1112222
http://www.hanspub.org
https://doi.org/10.12677/pm.2021.1112222


Ü��§4ÿd

Abstract

This paper shows that A5 is the only finite simple group such that the greatest com-

mon divisor of any pair of its different conjugacy class lengths has at most two (not

necessarily different) prime divisors.
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1. Úó

k�+Ø´���~¹��ïÄ+�, E,�kNõ�)û�¯K. ¯¢þgl1965cm©, z

�Ac�Ûd�Æ�êÆ¤Ñ¬Ñ�+Ø¥�)û�úm¯K8, y®²�òC20�, �� [1]. Ï

~, k�+A�InØ¥A�IÝê�+��Ýa�kXéõ��éÐn)�éX. 3�½¿Âþ,

�Ýa��±w�ÚA�IÝêéó. � G�k�+, ·�¡8Ü cd(G) = {χ(1)|χ ∈ Irr(G)}�
G�EØ��A�IÝê8Ü. 3k�+A�InØïÄ¥, b½ G�?¿ü�ØÓØ��A�I

Ýêp�, ¯¤±�, cd(G) ≤ 3XJ G�). éu���/, �âk�+A�IÝêã�ëÏ©|

ê½n, ·�k cd(G) ≤ 4 .

fzp�^�, M.lewisÇkïÄ
÷vü�êb��k�+, ùpü�êb��éuØÓÝ

ê χ(1) , ψ(1) ∈ cd(G) , ��úÏf gcd(χ(1), ψ(1))�o�1, �o�,��ê. 3X�Ø©¥, ¦

y²
÷vü�êb��k�+ G , k |cd(G)| ≤ 9 . ÷Xù���, M.Lewis3©z [2]¥Ú\


n−�êb�ù�Vg, äN5`, ¡ G÷v n−�êb�, eéuØÓÝê χ(1) , ψ(1) ∈ cd(G)

, gcd(χ(1), ψ(1))�Ø�½ØÓ��Ïfo�ê�õ� n . 3T©¥, �öJÑeãß�: � G�

)�, �3½Â3�K�êþ��ê�¼ê f(n) , ¦� |cd(G)| ≤ f(n) . ù�ß�y�Ü©y²

´é�, ¿�� n = 0, 1�, f(0) = 3 , f(1) = 9 , éu n = 2 , J.Hamblin� M.Lewisy²


f(2) ≤ 462515, �� [3].

2010c, 4ÿd, yÆ ÚÜU²3©z [4]¥ïÄ
÷v�ê��b����)+, ùp�ê

��b��, éuØÓÝê χ(1) , ψ(1) ∈ cd(G) , �ö���úÏf gcd(χ(1), ψ(1))��ê��.

2017c, ÚVÚMark L. Lewis3©z [5]¥ïÄ
÷v�ê����)+, ��(ØµXJ G�÷
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v�ê����)+, K G� Fittingp�õ�12. XJ |G|�Ûê� G÷v�ê��b�, K G

� Fittingp�õ�6.

CÏ, Camina IåïÄ
÷v?¿ü�ØÓ�Ýa����úÏfþ��ê�����)+,

��
�
éÐ�5�§�� [6]. �d, �©ïÄ
÷v?¿ü�ØÓ�Ýa����úÏf�õ

kü�£Ø�½ØÓ¤�Ïf�k�ü+, Ì�(ØXeµ

½n 1. � S ����ü+. e S �?¿ü�ØÓ��Ýa����úÏf�õkü� (�±�Ó)

�Ïf, K S � A1(4) ∼= A1(5) ∼= A5 .

2. ý��£

�!k0�Ø©¤I���
{ü(Ø.

Ún1. � G = SL(2, F ) , Ù¥ F �k q = pn ����k��, p ´Û�ê. - v �Ì�+

F ∗ = F − {0}�)¤�, K G¥k��

1 =

(
1 0

0 1

)
, z =

(
−1 0

0 −1

)
, c =

(
1 0

1 1

)
, d =

(
1 0

v 1

)
, a =

(
v 0

0 v−1

)
,

|a| = q − 1 , � G�¹���� q + 1��� b . é ∀x ∈ G , (x)� G¥�¹ x��Ýa, Gk

q + 4��Ýa, ©O�µ

(1), (z) , (c) , (d) , (zc) , (zd) , (a) , (a2) , · · · , (a(q−3)/2) , (b) , (b2) , · · · , b(q−1)/2 ,

Ù�Ýa��L 1

Table 1. Conjugate class lengths of SL(2, F ), p odd

L 1. SL(2, F )��Ýa�§p Ûê

x 1 z c d zc zd al bm

|x| 1 1 1
2
(q2 − 1) 1

2
(q2 − 1) 1

2
(q2 − 1) 1

2
(q2 − 1) q(q + 1) q(q − 1)

Ù¥: 1 ≤ l ≤ (q − 3)/2, 1 ≤ m ≤ (q − 1)/2.

y²: ��( [7], ½n38.1). 2

Ún2. � G = SL(2, F ) , Ù¥ F �k q = 2n ����k��. - v�Ì�+ F ∗ = F − {0}�)
¤�, K G¥k��:

1 =

(
1 0

0 1

)
, c =

(
1 0

1 1

)
, a =

(
v 0

0 v−1

)
,

� G¥�¹���� q + 1��� b . é ∀x ∈ G , (x)� G¥�¹ x��Ýa, Gk q + 1��Ý

a, ©O�:

(1) , (c) , (a) , (a2) , · · · , (a(q−2)/2) , (b) , (b2) , · · · , (bq/2) ,

Ù�Ýa���L 2,
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Table 2. Conjugate class lengths of SL(2, F ), p even

L 2. SL(2, F )��Ýa�§p óê

x 1 c al bm

|x| 1 (q2 − 1) q(q + 1) q(q − 1)

Ù¥: 1 ≤ l ≤ (q − 2)/2 , 1 ≤ m ≤ q/2 .

y²: ��( [7], ½n38.2). 2

Ún3. � G = SL2(q) , G/Z = PSL2(q) , K

|G : CG(x)| = |G : CG(x)|,

=± xÚ x��L���ü��Ýa��Ý�Ó.

y²: ����=�. 2

3. k�ü+�Ýa�

�âü+©a½n§k����ü+�±e+��µlÑü+!��+!o.ü+±9Tits

ü+§�� [8].

3.1. ��+

½n1. � S = An(n ≥ 5) , e+ S �?¿ü�ØÓ�Ýa����úÏf�õkü� (�±�Ó)

�Ïf, K S = A5 .

y²: � n = 5�, A5ØÓ�Ýa�©O� 1, 12, 15, 20 . §����úÏf©O�µ

(12, 15) = 3, (12, 20) = 22, (15, 20) = 5.

¤± A5�?¿ü�ØÓ�Ýa����úÏf�õkü� (�±�Ó)�Ïf.

� n = 6�, A6ØÓ�Ýa�©O� 1, 40, 45, 72, 90 . §����úÏf©O�:

(40, 45) = 5, (40, 72) = 23, (40, 90) = 2 · 5,

(45, 72) = 32, (45, 90) = 32 · 5, (72, 90) = 2 · 32.

Ù¥, ± (12)(34)��L����Ýa��45, ± (1234)(56)��L����Ýa��90. ¤± A6

kü�ØÓ�Ýa�§Ù��úÏfk3� (�±�Ó)�Ïf.

� n = 7�, A7ØÓ�Ýa�©O�:

1, 70, 105, 210, 280, 360, 504, 630.
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70Ú210��úÏf� 70 = 2 · 5 · 7 . Ù¥, ± (123)��L����Ýa��70, ± (123)(45)(67)

��L����Ýa��210, ¤± A7kü�ØÓ�Ýa����úÏfk3� (�±�Ó)�Ïf.

� n = 8�, A8¥± (123)(456)��L����Ýa�´1120, ± (123456)(78)��L���

�Ýa�´3360,

(1120, 3360) = 1120, 1120 = 23 · 4 · 5 · 7,

A8 kü�ØÓ�Ýa�§Ù��úÏfk3�±þ (�±�Ó) �Ïf. � n = 9 �, A9 ¥±

(12345)��L����Ýa�´3024, ± (12345)(67)(89)��L����Ýa�´9072,

(3024, 9072) = 3024, 3024 = 33 · 42 · 7,

¤± A9kü�ØÓ�Ýa�§Ù��úÏfk3�±þ (�±�Ó)�Ïf.

aquþ�Ùé��+�©Û, éu An , � n = 2k(k ≥ 3)�, �Ä�Ýa�L��:

(1, 2, · · · , k − 1)(k, k + 1, · · · , 2k − 2)9(1, 2, · · · , 2k − 2)(2k − 1, 2k).

§���Ýa�©O�

3 · 4 · 5 · · · (k − 2) · k · (k + 1) · · · (2k − 3) · (2k − 1) · 2k

9

3 · 4 · 5 · · · k · (k + 1) · · · (2k − 3) · (2k − 1) · 2k,

�±wÑ�ö´cö� (k − 1)�, §����úÏf�:

2k · (2k − 1) · (2k − 3) · · · k · (k − 2) · · · 4 · 3.

´�, � k ≥ 3�, A2k kü�ØÓ�Ýa�§Ù��úÏfk2�±þ (�±�Ó)�Ïf.

éu An , � n = 2k + 1(k ≥ 3)�, �Ä�Ýa�L��

(1, 2, · · · , 2k − 3)9 (1, 2, · · · , 2k − 3)(2k − 2, 2k − 1)(2k, 2k + 1) .

§���Ýa�©O�

(2k + 1) · 2k · (2k − 1) · (2k − 2) · (2k − 4) · · · 5

9

(2k + 1) · 2k · (2k − 1) · (2k − 2) · (2k − 4) · · · 5 · 3,

�±wÑ�ö´cö�3�, §����úÏf�

(2k + 1) · 2k · (2k − 1) · (2k − 2) · (2k − 4) · · · 5.

´�, � k ≥ 3�, A2k+1 kü�ØÓ�Ýa�§Ù��úÏfk3�±þ (�±�Ó)�Ïf. ½n

�y. 2
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3.2. lÑü+

½n2. � S � Titsü+½ö26�lÑü+��, K S ��kü�ØÓ�Ýa�, §����úÏ

fkn�9±þ (�±�Ó)��Ïf.

y²: �â GAP §S [9]=��y, ��L 3.

Table 3. Maximum common factor for different conjugate class lengths

L 3. ����Ýa�úÏf

lÑü+ �Ýa���úÏf lÑü+ �Ýa���úÏf

M11 2 · 32 · 5 Fi
′

24 22 · 37 · 72 · 23 · 29
M12 32 · 11 HS 52 · 11 · 7
M22 5 · 7 · 11 McL 52 · 11
M23 3 · 5 · 11 · 23 He 3 · 5 · 72 · 17
M24 32 · 11 · 23 Ru 32 · 52 · 29
J1 7 · 11 · 19 Suz 33 · 5 · 11 · 13

J2 32 · 5 · 7 O
′
N 72 · 19 · 11 · 31

J3 32 · 17 · 19 HN 34 · 53 · 19
J4 112 · 23 · 29 · 31 · 37 · 43 Ly 53 · 31 · 37 · 67
Co1 34 · 52 · 7 · 11 · 23 Th 33 · 52 · 7 · 19 · 31
Co2 32 · 52 · 11 · 23 B 34 · 53 · 31 · 47
Co3 33 · 52 · 23 M 37 · 53 · 74 · 11 · 132 · 29 · 41 · 59 · 71

Fi22 33 · 5 · 13
2
F4(2)

′
32 · 5 · 13

Fi23 28 · 5 · 11 · 13 · 17 · 23

3.3. o.ü+

�!ïÄo.ü+, Ü©Ú^ÎÒë� [7] ½ [10].

·K 1. � S �~	ü+, K S ��kü�ØÓ�Ýa�, §����úÏfkn�9±þ (�±

�Ó)��Ïf.

y²: z��~	ü+± s1, s2��L����Ýa�kúÏf q3 , =�y. 2

·K 2. � S � An(q) , Ù¥ q ��ê���, n ∈ Z+, (q > 3XJ n = 1) , �k� S = A1(4)Ú

A1(5)�, Ù?¿ü�ØÓ�Ýa����úÏf�õkü� (�±�Ó)��Ïf.

y²: 5¿�± s1��L����Ýa��:

q
1
2n(n+1)

(n+ 1, q − 1)

n∏
i=1

(qi − 1),


± s2��L����Ýa��:

q
1
2n(n+1)

(n+ 1, q − 1)
(qn+1 − 1)

n−2∏
i=1

(qi+1 − 1).
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� n ≥ 2�, ùü��Ýa�7kúÏf q3 , ¤± An(q)(n ≥ 2)��kü�ØÓ�Ýa�§Ù��

úÏfk��n� (�±�Ó)��Ïf.

e� n = 1 .

1. � q�Û�ê��= q 6= 2f �, �âÚn3�1��, �k�:

(q + 1)(
1

2
(q − 1), q) , 2q , (q − 1)(

1

2
(q + 1), q)

þ�õkü� (��Ó)�Ïf�, A1(q)Ù?¿ü�ØÓ�Ýa����úÏf�õkü�

(�±�Ó)�Ïf. e 2q�õkü� (��Ó)�Ïf, q�U��ê��g�, d��I�Ä

q − 1, q + 1 ,
� q = 3�, q + 1 = 4 = 22, q − 1 = 2 ,

¤± A1(3)Ù?¿ü�ØÓ�Ýa����úÏf�õkü� (�±�Ó)�Ïf. �´ A1(3)

�), Ø7�Ä.

� q = 5�, q + 1 = 6 = 2 · 3, q − 1 = 4 = 22 ,

¤± A1(5)Ù?¿ü�ØÓ�Ýa����úÏf�õkü� (�±�Ó)�Ïf.

� q ≥ 7�, q + 1, q − 1¥��k��k��n� (��Ó)��Ïf,

¤± A1(q)(q 6= 2f , p ≥ 7)ØÎÜ.

2. � q = 2f �, �âÚn2��, A1(q)ØÓ�Ýa����úÏf©O� q, q − 1, q + 1 , Äk

�Ä q , e q�õkü��Ïf (�±�Ó) , K q = 2½ 22 , A1(2)�), Ø7�Ä. � q = 22

�, q − 1 = 3, q + 1 = 5 , d� q, q − 1, q + 1þ�õkü� (�±�Ó)�Ïf, ¤± A1(4)Ù

?¿ü�ØÓ�Ýa����úÏf�õkü� (�±�Ó)�Ïf.

nþ¤ã, �k� S = A1(4) ∼= A1(5)�, Ù?¿ü�ØÓ�Ýa����úÏf�õkü�

(�±�Ó)�Ïf. ·K�y. 2

·K 3. � S � 2An(q2) , q��ê���, n ∈ Z+ , Ù¥ n ≥ 2(±9 q > 2XJ n = 2) , K S �

�kü�ØÓ�Ýa�, §����úÏfkn�9±þ (�±�Ó)��Ïf.

y²: � n ≥ 3�Ûê�, ± s1��L����Ýa��:

1

(n+ 1, q + 1)
q

1
2n(n+1)

n∏
i=1

(qi − (−1)i),


± s2��L����Ýa��:

(qn+1 − 1)

(n+ 1, q + 1)
q

1
2n(n+1)

n−2∏
i=1

(qi+1 − (−1)i+1).

ùü��Ýa�kúÏf q3 , �d� 2An(q2)kü�ØÓ�Ýa����úÏfkn�9±þ (�

±�Ó)��Ïf.

� n ≥ 2�óê�, ± s1��L����Ýa�Ý�:

1

(n+ 1, q + 1)
q

1
2n(n+1)

n∏
i=1

(qi − (−1)i),
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± s2��L����Ýa�Ý�:

(qn+1 + 1)

(n+ 1, q + 1)
q

1
2n(n+1)

n−2∏
i=1

(qi+1 − (−1)i+1).

ùü��Ýa�kúÏf q3 , 
Ó�d� 2An(q2)kü�ØÓ�Ýa����úÏfkn�9±þ

(�±�Ó)��Ïf. ·K�y. 2

·K 4. � S � Bn(q)½ Cn(q), n ≥ 2(±9 q > 2XJ n = 2) , Ù¥ q ��ê���, K S ��

kü�ØÓ�Ýa�, §����úÏf��kn� (�±�Ó)��Ïf.

y²: � n ≥ 3�Ûê�, ± s1��L����Ýa��:

qn
2

(2, q − 1)

1

qn + 1

n∏
i=1

(q2i − 1),


± s2��L����Ýa��:

qn
2

(2, q − 1)

1

qn − 1

n∏
i=1

(q2i − 1).

ùü��Ýa�kúÏf q3 , �d� S kü�ØÓ�Ýa����úÏfkn�9±þ (�±�

Ó)��Ïf.

� n ≥ 2�óê�, ± s1��L����Ýa�Ý�

qn
2

(2, q − 1)

1

qn + 1

n∏
i=1

(q2i − 1),


± s2��L����Ýa�Ý�

qn
2

(2, q − 1)

1

(q + 1)(qn−1 + 1)

n∏
i=1

(q2i − 1).

ùü��Ýa�kúÏf q3 , 
Ó�d� S kü�ØÓ�Ýa����úÏfkn�9±þ (�±

�Ó)��Ïf. ·K�y. 2

·K 5. � S � Dn(q) , Ù¥ q��ê���, n > 3, n ∈ Z+ , K S ��kü�ØÓ�Ýa�, §

����úÏf��kn� (�±�Ó)��Ïf.

y²: � n ≥ 5�Ûê�, ± s1��L����Ýa��

qn(n−1)(qn − 1)

(4, qn − 1)

1

(qn−1 + 1)(q + 1)

n−1∏
i=1

(q2i − 1),


± s2��L����Ýa��

qn(n−1)(qn − 1)

(4, qn − 1)

1

(qn − 1)

n−1∏
i=1

(q2i − 1).
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ùü��Ýa�kúÏf q3 , �d� S kü�ØÓ�Ýa�§Ù��úÏfkn�9±þ (�±�

Ó)��Ïf.

� n ≥ 4�óê�, ± s1��L����Ýa�Ý�

qn(n−1)(qn − 1)

(4, qn − 1)

1

(qn−1 + 1)(q + 1)

n−1∏
i=1

(q2i − 1),


± s2��L����Ýa�Ý�

qn(n−1)(qn − 1)

(4, qn − 1)

1

(qn−1 − 1)(q − 1)

n−1∏
i=1

(q2i − 1).

ùü��Ýa�kúÏf q3 , 
Ó�d� S kü�ØÓ�Ýa����úÏfkn�9±þ (�±

�Ó)��Ïf. ·K�y. 2

·K 6. � S � 2Dn(q2) , Ù¥ q ��ê���, n > 3, n ∈ Z+ , K S ��kü�ØÓ�Ýa�,

§����úÏfkn�9±þ (�±�Ó)��Ïf.

y²: ± s1��L����Ýa�Ý�

1

(4, qn + 1)
qn(n−1)(qn + 1)

1

qn + 1

n−1∏
i=1

(q2i − 1),


± s2��L����Ýa��

1

(4, qn + 1)
qn(n−1)(qn + 1)

1

(qn−1 + 1)(q − 1)

n−1∏
i=1

(q2i − 1).

ùü��Ýa�kúÏf q3 , �d� S kü�ØÓ�Ýa����úÏfkn�9±þ (�±�

Ó)��Ïf. 2

½n3. e S �o.ü+, e S �ØÓ�Ýa����úÏf�õkü� (�±�Ó)�Ïf, K�

A1(4)½ A1(5) .

y²: �â·K1-6=��y. 2

½n1�y²: �â½n1-3=��y.

� �

�©��ôÜ��c�ÆÄ7))­:�820192ACB21008�]Ï, Ada�!

ë�©z
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