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Abstract

In this paper, we study the existence of nontrivial solutions for a class of quasilinear

Schrödinger equations of Choquard type:

8<
:
��u+ V (x)u+ �u��(u2)u = (I� � jujp)jujp�2u; x 2 R3;

��� = u2 ; x 2 R3;

where � 2 (0; 3); 4 + � � p < 6 + 2�; V 2 C(R3;R) and I� : R3 ! R is the Riesz potential.

Under some assumptions on V (x), we establish the existence of nontrivial solutions.

Under the above assumptions, we use variational argument and variable substitution

to prove the existence of nontrivial solution.
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1. Úó

ù�©Ù�Äe�äk Choquard��[�5 Schrodinger-Poisson XÚµ

8<
:
��u+ V (x)u+ �u��(u2)u = (I� � jujp)jujp�2u; x 2 R3;

��� = u2 ; x 2 R3;
(1)

Ù¥ � 2 (0; 3); 4 + � � p < 6 + � , V 2 C(R3; R) , ¿� I� : R3 ! R´pd ³, ½Â�

I�(x) =
�( 3��

2
)

�(�
2
)�

3
2 2�jxj3�� :=

A�

jxj3�� (2)

�´ Gamma¼ê.
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�§ (1)����/ª´

8><
>:
� i

@ 

@t
= �4 + V (x) + � � k�(h(j j2))h0(j j2) � g(x;  );

��� =  2;

(3)

Ù¥ V = V (x)(x 2 R3)´�Ñ�³¼ê, k´¢ê, h; g´¢¼ê¿� �L«Å¼ê��ÛÜg�

p�^�SÜ³.

� k = 0; g(x; ') = (I� � F (u))f(u) , �§ (1) C�e�äkòÈ��[�5 Schrodinger-

Poisson XÚ: 8<
:
��u+ V (x)u+ �u = (I� � F (u))f(u); x 2 R3;

��� = u2 ; x 2 R3;
(4)

Ù¥ F (t) =
R t
0
f(s)ds÷v limjtj!1

F (t)
jtj� = 1 (� = minf2; 6+�

4
g) . evk �u�, �§ (1:1)C¤

e�äk Choquard��[�5 Schrodinger-Poisson �§

�4u+ V (x)u�4(u2)u = (I� � jujp�2)u; u 2 H1(R3); (5)

�§ (5)��)3 [1]¥®²y².

3�©¥·�|^C©{ïÄ�§ (1)�²�)��35. ·�I��
PÒ. e x 2 R3 Ú

R > 0 , K± x�%�»� R�4¥P� BR(x) . � C1
0 (R3)L«1w�äk|8�¼ê�8Ü.

�

D1;2(R3) := fu 2 L2�(R3) : ru 2 L2(R3)g

�ê�

kuk2D1;2 =

Z
R3

jruj2:

d Sobolev Ø�ª, D1;2(R3) ëYi\� L2�(R3) . �

H1(R3) := fu 2 L2(R3) : ru 2 L2(R3)g

SÈ�

hu; viH1 =

Z
R3

(ru � rv + uv)

�ê�

kuk := kUkH1 = hu; ui 12
H1 :

^ j � jq L« Lq(R3)¥��ê.

´�é?¿ u 2 H1(R3) , �3��� �u 2 D1;2(R3)¦� �4� = u2 . ^ Lax-Milgram ½n

Ú

�u(x) =

Z
R3

u2(y)

jx� yjdy =
1

jxj � u
2
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K�§ (1)C�

��u+ V (x)u+ �u(x)u��(u2)u = (I� � jujp)jujp�2u; x 2 R3

�e5·�ob� V 2 C(R3;R)Ú infR3V (x) = V0 > 0 . ·��ÄXeb�:

(V) V (x) � V1 := limjyj!1V (y) <1 and V0 < V1.

�§ (1)�Uþ�¼�

J(u) =
1

2

Z
R3

[(1 + 2u2)jruj2 + V (x)u2] +
1

4

Z
R3

�u(x)u
2 � 1

2p

Z
R3

(I� � ju+jp)ju+jp;

Ù¥ u+ = maxfu; 0g .
�©Ì�(ØXeµ

½n1.1. b� 4 + � � p < 6 + 2�Ú³¼ê V (x)÷v^� (V ) . @o�§ (1)k���²�)

u 2 H1(R3) .

Ì��â [1]¥��{, ·�¡�#�(J. 1�, (1)���5�´�ÛÜ�. 3 [2�5]¥éu

ÛÜ���{Ø2·^. 1�, du
R
R3
u2jruj2 �Ñy, J(u)3 H1(R3)þvk½Â. ��Ñù�

JK, ·�^ [2, 6]¥��{. lþãØ©¥��{, � f ½Â�

f
0

(t) =
1p

1 + 2f2(t)

¿� f(0) = 0 , 3 (�1; 0]þk f(�t) = �f(t) , f kXe�5�(ë� [6]):

(f1) f´1w���;

(f2) ¼ê f2(t)´î�à�;

(f3) é¤k t 2 Rk 0 < f
0

(t) � 1 ;

(f4) é¤k t 2 R jf(t)j � jtj ;
(f5) � t � 0� 1

2
f(t) � tf

0

(t) � f(t) ; � t � 0� f(t) � tf
0

(t) � 1
2
f(t) ;

(f6) é¤k t 2 R jf(t)j � 2
1
4 jtj 12 ;

(f7) limt!0
f(t)
t

= 1 ;

(f8) limt!+1
f(t)p
t
= 2

1
4 , limt!�1

f(t)p
jtj = �2 1

4 ;

(f9)�3���~ê C ¦�

f(t) �
8<
:
Cjtj; jtj � 1;

Cjtj 12 ; jtj � 1:

(f10) é¤k t 2 R jf(t)f 0(t)j � 1p
2
;

(f11) �3�~ê C1Ú C2¦�é¤k t 2 Rk

jtj � C1jf(t)j+ C2jf(t)j2 (6)
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(f12) éz�� � > 0 , �3C(�) > 0 ¦�f2(�t) � C(�)f2(t).

|^CþO� u = f(v)�, �§ (1)���

�4v + V (x)f(v)f
0

(v) + �f(v)f
0

(v) = (I� � jf(v)jp)jf(v)jp�2f(v)f
0

(v); x 2 R3; (7)

J(u)��

�(v) =
1

2

Z
R3

(jrvj2 + V (x)f2(v)) +
1

4

Z
R3

�f(v)(x)f(v)
2 � 1

2p

Z
R3

(I� � jf(v+)jp)jf(v+)jp (8)

l (V ); (f4); (f10)Ú Hardy � Littlewood� SobolevØ�ª, ·�íÑ � 2 C1(H1(R3)) .

´�e v 2 H1(R3) ´ �����.:, Ké¤k ' 2 C1
0 (R3)k

h�0

(v); 'i =
Z
R3

rvr'+

Z
R3

V (x)f(v)f
0

(v)'+

Z
R3

�f(v)(x)f(v)f
0

(v)'

�
Z
R3

(I� � jf(v+)jp)jf(v+)jp�1f
0

(v+)'

(9)

@o v´�§ (7)�f), u = f(v)´�§ (1)�f).

3�©¥·�^ C ½ CiL«ØÓ��~ê.

2. �'Ún

ÚÚÚnnn2.1 Hardy � Littlewood� SobolevØ�ª

� 1 < p < t; 1
p
+ 1

t
+ �

N
= 2¿� 0 < � < N . � f 2 Lp(RN ) , g 2 Lt(RN ) , @o

j
Z Z

f(x)jx� yj��g(y)j � Cp;�;N jf jpjgjt (10)

yyy²²². ë�©z [7].

5552.1 dÚn 2:9Ú (f6) , e v 2 L pr

2
(R3)(r > 1)� 2

r
� �

3
= 1 , k

Z
R3

Z
R3

jf(v(x))jpjf(v(y))jp
jx� yj3�� � C1

Z
R3

Z
R3

jv(x)j p2 jv(y)j p2
jx� yj3�� � Cjvjppr

2
(11)

Ï�·�3�m H1(R3)þ?1?Ø, qd Sobolevi\½n, K7L�¦ pr

2
2 [2; 6):

ÚÚÚnnn2.2 jf(t)j � 2
1
4 jtjl for all l 2 [ 1

2
; 1]; t 2 R:

yyy²²². d (f4); (f6) , � jtj � 1�,

jf(t)j � jtj � jtjl � 2
1
4 jtjl:
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� jtj > 1�

jf(t)j � 2
1
4 jtj 12 � 2

1
4 jtjl:

3. ½n1.1�y²

3ù�!·�y²½n 1:1 . Äk·�y²�¼ �äkì´AÛ(�.

ÚÚÚnnn3.1 �3 �0; � >¦� Z
R3

(jrvj2 + V (x)f2(v)) � C1kvk2: (12)

yyy²²². d [3]�3 C1 > 0; �1 > 0¦�é?¿� kvk � �1 , k

Z
R3

(jrvj2 + V (x)f2(v)) � C1kvk2 (13)

·���3 (V ) �^�e, þãØ�ª¤á. du � 2 (0; 3) , @o 3p
3+�

2 (2; 6) . �â (f6) ,

(10); (13)Ú Sobolevi\½n, ��

�(v) � C1

2
kvk2 + 1

4

Z
R3

�f(v)(x)f(v)
2 � 1

2p

Z
R3

(I� � jf(v)+jp)jf(v)+jp

� C1

2
kvk2 � 1

2p

Z
R3

(I� � jf(v)+jp)jf(v)+jp

� C1

2
kvk2 � C2

Z
R3
(I� � jvj

p

2 )jvj p2

� C1

2
kvk2 � C3(

Z
R3

(jvj 3p
3+� ))

3+�
3

� C1

2
kvk2 � C3kvkp

� kvk2(C1

2
� C3kvkp�2)

Ïd� kvk � ( C2

2C3
)

1
P�2 := �2 � �(v) > 0 . � �0 = minf�1; �2g , y²�¤. ^ [5]¥��{, ·�

kXe�Únµ

ÚÚÚnnn3.2 �3 v0 2 H1(R3)¦� kv0k > �0Ú �(v0) < 0 .

yyy²²². ^ (f5) , ��� t > 0�, f(t)
t
�~¼ê. �Ä  2 C1

0 (R3)¦� 0 �  (x) � 1�

8<
:
 (x) = 1; jxj � 1

 (x) = 0; jxj � 2
(14)

é?¿ x 2 R3; t > 0 , k

f(t (x)) � f(t) (x)
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d (f4) , ��

�(t ) =
1

2

Z
R3

[jrt j2 + V (x)f(t )2] +
1

4

Z
R3

�f(t )(x)f(t )
2 � 1

2p

Z
R3

(I� � jf(t )jp)jf(t )jp

� 1

2

Z
R3

[t2jr j2 + t2V (x) 2]� 1

2p
f2p(t)

Z
R3

(I� � j jp)j jpf2p(t)

� C1

2
k k2t2 + C2t

2 � C3f
2p(t)

2d (f9)Ú p > 2 , � jtj � 1�, k

�(t ) � C1

2
k k2t2 + C2t

2 � C4jtjp

� t! +1�, �(t )! �1 . =� t0v
��, íÑ �(t0 ) < 0Ú t0k k > �0 . � v0 = t0 , K

v0¦Ñ.

ÚÚÚnnn3.3 �3Y² c > 0?� CeramiS�3 H1(R3)¥´k.�.

yyy²²². � fvng � H1(R3)´3Y² c?� CeramiS�. 2� wn := f(vn)

f
0 (vn)

. d (f5)��

Z
R3

jwnj2 � 4

Z
R3

jvnj2; (15)

Z
R3

jrwnj2 =
Z
R3

(1 +
2f2(vn)

1 + 2f2(vn)
)2jrvnj2 � 4

Z
R3

jrvnj2; (16)

Ú

jh�0

(vn); wnij � Ck�0

(vn)k(kvnk+ 1)! 0; as n!1: (17)

�� wn � H1(R3) . Ïd

c+ 1 � �(vn)� 1

2p
h�0

(vn); wni

� 1

2p

Z
R3

V (x)f2(vn)� 1

2p

Z
R3

�f(vn)(x)f
2(vn)

� 1

2

Z
R3

(jrvnj2 + V (x)f2(vn)) +
1

4

Z
R3

�f(vn)(x)f
2(vn)� 1

p

Z
R3

jrvnj2 � 1

2p

Z
R3

V (x)f2(vn)

� 1

2p

Z
R3

�f(vn)(x)f
2(vn)

� (
1

2
� 1

p
)(

Z
R3

jrvnj2 +
Z
R3

V (x)f2(vn)) + (
1

4
� 1

2p
)

Z
R3

�f(vn)(x)f
2(vn)

� (
1

2
� 1

p
)(

Z
R3

jrvnj2 +
Z
R3

V (x)f2(vn)):

du 4+� � p < 6+� , ÏdS� fR
R3
jrvnj2 +

R
R3
V (x)f2(vn)g´k.�. |^ Sobolevi\½n
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Ú (f9) , k

Z
R3

jvnj2 =
Z
fjvj�1g

jvnj2 +
Z
fjvj>1g

jvnj2

� C1

Z
fjvj�1g

jf(vn)j2 + (

Z
fjvj>1g

jvnj)2�(
Z
fjvj>1g

jvnj2�)
2(1��)
2�

� C1

Z
R3

jf(vn)j2 + C2(

Z
fjvj>1g

jf2(vn)j)2�(
Z
fjvj>1g

jvnj2�)
2(1��)
2�

� C3

Z
R3

V (x)f2(vn) + C4(

Z
R3

V (x)f2(vn))
2�(

Z
R3

jrvnj2)1��

� C5

Ù¥ � = 2��2
2(2�)�1

= 2
5
, Ï� fR

R3
jrvnj2 +

R
R3
V (x)f2(vn)g´k.�, K

R
R3
jrvnj2 ´k.�, ��

fvng3 H1(R3)þ´k.�.

�e5, ·�b� fvng � H1(R3)´ �3Y² c > 0?� CeramiS�. dc¡�Ún��

fvng ´k.�. 3f�¿Âe, ·�b� vn * v 2 H1(R3); vn(x)! v(x)A�??u x 2 R3 ��

q 2 [2; 6)�, k L
q
loc(R

3) . ·�k±eÚn.

ÚÚÚnnn3.4 � n!1�, e
R
R3
jf(vn)j2 !

R
R3
jf(v)j2 , K kvn � vk ! 0:

yyy²²². Äk·�y² n!1� R
R3
V (x)jf(vn � v)j2 ! 0 . d (f4) , ff(vn)g´k.�. b�3

L2(R3)¥k f(vn)* f(v) , d Brezis� LiebÚn, k
R
R3
jf(vn)� f(v)j2 ! 0 . d (V ) , ��

j
Z
R3

V (x)jf(vn)j2 �
Z
R3

V (x)jf(v)j2j �
Z
R3

V (x)jjf(vn)j2 � jf(v)j2j

� V1

Z
R3

jjf(vn)j2 � jf(v)j2j ! 0

d (f12) , �3 C > 0 ¦� f2(2t) � Cf2(t) . dÏ� f2(t)´à�, k

V (x)f2(vn � v) � V (x)f2(
1

2
(2vn � 2v))

� 1

2
V (x)f2(2vn) +

1

2
V (x)f2(�2v)

� 1

2
V (x)f2(2vn) +

1

2
V (x)f2(2v)

� C(V (x)f2(vn) + V (x)f2(v)):

dÚn3.4 [1] ,

lim
n!1

Z
R3

V (x)f2(vn � v) = 0:
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�e5, ·�y²é?¿ q 2 [2; 6) , � n!1�k R
R3
jvn � vjq ! 0 .

Z
R3

jvn � vj2 =
Z
fjvj�1g

jvn � vj2 +
Z
fjvj>1g

jvn � vj2

� C1

Z
fjvj�1g

jf(vn � v)j2 + (

Z
fjvj>1g

jvn � vj)2�(
Z
fjvj>1g

jvn � vj2�) 2(1��)2�

� C1

Z
R3

jf(vn � v)j2 + C2(

Z
R3

jf(vn � v)j2)2�(
Z
R3

jr(vn � v)j2)1��

� C3

Z
R3

V (x)jf(vn � v)j2 + C4(

Z
R3

V (x)jf(vn � v)j2)2�(
Z
R3

jr(vn � v)j2)1��

Ù¥ � = 2��2
2(2��1)

= 2
5
. Ï� fvng3 H1(R3)´k.�, |^S�Ø�ª, � s = 2; t = 2� = 6; 1

q
=

�
s
+ (1��)

t
Ú q 2 [2; 6) , @o

Z
R3

jvn � vjq � (

Z
R3

jvn � vj2) q�2 (
Z
R3

jvn � vj2�) q(1��)2�

� (

Z
R3

jvn � vj2) q�2 � Ckvn � vkq(1��) ! 0

��, ·�y²� n!1� kvn � vk ! 0 . d (2:3:1); (f6); (f10)Ú Hölder'sØ�ª, k

j
Z
R3

(I� � jf(v+n )jp)jf(v+n )jp�2f(v+n )f
0

(v+n )(vn � v)j

�
Z
R3

(I� � jf(v+n )jp)jf(v+n )jp�2jf(v+n )f
0

(v+n )jjvn � vj

� C

Z
R3

(I� � jvnj
p

2 )jvnj
p

2�1jvn � vj

� C(

Z
R3

jvnj
pr

2 )
1
r (

Z
R3

jvnj
p�2
2 rjvn � vjr) 1r

� C((

Z
R3

jvnj
p�2
2 r� p

p�2 )
p�2
p (

Z
R3

jvn � vjr� 2p ) 2p ) 1r

� C(

Z
R3

jvn � vjr� 2p ) 2
pr ! 0;

Ù¥ 2
r
� �

3
= 1 . �e5·�`² fvn(vn � v)g � L

6
5 (R3) , d Hölder'sØ�ª, k

Z
R3

jvnj 65 jvn � vj 65 � (

Z
R3

jvnj 65 � 53 ) 35 (
Z
R3

jvn � vj 65 � 52 ) 25

= (

Z
R3

jvnj2) 35 (
Z
R3

jvn � vj3) 25

� C(

Z
R3

jvn � vj3) 25 ! 0:
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Ïd fvn(vn � v)g � L
6
5 (R3) . d (10); (f3); (f4)Ú Hölder'sØ�ª, k

j
Z
R3

�f(vn)(x)f(vn)f
0

(vn)(vn � v)j = j
Z
R3

Z
R3

f2(vn(y))f(vn(x))(vn � v)

jx� yj dydxj

�
Z
R3

Z
R3

v2n(y)jvn(x)jjvn � vj
jx� yj dydx

� C1(

Z
R3

jvn(y)j2� 65 ) 56 (
Z
R3

jvn(vn � v)j 65 ) 56

� C2(

Z
R3

jvnj 65 j(vn � v)j 65 ) 56

� C2[(

Z
R3

jvnj 65 � 53 ) 35 � (
Z
R3

jvn � vj 65 � 52 ) 25 ] 56

� C3(

Z
R3

jvn � vj3) 13 ! 0;

Ï� k�0

(vn)k ! 0Ú fvn � vg3 H1(R3)þ´k.�, ·�k

h�0

(vn); vn � vi =
Z
R3

rvnr(vn � v) +

Z
R3

V (x)f(vn)f
0

(vn)(vn � v)

+

Z
R3

�f(vn)(x)f(vn)f
0

(vn)(vn � v)

�
Z
R3

(I� � jf(v+n )jp)jf(v+n )jp�2f(v+n )f
0

(v+n )(vn � v)! 0:

,	

j
Z
R3

V (x)f(vn)f
0

(vn)(vn � v)j � V1

Z
R3

jvnjjvn � vj

� V1(

Z
R3

jvnj2) 12 (
Z
R3

jvn � vj2) 12 ! 0:

Ïd�� Z
R3

rvnr(vn � v)! 0

Ú Z
R3

jr(vn � v)j2 =
Z
R3

rvnr(vn � v)�
Z
R3

rvr(vn � v)! 0:

·���� n!1� kvn � vk ! 0 .

ÚÚÚnnn3.5 3f�¿Âe, A := limn!1
R
R3
jf(vn)j2 > 0 .
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²b�

yyy²²². |^�y{, b�A = 0. |^Ún 3:5 , 3 H1(R3)¥ vn ! 0 . d (2:3:1)Ú (f6) , k

Z
R3

(I� � jf(v+n )jp) =
Z
R3

Z
R3

jf(v+n )(y)jpjf(v+n )(x)jp
jx� yj3�� dydx

� C1

Z
R3

Z
R3

jvn(y)j p2 jvn(x)j p2
jx� yj3�� dydx

� C2(

Z
R3

jv(n)(y)j
pr

2 )
1
r (

Z
R3

jv(n)(x)j
pr

2 )
1
r

= C2(

Z
R3

jvnj
pr

2 )
2
r ! 0:

Ù¥ 2
r
� �

3
= 1 , ^ (2:3:1)Ú Sobolevi\½n, k

Z
R3

�f(vn)(x)f(vn)f
0

(vn)
f(vn)

f
0(vn)

=

Z
R3

�f(vn)(x)f
2(vn)

=

Z
R3

Z
R3

f2((vn(y))f
2(vn(x))

jx� yj dydx

� Cjvnj512
5

� C2kvnk4 ! 0:

Ï�

h�0

(vn);
f(vn)

f
0(vn)

i =
Z
R3

(1 +
2f2(vn)

1 + 2f2(vn)
)jrvnj2 +

Z
R3

V (x)f2(vn)

+

Z
R3

�f(vn)(x)f
2(vn)�

Z
R3

(I� � jf(vn+)jp)jf(vn+)jp ! 0;

Z
R3

jrvnj2 +
Z
R3

V (x)f2(vn)! 0:

k

c+ on(1) = �
0

(vn) =
1

2
(

Z
R3

jrvnj2 + V (x)f2(vn)) +
1

4

Z
R3

�f(vn)(x)f
2(vn)

� 1

2p

Z
R3

(I� � jf(v+n )jp)jf(v+n )jp ! 0:

��gñ, y²�¤.

ÚÚÚnnn3.6 3f�¿Âe, �3 R; � > 0Ú fxng � R3¦�

lim inf
n!+1

Z
BR(xn)

jvnj2 � �:

yyy²²². |^Ún 3:5 , 3f�¿Âe, k A := limn!1
R
R3
jf(vn)j2 > 0 . eÚn 3:6Ø¤á, K

dÚn1.21 [8], 3f�¿Âe,

vn ! 0 in L2(R3):
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²b�

Ïd

0 < A = lim
n!1

Z
R3

jf(vn)j2 � lim
n!1

Z
R3

jvnj2 = 0

��gñ, y²(å.

ÚÚÚnnn3.7 é?¿ ' 2 C1
0 (R3) , k h�0

(v) ; 'i = 0 .

yyy²²². é?¿ ' 2 C1
0 (R3) , '�|83 BR0

(0)þé,� R0 > 0 . Ïd

jh�0

(vn)� �
0

(v); 'ij = jh�0

(vn); 'i � h�0

(v); 'ij

� j
Z
R3

r(vn � v)r'j+ j
Z
R3

V (x)(f(vn)f
0

(vn)� f(v)f
0

(v))'j

+ j
Z
R3

�f(vn)(x)f(vn)f
0

(vn)'�
Z
R3

�f(v)(x)f(v)f
0

(v)'j

+ j
Z
R3

[(I� � jf(v+n )jp)jf(v+n )jp�1f
0

(v+n )� (I� � jf(v+)jp)jf(v+)jp�1f
0

(v+)]'j

:= I1 + I2 + I3 + I4

- I1 := j R
R3
r(vn � v)r'j , Ï�3 H1(R3) þ vn * v , ¤±� n ! 1 � I1 ! 0 . - I2 :=

j R
R3
V (x)(f(vn)f

0

(vn)� f(v)f
0

(v))'j , d(f3)Ú(f4), k

jf(vn)f 0(vn)� f(v)f
0

(v)j2 � 2(jf(vn)f 0(vn)j2 + jf(v)f 0(v)j2) � 2jvnj2 + 2jvj2:

d3 L2
loc(R

3)¥kvn ! vÚÚn3.4 [1], ��

lim
n!1

Z
BR0 (0)

j(f(vn)f 0(vn)� f(v)f
0

(v))j2 = 0:

^Hölder'sØ�ª, ���n!1�

I2 �
Z
BR0 (0)

V1j(f(vn)f 0(vn)� f(v)f
0

(v))jj'j

� V1(

Z
BR0 (0)

j(f(vn)f 0(vn)� f(v)f
0

(v))j2) 12 (
Z
BR0 (0)

j'j2) 12 ! 0:

éuI3, ·�k

I3 := j
Z
R3

�f(vn)(x)f(vn)f
0

(vn)'�
Z
R3

�f(v)(x)f(v)f
0

(v)'j

� j
Z
R3

�f(vn)(x)f(vn)f
0

(vn)'�
Z
R3

�f(vn)(x)f(v)f
0

(v)'j

+ j
Z
R3

�f(vn)(x)f(v)f
0

(v)'�
Z
R3

�f(v)(x)f(v)f
0

(v)'j

= K1 +K2:

`²ff(vn)f 0(vn)'g � L
6
5 (R3)Úff2(vn)g � L

6
5 (R3), ¯¢þ, é?¿' 2 C1

0 (R3), d(f4); (f10),

DOI: 10.12677/pm.2022.122034 298 nØêÆ

https://doi.org/10.12677/pm.2022.122034


²b�

Sobolevi\½nÚfvng3H1(R3)´k.�, k

Z
R3

jf(vn)f 0(vn)'j 65 � C1

Z
R3

j'j 65 = C1

Z
BR0 (0)

j'j 65 <1:

Z
R3

jf(vn)j2� 65 �
Z
R3

jvnj 125 � C:

,	, d(f3)Ú(f4), k

jf(vn)f 0(vn)� f(v)f
0

(v)j 125 � C(jf(vn)f 0(vn)j 125 + jf(v)f 0(v)j 125 ) � C(jvnj 125 + jvj 125 )

�gn = jf(vn)f 0(vn)� f(v)f
0

(v)j 125 , hn = C(jvnj 125 + jvj 125 ), h = 2Cjvj 125 , @o

0 � gn � hn; lim
n!1

gn = 0; lim
n!1

Z
BR0 (0)

hn =

Z
BR0 (0)

h

dÚn3.4 [1], ��

lim
n!1

Z
BR0 (0)

gn = 0;

K1 :=

Z
R3

�f(vn)(x)jf(vn)f
0

(vn)� f(v)f
0

(v)jj'j

=

Z
R3

Z
R3

f2(vn(y))jf(vn)f 0(vn)� f(v)f
0

(v)jj'j
jx� yj dydx

� C1(

Z
R3

jf(vn)j2� 65 ) 56 (
Z
R3

jf(vn)f 0(vn)� f(v)f
0

(v)j 65 j'j 65 ) 56

= C1(

Z
R3

jf(vn)j2� 65 ) 56 (
Z
BR0 (0)

jf(vn)f 0(vn)� f(v)f
0

(v)j 65 j'j 65 ) 56

� C2(

Z
R3

jvnj 125 ) 56 [(
Z
BR0 (0)

jf(vn)f 0(vn)� f(v)f
0

(v)j 125 ) 12 (
Z
BR0 (0)

j'j 125 ) 12 ] 56

� C3(

Z
BR0 (0)

jf(vn)f 0(vn)� f(v)f
0

(v)j 125 ) 5
12 ! 0:

K2 := j
Z
R3

�f(vn)(x)f(v)f
0

(v)'�
Z
R3

�f(v)(x)f(v)f
0

(v)'j

= j
Z
R3

(
1

jxj � f
2(vn))f(v)f

0

(v)'�
Z
R3

(
1

jxj � f
2(v))f(v)f

0

(v)'j

�
y²K2 ! 0, ·�¦^��Ø:Ü©Ug·K2.2 [4]�y². ��5�¼

T1(u) :=

Z
R3

(
1

jxj � u)f(v)f
0

(v)'
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²b�

,�^(2:3:1), T1 : L
6
5 (R3)! R T1´ëY�5�¼, =,

jT1(u)j � C(

Z
R3

juj 65 ) 56 (
Z
R3

jf(v)f 0(v)'j 65 ) 56 <1:

Ï�fvng 3H1(R3)¥´k.�, S�ff2(vn)g3L 6
5 (R3)¥´k.�, 3f�¿Âe, ·�b

�jf(vn)j2 * jf(v)j2 in L 6
5 (R3). ���n!1�T1(jf(vn)j2)! T1(jf(v)j2) , =,

K2 := j
Z
R3

�f(vn)(x)f(v)f
0

(v)'�
Z
R3

�f(v)(x)f(v)f
0

(v)'j ! 0:

Ïd�n!1�I3 = K1 +K2 ! 0. ,	,

I4 := j
Z
R3

[(I� � jf(v+n )jp)jf(v+n )jp�1f
0

(v+n )� (I� � jf(v+)jp)jf(v+)jp�1f
0

(v+)]'j

�
Z
R3

(I� � jf(v+n )jp)jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jj'j

+ j
Z
R3

(I� � jf(v+n )jp)jf(v+)jp�1f
0

(v+)'�
Z
R3

(I� � jf(v+)jp)jf(v+)jp�1f
0

(v+)'j

:= J1 + J2

Ï�r = 6
3+�

, d(f6)Ú(f10),

jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jr� p

p�2

� C1(jjf(v+n )jp�2f(v+n )f
0

(v+n )jr�
p

p�2 + jjf(v+)jp�2f(v+)f
0

(v+)jr� p

p�2 )

� C2(jjf2(v+n )j
p�2
2 jr� p

p�2 + jjf2(v+)j p�2
2 jr� p

p�2 )

� C3(jvnjr�
p

2 + jvjr� p2 )

Ï� 4 + � � p < 6 + 2�; rp
2
2 [2; 6) . ^3 L

rp

2

loc(R
3)¥k vn ! vÚÚn 3:4 in [1], ��

lim
n!1

Z
BR0 (0)

jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jr� p

p�2 = 0:

Ï� fvng3 H1(R3)¥´k.�, ^Hölder'sØ�ªÚ (10) , � n!1 ,

J1 =

Z
R3

(I� � jf(v+n )jp)jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jj'j

� C1(

Z
R3

jvnj
p

2 r)
1
r (

Z
R3

jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jrj'jr) 1r

� C2(

Z
BR0 (0)

jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jrj'jr) 1r

� C3(

Z
BR0 (0)

jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jr� p

p�2 )
p�2
pr (

Z
BR0 (0)

j'jr� p2 ) 2
pr

� C4(

Z
BR0 (0)

jjf(v+n )jp�1f
0

(v+n )� jf(v+)jp�1f
0

(v+)jr� p

p�2 )
p�2
pr
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²b�

Ù¥ r = 6
3+�

.

Ï� r = 6
3+�

, ^ 4 + � � p < 6 + 2�; (f10)ÚHölder'sØ�ª, k

Z
R3

jjf(v�)jp�1f
0

(v�)'jr � C

Z
R3

jf2(v�)j
p�2
2 �rj'jr

� C

Z
R3

jv�j
p�2
2 �rj'jr

� C(

Z
R3

jv�j
p

2 �r)
p�2
p (

Z
R3

j'jr� p2 ) 2p

= Cjv�j
(p�2)r

2
pr

2
j'jrpr

2
:

Ï� rp

2
2 [2; 6)K jf(v�)jp�1f 0(v�)' 2 Lr(R3) . dþ¡�(Ø,�T2(u) :=

R
R3
(I��u)jf(v�)jp�1f

0

(v�)'

Ú T2 : Lr(R3) ! R , Ù¥ r = 6
3+�

. k fvng 3 H1(R3) ¥´k.�Ú jf(vn)jpr � Cjvnj pr2 , K

fjf(vn)jpg3 Lr(R3)¥´k.�. 3f�¿Âe, ·�b�3 Lr(R3)¥ jf(vn)jp * jf(v�)jp . @o
� n!1� T2(jf(vn)jp)! T2(jf(v�)jp) , =

J2 = j
Z
R3

(I� � jf(vn)jp)jf(v�)jp�1f 0(v�)'�
Z
R3

(I� � jf(v�)jp)jf(v�)jp�1f 0(v�)'j ! 0:

Ïd, � n!1� I4 = J1 + J2 ! 0 . nþ, ·���� n!1� h�0
�(vn)� �0

�(v�); 'i ! 0 . q

Ï� h�0
�(vn); 'i ! 0 , k

h�0
�(v�); 'i = 0:

·��Äe¡ü�4��¼µ

�1(v) =
1

2

Z
R3

(jrvj2 + V1f2(v)) +
1

4

Z
R3

�f(v)(x)f
2(v)� 1

2p

Z
R3

(I� � jf(v+)jp)jf(v+)jp (18)

J1(u) =
1

2

Z
R3

[(1 + 2u2)jruj2 + V1u2] +
1

4

Z
R3

�u(x)u
2 � 1

2p

Z
R3

(I� � ju+jp)ju+jp (19)

Ù¥u = f(v). ½Â

c1 = inf
2�supt2[0;1]�1(
(t)) > 0; (20)

Ù¥

� = f
 2 C([0; 1]; H1(R3)) : 
(0) = 0;�1(
(1)) < 0g:

y3·�b�V (x) = V1, ^þ¡�Ún, �3H1(R3)¥�k. CeramiS�vn¦�

�1(vn)! c1 ; (1 + kvnk)(�0
1(vn))! 0 as n!1:

Ïd, 3f�¿Âe, kvn * v 2 H1(R3), vn(x) ! v(x)A�??ux 2 R3, ¿�é¤kq 2 [2; 6)

3Lqloc(R
3)þkvn ! v. Ïd, dÚn3:8, é?¿' 2 C1

0 (R3)kh�0

1(v); 'i = 0, =,v´��f).
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²b�

dÚn3:6, 3f�¿Âe, �3 R; � > 0Úfxng � R3¦�

lim inf
n!+1

Z
BR(xn)

jvnj2 � � > 0:

�wn = vn(x � xn), Ù¥fxng´Ún 3:6�Ñ�S�. Ï�fvng´�1�CeramiS�, Kfwng�´.

d	wn(x)! w(x)A�??ux 2 R3, ¿�é?¿q 2 [2; 6)3Lqloc(R
3)¥kwn ! w.k

Z
BR(0)

jwj2 = lim inf
n!+1

Z
BR(0)

jwnj2 � lim inf
n!+1

Z
BR(xn)

jvnj2 � � > 0:

Ïd��w´�²��.

ÚÚÚnnn3.8 �v0 2 H1(R3), v0 6= 0, u0 = f(v0)¦�

a :=

Z
R3

jru0j2 +
Z
R3

V1u20 > 0;

b :=

Z
R3

(4u20jru0j2 + �u0(x)u
2
0) > 0;

c :=

Z
R3

(I� � ju+0 jp)ju+0 jp > 0:

@o�3t1 > t0 > 0¦�

J1(t0u0) > J1(tu0) 8t 2 [0;+1)nft0g;

J1(t1u0) < 0:

yyy²²². d�1(v)ÚJ1(u)�½Â, ·���

�1(v0) = J1(u0) =
1

2

Z
R3

[(1 + 2u20)jru0j2 + V1u20] +
1

4

Z
R3

�u0(x)u
2
0 �

1

2p

Z
R3

(I� � ju+0 jp)ju+0 jp:

-

g(t) = J1(tu0)

=
1

2

Z
R3

[t2(jru0j2 + V1u20)] +
Z
R3

[t4(jru0j2u20 +
1

4
�u0(x)u

2
0)]�

t2p

2p

Z
R3

(I� � ju+0 jp)ju+0 jp

Kk

d

dt
(g(t)) = t

Z
R3

(jru0j2 + V1u20) + t3
Z
R3

(4u20jru0j2 + �u0(x)u
2
0)� t2p�1

Z
R3

(I� � ju+0 jp)ju+0 jp

= t(a+ bt2 � ct2p�2)
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²b�

du p > 2 ÚÚn3.10 [1] , �3��� t0 > 0 ¦� g
0

(t0) = 0 , � 0 < t < t0 � g
0

(t) > 0 Ú

�t > t0�g
0

(t) < 0. Ïd

J1(t0u0) > J1(tu0) 8t 2 [0;+1)nft0g:

du p > 2 , ��

J1(tu0)! �1 as t! +1:

Ïd, �3 t1 > t0¦�

J1(t1u0) < 0:

5553.1 �


0(t) = f�1(tt1u0); t 2 [0; 1]

K

�1(
0(t)) = J1(tt1u0) � J1(t0u0) = J1(
t0

t1
� t1u0) = �1(
0(

t0

t1
))

��

c1 = inf
2�supt2[0;1]�1(
(t)) � supt2[0;1]�1(
0(t))

= �1(
0(
t

t1
)) = J1(t0u0):

ÚÚÚnnn3.9 c1 � �1(w), �3,� 
0(t) 2 � , ¦�é,� t0k 
0(t0) = w .

yyy²²². dÚn3.10 [1] , �3t1 > t0 > 0, ¦�J1(t0u0) > J1(tu0), 8t 2 [0;+1) n ft0g, ¿
�J1(t1u0) < 0, u0 = f(w), dÚn3.10 [1], kh(t) = a + bt2 � ct2p�2; 8t � 0, Úa =

R
R3
jru0j2 +

V1u20 > 0, b =
R
R3
(4u20jru0j2 + �u(x)u

2
0) > 0, c =

R
R3
(I� � ju+0 jp)ju+0 jp > 0. w´� V (x) = V1 �

�§ (1:5)�f), Ïd u0´� V (x) = V1��§ (1:1)�f), ·�k

a+ b� c = hJ 01(u0); u0i = 0

2�g^Ún 3:8 , �3���� t0 > 0 , ¦� h(t0) = a+ bt20 � ct
2p�2
0 , ·��� t0 = 1 , d5 3:1

, �
0(t) = f�1(tt1u0); 8t 2 [0; 1], @o

�1(
0(t)) = J1(tt1u0) � J1(u0) = J1(
1

t1
� t1u0) = �1(
0(

1

t1
)); 8t 2 [0; 1]

Ïd

c1 = inf

2�

sup
t2[0;1]

�1(
(t)) � sup
t2[0;1]

�1(
(t)) = �1(
0(
1

t1
)) = �1(w)

ÚÚÚnnn3.10 c1 = �1(w)

yyy²²². d�c�Ún, w 6= 0 , ¿� �1(wn) ! c1 , (1 + kwnk)k�0

1(wn)k ! 0; (n ! 1) , 3
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L
q
loc(R

3) ( q 2 [2; 6) )¥, k wn * w , ¿� wn(x)! w(x)A�??u x 2 R3 , ·�k

c1 � �1(w)� 1

p
h�0

1(w); wi

=
1

2

Z
R3

(jrwj2 + V1f2(w)) +
1

4

Z
R3

�f(w)(x)f
2(w)� 1

2p

Z
R3

(I� � jf(w+)jp)jf(w+)jp

� 1

p

Z
R3

jrwj2 � 1

p

Z
R3

V1f(w)f
0

(w)w � 1

p

Z
R3

�f(w)(x)f(w)f
0

(w)w

+
1

p

Z
R3

(I� � jf(w+)jp)jf(w+)jp�1f
0

(w+)w+

=(
1

2
� 1

p
)

Z
R3

jrwj2 +
Z
R3

V1f(w)(
1

2
f(w)� 1

p
f
0

(w)w)

+
1

p

Z
R3

(I� � jf(w+)jp)jf(w+)jp�1(f
0

(w+)w+ � 1

2
jf(w+j)

+

Z
R3

�f(w)(x)f(w)(
1

4
f(w)� 1

p
f
0

(w)w)

� I1 = ( 1
2
� 1

p
)
R
R3
jrwnj2 , @o I1 � 0 , I2 = V1f(wn)( 12f(wn) � 1

p
f
0

(wn)wn) , I3 = 1
p

R
R3
(I� �

jf(w+
n )jp)jf(w+

n )jp�1(f
0

(w+
n )w

+
n � 1

2
jf(w+

n j) , I4 = �f(wn)(x)f(wn)(
1
4
f(wn)� 1

p
f
0

(wn)wn) ,

� wn � 0 , f(wn) � 0´, d (f5) , k

1

2
f(wn)� 1

p
f
0

(wn)wn � 0

� wn < 0�, f(wn) < 0 ,d (f5) , ·�k

1

2
f(wn)� 1

p
f
0

(wn)wn � 0;

Ïd�� I2 � 0 . d (f5)

f 0(w+
n )w

+
n �

1

2
jf(w+

n )j � 0

Ïd I3 � 0 . � wn � 0�, f(wn) � 0 , k (f5)

1

4
f(wn)� 1

p
f 0(wn)wn � 0

� wn < 0�, f(wn) < 0 , d(f5),

1

4
f(wn)� 1

p
f 0(wn)wn � 0

·��� I4 � 0 . d Fatou0sÚn, k

c1 � lim inf
n!1

(�1(wn)� 1

p
h�0

1(wn); wni) = c1
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q wn´k.� CeramiS�, Ïd �1(w) = c1 . dÚn 3:9 , k


0(
1

t1
) = f�1(

1

t1
� t1u0) = f�1(u) = w:

= w´ì´:.

ÚÚÚnnn3.11
c0 < c1

yyy²²². dÚn 3:8ÚÚn 3:9 , k �1(w) = c1Ú w´ì´:, ¿� V (x) � V1Ú V (x) 6= V1 .

� �(
0(t1)) = max0�t�1�(
0(t)) , @o

c0 = inf

2�

sup
t2[0;1]

�(
(t)) � sup
t2[0;1]

�(
0(t)) = max
t2[0;1]

�(
0(t))

= �(
0(t1)) < �1(
0(t1)) � sup
t2[0;1]

�1(
0(t)) = �1(
0(t0)) = �1(w) = c1:

Ïd, dÚn6.3 [9] , � V (x) 6= V1�·�b� H1(R3)¥Y² c0?� CeramiS� fwng , =

�(wn)! c0 and (1 + kwnk)k�0

(wn)k ! 0; as n!1:

|^Ún 3:3 , S� fwng´k.�. Ïd, 3f�¿Âe, k wn * w 2 H1(R3); wn(x) ! w(x)A

�??u x 2 R3¿�3 L
q
loc(R

3) ( q 2 [2; 6) )¥k wn ! w . Ïd, dÚn 3:7 , é?¿ ' 2 C1
0 (R3)

, k h�0

(w); 'i = 0 , = w´�§ (1:5)�f). ·�7Ly² w´�²��. (V )¤á, |^�y

{, ·�b� w � 0 . �
�¤½n 1:1�y², ·�©¤±eA�Ún.

ÚÚÚnnn3.12 �1(wn)! c0¿�� n!1� (1 + kwnk)k�0

1(wn)k ! 0 .

yyy²²². ·��� fwng3H1(R3)¥´k.�,�3M1 > 0¦�M1 > 2V1ÚM1 >
R
R3
f2(wn)

. Ï�3 L
q
loc(R

3) ( q 2 [2; 6) )¥ vn ! v = 0¿� V (x) � V1 := limjyj!1 V (y) < 1é¤k�
x 2 R3 . éz� � > 0 , �3M > 0¦�, é nv
�, k

0 � V1 � V (x) <
�

2M1
; 8jxj �M;

Ú Z
BM (0)

jwnj2 < �

4V1

Ïd

0 �
Z
R3

V1f2(wn)�
Z
R3

V (x)f2(wn)

=

Z
R3nBM (0)

(V1 � V (x))f2(wn) +

Z
BM (0)

(V1 � V (x))f2(wn)

< M1 � �

2M1
+ 2V1 � �

4V1

= �;
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¿�

j�1(wn)� �(wn)j =
Z
R3

V1f2(wn)�
Z
R3

V (x)f2(wn)! 0:

� n!1 . Ón,

k�0

1(wn)� �
0

(wn)k = sup
k k=1

jh�0

1(wn)� �
0

(wn);  ij

= sup
k k=1

j
Z
R3

(V1 � V (x))f(wn)f
0

(wn) j ! 0

� n! +1 .

�� fwng�´ �13Y² c0?� CeramiS�.

ÚÚÚnnn3.13 c1 � c0.

yyy²²². dÚn 3:5kA := limn!1
R
R3
jf(wn)j2 > 0:¿�

h�0

1(wn);
f(wn)

f
0(wn)

i = on(1):

3f�¿Âe, � nv
��, ��

0 <
1

2
V1A

� V1

Z
R3

jf(wn)j2

=

Z
R3

V1jf(wn)j2

� h�0

(wn);
f(wn)

f
0(wn)

i+
Z
R3

(I� � jf(w+
n )jp)jf(w+

n )jp

= on(1) +

Z
R3

(I� � jf(w+
n )jp)jf(w+

n )jp

Ïd Z
R3

(I� � jf(w+
n )jp)jf(w+

n )jp �
1

3
V1A > 0

� nv
�. |^ h�0

1(wn);
f(wn)

f
0 (wn)

i = on(1) , ·�k

h�0

1(wn);
f(wn)

f
0(wn)

i =
Z
R3

(1 +
2f2(wn)

1 + 2f2(wn)
)jrwnj2 +

Z
R3

V1f2(wn) +
Z
R3

�f(wn)(x)f
2(wn)

�
Z
R3

(I� � jf(w+
n )jp)jf(w+

n )jp = on(1):
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� un := f(wn) . ��

Z
R3

(1 + 4u2n)jrunj2 +
Z
R3

V1u2n +
Z
R3

�un(x)u
2
n �

Z
R3

(I� � ju+n jp)ju+n jp = on(1)

� an :=
R
R3
jrunj2 +

R
R3
V1u2n , bn :=

R
R3
(4u2njrunj2 + �un(x)u

2
n) , cn :=

R
R3
(I� � ju+n jp)ju+n jp . @

o

an + bn � cn = on(1):

d	, Ï� fung3 H1(R3)¥´k.�, fang , fbngÚ fcng´k.�. Ïd, 3f�¿Âe, ·�

b��3 a; b; c 2 [0;+1)¦�� n! +1� an ! a; bn ! b; cn ! c¿� a+ b� c = 0 . ,	, é

nv
�, ·�k

cn =

Z
R3

(I� � ju+n jp)ju+n jp =
Z
R3

(I� � jf(w+
n )jp)jf(w+

n )jp �
1

3
V1A > 0:

an =

Z
R3

jrunj2 +
Z
R3

V1u2n �
Z
R3

V1u2n �
1

2
V1A > 0:

�� a > 0; c > 0 . dÚn3.10 [1] �3����S� ftng � (0;+1)¦� an + bnt
2
n � cnt

2p�2
n = 0

. Ï� c > 0 , ftng´k.�. ·�b��3 t � 0¦� tn ! t . @o a + bt2 � ct2p�2 = 0 . Ï�

a+ b� c = 0 , dÚn3.11 [1] , �� t = 1 . dÚn 3:8 ,

J1(tnun) > J1(tun); 8 t 2 [0;+1)nftng

d5 3:1 , k c1 � J1(tnun) . ,	,

J1(tnun)� �1(vn) = J1(tnun)� J1(un)

=
1

2
an(t

2
n � 1) +

1

4
bn(t

4
n � 1)� 1

2p
cn(t

2p
n � 1) = on(1):

Ïd

c1 � J1(tnun) = �1(wn) + on(1):

¤±

c1 � c0:

dÚn 3:11ÚÚn 3:13 , ·���gñ. `² w´�²��, Ïd w´�§ (7)����²�).

y..

Ä7�8
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