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Abstract

By applying the weighted inequalities and the real variable methods, the boundedness

of the fractional maximal operator with variable kernel is obtained in the weighted

λ-central Morrey spaces with the help of the corresponding boundedness on the Lp

spaces.
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1. Úó9Ì�(J

Morrey �m3NÚ©Û��9Ù �©�§�+�kX2�A^, Ó�, ��� Lebesgue �

m��«g,í2 [1]. 2000 c, Alvarez, Lakey, Ú Guzman-Partide 3©z [2]¥ïÄ¥% BMO

�mÚ Morrey �m�'X�, Ú\
 λ-¥% Morrey �m. 2019 c, >V²�<3©z [3]¥�

�
MarcinkiewiczÈ©9Ù��f3 λ-¥%Morrey �mþ�\��O. 2021c§Mj�<3©

z [4]¥ïÄ
äko÷Ø�V�5 Hardy�f��f3 λ-¥%Morrey�m¥�k.5. k'ù

a�mþÈ©�fk.5�?�ÚïÄ�ë� [5–9]. Ó�§�CþØ��f3NÚ©Û�ïÄ¥

Ók��/ . 2011 c, M[u�3©z [10]¥y²
�CþØ�©êgÈ©�f3 Hardy�m

þ�k.5. 2013 c, ëp�3©z [11]¥ïÄ
�CþØ�MarcinkiewiczÈ©�\�k.5, ?

NõÆöé�CþØ��f�
2��ïÄ [12–16]. Éþ¡ïÄ�éu,�©òÏLïÄ�Cþ

Ø�©êg4��f3 Lp �m��O§l���CþØ©êg4��f3 λ-¥%Morrey �m

þ�\��O. 3Qã�©Ì�(J�c, I�Ú\e¡�VgÚPÒ.

P Sn−1 � Rn(n ≥ 2) ¥�ü ¥¡, ÙþC�
 Lebesgue ÿÝ dσ = dσ(z
′
). �½Â3

Rn × Rnþ�¼ê Ω ∈ L∞(Rn)× Lt(Sn−1)(t ≥ 1)÷v

‖Ω‖L∞(Rn)×Lt(Sn−1) = sup
x∈Rn

(

∫
Sn−1

|Ω(x, z
′
)|tdσ(z

′
))

1
t <∞, (1)

Ù¥, z
′

= z
|z| , ∀z ∈ Rn \ {0}.
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¿� Ω÷v^� Ω(x, λz) = Ω(x, z), ∀x, z ∈ Rn, ∀λ > 0���^�∫
Sn−1

Ω(x, z
′
)d(z

′
) = 0,∀x ∈ Rn. (2)

éu 0 < β < n, �CþØ�©êg4��fMΩ,β ½Â�

MΩ,β(f)(x) = sup
Q

1

|Q|n−β

∫
Q

|Ω(x, x− y)||f(y)|dy. (3)

�©òy²CþØ©êg4��f3\� λ-¥%Morrey �mþ�k.5.

� 1 < p, q < ∞, Rn þ��KÛÜ�È¼ê ω(x)¡� A(p, q)�, XJ�3~ê C > 0, ¦�

eª¤á (
1

|Q|

∫
Q

ω(x)qdx

) 1
q
(

1

|Q|

∫
Q

ω(x)−p
′
dx

) 1
p′

≤ C, (4)

þª¥���~ê C ^ [ω]A(p,q)L«.

½½½ÂÂÂ [17, 18] � λ ∈ R, 1 < q <∞, ω1 Ú ω2 �ÛÜ�È��K�ÿ¼ê,\� λ-¥%Morrey

�m½Â�

Ḃq,λ
ω1,ω2

(Rn) = {f : ‖f‖Ḃq,λω1,ω2
= sup

r>0

(
1

ω1(B(0, r))1+λq

∫
B(0,r)

|f(x)|qω2(x)dx

) 1
q

<∞}, (5)

Ù¥, B(0, r)L« Rn ¥±�:�¥%, r��»�¥, ¿�� ω1 = ω2 := ω �, {P Ḃq,λ
ω1,ω2

(Rn) =

Ḃq,λ
ω (Rn).

�©�Ì�(JXe.

½½½nnn � 1 < t < ∞, 0 ≤ β < n, Ω ∈ L∞(Rn) × Lt(Sn−1), �CþØ�©êg4��fMΩ,β

dª (3)¤½Â,@o� 1
p
− 1

q
= β

n
, 1 < p′ < t, t′ < p < q <∞, 1 < t

′
< p < n

β
, λ2 = λ1 + β

n
< 0, ¿

� ω(x)t
′ ∈ A( p

t′ ,
q
t′ )
�, �3��� f Ã'�~ê C, ¦�

‖MΩ,β(f)‖
Ḃ
q,λ2
ωq
≤ C‖f‖

Ḃ
p,λ1
ωp,ωq

.

�©¥, p′ L« p �éó�I, = 1/p + 1/p′ = 1. C ´Ø�6uÌ�¼ê½ëþ�~ê, 3ØÓ1

¥$�3Ó�1¥�±ØÓ. ^ ω ∈ ∆2 L«÷vV�^���¼ê ω �¤�8Ü, =�3~ê

C > 0, ¦�é?¿�N Q ⊂ Rn, ¤á ω(2Q) ≤ Cω(Q).

2. ½n�y²

3y²½n�c, k�Ñe¡Ún.
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ÚÚÚnnn 1 [13] XJ 0 < α < n, 1 < p < n
α

,±9 1
p
− 1

q
= α

n
,e ω ∈ A(p,q), K

(

∫
Rn

[Mαf(x)ω(x)]qdx)
1
q ≤ C(

∫
Rn

[f(x)ω(x)]pdx)
1
p .

Ù¥ C ´Ø�6u f �~ê.

ÚÚÚnnn 2 [18] XJ ω ∈ Aq (1 ≤ q <∞), Ké?¿� k ∈ Z+, l < 0, ±9�N B ⊂ Rn, k

ω(2kB)l ≤ Dkl
1 ω(B)l,

Ù¥, 1 < D1 < 2.

ÚÚÚnnn 3 [19] XJ ω ∈ Ap, 1 ≤ p <∞, K ω ∈ ∆2. é¤k� α > 1, þk

ω(αQ) ≤ αnq[ω]Apω(Q).

ÚÚÚnnn 4 � 1 < t < ∞, Ω ∈ L∞(Rn) × Lt(Sn−1), e 0 < β < n, 1 ≤ t
′
< p < n

β
, 1
p
− 1

q
= β

n
,

ω(x)t
′

∈ A( p
t
′ ,
q

t
′ ). K�3Ø�6u f �~ê C, ¦�

(

∫
Rn

[MΩ,βf(x)ω(x)]qdx)
1
q ≤ C(

∫
Rn

[f(x)ω(x)]pdx)
1
p .

Ún 4�y² � 1 < t <∞, Ω ∈ L∞(Rn)× Lt(Sn−1). d HölderØ�ªk

MΩ,βf(x) = sup
r>0

1

rn−β

∫
|y|≤r

|Ω(x, y)||f(x− y)|dy

≤ sup
r>0

1

rn−β

(∫
|y|≤r

|Ω(x, y)|tdy

) 1
t
(∫

|y|≤r
|f(x− y)|t

′

dy

) 1

t
′

.

Ù¥,

(

∫
|y|≤r

|Ω(x, y)|tdy)
1
t ≤ Cr nt ‖Ω‖L∞(Rn)×Lt(Sn−1).

Ïd,

MΩ,βf(x) ≤Cr nt ‖Ω‖L∞(Rn)×Lt(Sn−1) sup
r>0

1

rn−β
(

∫
|y|≤r

|f(x− y)|t
′

dy)
1

t
′

≤C sup
r>0

1

rn−βt
′ (

∫
|y|≤r

|f(x− y)|t
′

dy)
1

t
′

≤CMβt′ ,t′ . (6)

5¿� 1 < t
′
< p < n

β
, 1
p
− 1

q
= β

n
Ú 1 < p

t′
< n

βt′
9 1

( q
t
′ )

= 1
( p
t
′ )
− βt

′

n
. dÚn 19ª (6)k

(

∫
Rn

[MΩ,βf(x)ω(x)]qdx)
1
q ≤C(

∫
Rn

[Mβt′ ,t′f(x)ω(x)]qdx)
1
q

≤C(

∫
Rn

[f(x)ω(x)]pdx)
1
p .
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�Ún 4y..

½½½nnn���yyy²²² � f ∈ Ḃp,λ1
ωp,ωq , �½?¿¥ B = B(0, r), r =

√
nl(Q), ©) f � f = f1 + f2, Ù¥

f1 = fχ2B, K

1

ωq(B)1+λ2q

∫
B

|MΩ,β(f)(x)|qωq(x)dx ≤ 1

ωq(B)1+λ2q

∫
B

|MΩ,β(f1)(x)|qωq(x)dx

+
1

ωq(B)1+λ2q

∫
B

|MΩ,β(f2)(x)|qωq(x)dx

:=I + II.

é I, dÚn 4, ¿5¿� ωt
′ ∈ A( p

t′ ,
q
t′ )

, k

∫
B

|MΩ,β(f1)(x)|qωq(x)dx ≤ C

(∫
2B

|f(x)|pωp(x)dx

) q
p

≤

[(
1

ωq(2B)1+λ1p

∫
2B

|f(x)|pωp(x)dx

) 1
p
]q
ωq(2B)(1+λ1p)

q
p

≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

ωq(2B)
q
p+λ1q.

� 1 + λ2q ≥ 0�, dÚn 3, ¿5¿� 1 < t′ < p < q <∞, λ2 − λ1 = β
n

, 1
p
− 1

q
= β

n
, ·�k

I =
1

ωq(B)1+λ2q

∫
B

|MΩ,β(f1)(x)|qωq(x)dx

≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

ωq(2B)1+λ2q

ωq(B)1+λ2q

≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

. (7)

� 1 + λ2q < 0 �, dÚn 2Ón����Ó��O.

e¡�O II, � x ∈ B, y ∈ 2j+1B, �� 2j−1rB ≤ |y − x| < 2j+2rB, k

(

∫
2j+1B

|Ω(x, x− y)
′
|tdy)

1
t ≤ C‖Ω‖L∞(Rn)×Lt(Sn−1) · |2j+1B| 1t . (8)

5¿� ω(x)t
′ ∈ A( p

t′ ,
q
t′ )

, dª (4), é?¿�N Q ⊂ Rn,k

(
1

|Q|

∫
Q

ωt
′ q
t′ dx

) t′
q
(

1

|Q|

∫
Q

ωt
′[−( p

t′ )
′]dx

) 1
(
p
t′ )
′

≤ C.
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Ïd, (
1

|Q|

∫
Q

ωqdx

) t′
q
(

1

|Q|

∫
Q

ω
t
t−1 (−(

p(t−1)
pt−p−t ))dx

) pt−p−t
p(t−1)

≤ C.

 ∫
Q

ω−
pt

pt−p−tdx ≤ C |Q|
pt

(pt−t−p)q |Q|
ωq(Q)

pt
(pt−p−t)q

.

¤±, ∫
Q

ω−t
′( p
t′ )
′
dx =

∫
Q

ω−
pt

pt−p−tdx ≤ |Q|
pt

(pt−t−p)q |Q|
ωq(Q)

pt
(pt−p−t)q

.

Ïd, k

(∫
Q

ω−
pt

pt−p−tdx

)1− 1
p−

1
t

=

(
|Q|

pt
(pt−t−p)q |Q|

ωq(Q)
pt

(pt−p−t)q

) pt−p−t
pt

≤ |Q|
1
q |Q|1−

1
p−

1
t

ωq(Q)
1
q

. (9)

�âþ¡��O, d HölderØ�ªÚ λ2 − λ1 = α
n
9ª (8), (9), k

MΩ,βf2(x) =
1

|Q|1− βn

∫
Q

⋂
Bc

(0,2r)

|Ω(x, x− y)||f(y)|dy

≤ 1

|B|1− βn

∞∑
j=1

∫
2jr<|y|≤2j+1r

|Ω(x, x− y)||f(y)|dy

≤C 1

|B|1− βn

∞∑
j=1

(∫
2j+1B

|f(y)|pωpdy

) 1
p
(∫

2j+1B

|Ω(x, x− y)|tdy

) 1
t

×

(∫
2j+1B

ω(y)−
pt

pt−p−tdy

)1− 1
p−

1
t

≤C 1

|B|1− βn

∞∑
j=1

(∫
2j+1B

|f(y)|pωpdy

) 1
p |2j+1B|1−

1
p−

1
t+ 1

q

ωq(2j+1B)
1
q

‖Ω‖L∞(Rn)×Lt(Sn−1) · |2j+1B| 1t

≤C‖Ω‖L∞(Rn)×Lt(Sn−1)

∞∑
j=1

|2j+1B|1−
1
p+ 1

q

|B|1− βn

(∫
2j+1B

|f(y)|pωpdy

) 1
p

≤C
∞∑
j=1

|2j+1B|
1
q−

1
p+ β

n

(
1

ωq(2j+1B)1+λ1q

∫
2j+1B

|f(y)|pωpdy

) 1
p

× ωq(2j+1B)(1+λ1q)
1
p

ωq(2j+1B)
1
q

≤C‖f‖
Ḃ
p,λ1
ωp,ωq

∞∑
j=1

|2j+1B|
1
q−

1
p+ β

n
ωq(2j+1B)(1+λ1p)

1
p

ωq(2j+1B)
1
q

≤C‖f‖
Ḃ
p,λ1
ωp,ωq

∞∑
j=1

ωq(2j+1B)λ2 .
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K

II =
1

ωq(B)1+λ2q

∫
B

|MΩ,β(f2)(x)|qωq(x)dx

≤ C ωq(B)

ωq(B)1+λ2q
‖f‖q

Ḃ
p,λ1
ωp,ωq

∞∑
j=1

ωq(2j+1B)λ2q

≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

∞∑
j=1

ωq(2j+1B)λ2q

ωq(B)λ2q

≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

∞∑
j=1

[
ωq(2j+1B)

ωq(B)
]λ2q.

Ón, � ωt
′ ∈ A( p

t′ ,
q
t′ )

, 1 < t′ < p < q <∞�, k ωq ∈ As,Ù¥ s = 1 + q
p′

.�� λ2 < 0,dÚn 2�

II ≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

∞∑
j=1

[
ωq(2j+1B)

ωq(B)
]λ2q

≤ C‖f‖q
Ḃ
p,λ1
ωp,ωq

. (10)

(Ü I Ú II ��O, ½ny..

Ä7�8

�h���Æ�?�8(2021YSYB073).
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