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Abstract: In this paper, the Josephson system with parametric and external excitations by using second-order
averaging methods and Melnikov’s methods is investigated in detail. The threshold values of existence of
chaotic motion are obtained under the periodic perturbation. We prove the criterion of existence of chaos in
averaged system under quasi-periodic perturbation for @, = @, +€ev by applying the second-order averaging
method and Melnikov’s method, and prove that the criterion of existence of chaos in second-order averaged
system under quasi-periodic perturbation for @, =nw, +ev,n>2 cannot be obtained by applying Mel-

nikov’s method. The theoretical results are verified and some new dynamics are demonstrated by numerical
simulation.

Keywords: Second-Order Averaging Method; Melnikov’s Method; Bifurcation; Chaos;
Periodic Perturbations; Quasi-Periodic Perturbations
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Figure 1. (a) Bifurcation diagram of system (2) in (;/,x) plane; (b) Phase portrait of system (2) at y =0.725077502168037
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Figure 2. (a) Bifurcation diagram of system (10) in ( fis u) plane; (b) Energy value of the fixed point as parameter f, changes; (c) Phase
portrait of system (10) at (f, =0.2) with Q=-1, @ =0.5773502691896257, w, =0.5686240703077327 , a, = 0.408248290463863 ,
a, =0.09622504486493762 (7 = 0.816496580927726)
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Figure 4. (a) Bifurcation diagram of system (1) in ( B, y) plane with y =0.725077502168037 , & =0.24472, o, =1, w,=1.5,
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Figure 5. (a) Phase portrait of system (1) at S = 0.2864 ; (b) Poincar’e map corresponding to (a)
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Figure 6. Homoclinic bifurcation surface of system (8) with f,=0.2, Q=—-1, o=0.5773502691896257 , o, = 0.5686240703077327 ,
a, = 0.408248290463863 , a, = 0.09622504486493762, €=10.1
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Figure 7. (a) Chaotic orbit of the averaged system (8); (b) Poincar’e map corresponding to (a). f, =0.2, Q=-1, @=0.5773502691896257 ,
o, =0.5686240703077327 , a, =0.408248290463863 , a, =0.09622504486493762, ¢=0.1, f,=2.6, v,=1, a=1, f=0.04
7. (a) FHRLGG)HEEHIE; (b) HE T (2)fIPoincarehst. XEB £, =02, Q=-1, o=0.5773502691896257 ,
o, =0.5686240703077327 , a, =0.408248290463863 , a, =0.09622504486493762, €=0.1, f,=2.6, v,=1, a=1, [=0.04
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Figure 8. Homoclinic bifurcation surface of the averaged system (8) with f, =02, Q=-1, ®=0.5773502691896257 ,
o, = 0.5686240703077327 , a, = 0.408248290463863 , a, = 0.09622504486493762, €=0.1
BE8. RG®)XTREIEHE I HAZEEA4). XEB f,=02, Q=-1, ©=0.5773502691896257 , o, =0.5686240703077327 ,
a, = 0.408248290463863 , a, = 0.09622504486493762 , €=0.1
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Figure 9. (a) Chaotic orbit of the averaged system (8) with f, =0.2, Q=-1, #=0.5773502691896257, w, =0.5686240703077327 ,
a, = 0.408248290463863 , a, =0.09622504486493762, €=0.1, f,=2.6, v,=2, a=2, F=0.5;(b)Poincar’e map corresponding to (a)
E9. (a) FHIRGO)HTEHHIE; b) HE T (a)iPoincar e, XB £ =02, Q=-1, o=0.5773502691896257 ,
o, =0.5686240703077327 , a, =0.408248290463863 , a, =0.09622504486493762, €¢=0.1, f,=2.6, v,=2, a=2, f=05
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4D [EEa=0164, B=05782, y=0.725077502168037, f, =0.863, o =1, w,=2, Lhf, (0,4)K
24 1) [HE @ =0.164, B=0.5782, y=0.725077502168037 , @, =1, f,=1.5103, w, =1.7321, Lk f, €(0,4)
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Figure 10. (a) Bifurcation diagram of system (1) in (a,y) plane with £ =0.5782, y=0.725077502168037 , f,=0.863, o, =1,
f,=15103, w,=2;(b) Maximum Lyapunov exponents of (a)
E10. (a) REWTE (o, y) FEFHISZE; (b) MFEKLyapunovidfi. X8 £=0.5782, y=10.725077502168037 ,
£,=0863, =1, f,=15103, w,=2

a=0.05
0.7 - =
0.8
_0.9.
A1t
1}
1.2F
] 13f
' |!E\Munmllmmm\”HMMMHlMﬂuummumlm\\mnnmnmH}‘MM\% I i - -
3800 4000 4200 4400 4600 4800 5000 5200 3800 4000 4200 4400 4600 4800 5000 5200
X X
(@) (b)

Figure 11. (a) Phase portrait of system (1) at o = 0.05; (b) Poincar’e map of (a)
El11. (a) B105 o =0.05 BTREE; (b) HETF (a)BYPoincar’ RS
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Figure 12. (a) Phase portrait of system (1) at a =0.1; (b) (b) Poincar’e map of (a)
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Figure 13. (a) Phase portrait of system (1) at «=0.17 ; (b) (b) Poincar’e map of (a)
E13. (a) B107h o =0.17 BFA94EE; (b) HRTF(a)BYPoincar’BREH
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Figure 14. (a) Bifurcation diagram of system (1) in (a,y) plane with £=0.5782, y=0.725077502168037, f =0.863, o =1,

f,=15103, ®,=1.732 ; (b) Maximum Lyapunov exponents of (a)
E14. 1) REODE (,y) FERHSZE; (b) HERRALyapunovig$. XB 5=0.5782, y=0.725077502168037 , f,=0.863, o =1,
f,=15103, w,=1.732
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2)D) H5E a=0.164, y=0.725077502168037, f =0.863, w =1, f,=1.5103, w, =2, LhBc(0.4,0.8)
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Figure 15. (a) Bifurcation diagram of system (1) in (,B,y) plane with a=0.164, y=0.72577502168037, f, =0.863, @ =1,
f,=15103, ®,=2 ;(b) Maximum Lyapunov exponents of (a)
E15. (a) REWE (B,y) FTEPHISZE; (b) HEAIRALyapunoviE#. XE o =0.164, y=0.72577502168037 , f,=0.863, o =1,
f,=15103, w,=2
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Figure 16. (a) Bifurcation diagram of system (1) in ( B, y) plane with a=0.164, y=0.72577502168037 , f, =0.863,
@, =1.4142, f,=1.5103, @, =2 ;(b) Maximum Lyapunov exponents of (a)
B16. (1) RGEWE (B,y) FETHSXE; (b) IHEKEALyapunoviE#l. XE a=0.164, »=0.72577502168037 , f,=0.863,
o =14142, f,=15103, w,=2
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Figure 17. (a) Phase portrait of system at £ = 0.58 ; (b) Poincar’e map of (a)
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Figure 18. (a) Bifurcation diagram of system (1) in (ﬂ,y) with a=04, y=0.72577502168037, f, =0.863, w =3,
f,=15103, @, =2 ;(b) Maximum Lyapunov exponents of (a)
B18. (1) RGEWE (B,y) FETHSXE; (b) HEMEALyapunoviE#l. XE a=04, »=0.72577502168037, f, =0.863,
=3, f,=15103, w,=2
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Figure 19. Phase portraits: (a) f=0.41;(b) =0.516;(c) S =0.516
E19. E16% g BUREMERIAEE: (a) B=041; (b) B=0516; () B=0516
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Figure 20. Poincar’e corresponding to Fig.16: (a) f=0.41;(b) F=0.516;(c) [ =0.516
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Figure 21. (a) Bifurcation diagram of system (1)in (f;,y) plane with a=0.164, £=0.5782, y=0.72577502168037 ,

w =1, f,=15103, @, =2 ;(b) Maximum Lyapunov exponents of (a)
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Figure 22. (a) Bifurcation diagram of system (1) in (f,,y) plane with =04, £=05782, y=05, o, =1, f,=15103, w,=2;

(b) Maximum Lyapunov exponents of (a)

E22. a) REWDE (f,,y) FEHNIZE; (b) HEHRKLyapunoviE. XE a=04, f=05782,y =05, o, =1, f,=15103, o, =2
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Figure 23. (a) Bifurcation diagram of system (1) in (fl,y) plane with a=0.164, f=0.5782, y=0.7250, o, =1, f,=1.5103,
@, =1.7321 ; (b) Maximum Lyapunov exponents of (a)

E23. (a) BREWTE(f,,y) FEFHHZE; (b) HEMHZRALyapunovic¥. XE a=0.164, S=05782, y=0.7250,
o,=1, f,=15103, @, =1.7321
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Figure 24. (a) Bifurcation diagram of system (1) in ( f,, y) plane with a=0.164, B=0.5782, »=0.725077502168037, f, =0.683,
®, =1, w,=2;(b) Maximum Lyapunov exponents of (a)
E24. a) REWE (f,,y) FEHPHSXE; (b) ERMZEALyapunoviE#. XE a=0.164, 5=05782,
7=0.725077502168037 , f,=0.683, w, =1, @, =2
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Figure 25. (a) Bifurcation diagram of system (1) in (j;,y) plane with a=0.164, f=0.5782, y=0.72577502168037, o, =1,
f,=15103, @, =1.732 ; (b) Maximum Lyapunov exponents of (a)
E25. (1) REWE (f,,y) FEDHNSZE; (b) HREMBALyapunovigB. XE a=0.164, S=0.5782, y=0.72577502168037 ,
=1, f,=15103, o, =1.732
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Figure 26. (a) Bifurcation diagram of system (1) in ( frs y) plane with a=0.164, f=0.5782, y=0.72577502168037, o, =1,
f,=15103, w,=1.414 ; (b) Maximum Lyapunov exponents of (a)
B26. (1) REWE (f,,y) FEPHNSIZE; (b) HRMBALyapunovigB. XE a=0.164, S=0.5782, y=0.72577502168037 ,
=1, f,=15103, o =1414
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Figure 27. (a) Bifurcation diagram of system (1) in (fz,y) plane with @ =0.38, #=0.59, y=0.8, f,=1.683, o, =2, @,=3;
(b) Maximum Lyapunov exponents of (a)
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Figure 28. (a) Bifurcation diagram of system (1) in (;/,y) plane with =048, =059, f, =1.683, w, =02, f,=15103, w,=14;
(b) Maximum Lyapunov exponents of (a)
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Figure 29. (a) Bifurcation diagram of system (1) in (a)l , y) plane with a=0.28, =029, y=0.72577502168037 ,
f,=0.683, f,=15103, w,=2;(b) Maximum Lyapunov exponents of (a)
E29. (a) REWE (0,,y) PAFHHZE; (b) HBEAZALyapunoviil. XBa=028, £=029, y=072577502168037,
f£,=0.683, f,=15103, @, =2
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Figure 30. (a) Bifurcation diagram of system (1) in (a)z,y) plane with =1, £=05782, y=08, f,=09, o, =1, f,=15;

(b) Maximum Lyapunov exponents of (a)

E30. a) FEWE (o,,y) FEFHSZE; (b) HEMZRKLyapunoviil. XEa=1, f=05782, y=08, f,=09, w,=1, f,=15

7) EEa=1, f=05782, y=08, f,=09, o =1, f,=15, Mo, (0,4) AZH. REEViH(o,,Y)
H 143 S B L EEI30(a),  EI30(b) 2 EI30(a) %t Biff Lyapunovig 50 B tHIEIAT WL, B S 4 o, 754K, RSN
JARIRRE, EFRUR AR SRR . K31(a)2 0 =1.76 BHAE, E31(b)2&H XN [fPoincar et i, & & —
AR SRR .

LE=0.01113 LE=0.01113
4 v r 2.5 v v v
in
i 2
3
1.5
2 1
0.5
> 1 >
0
0 -0.5
-1
-1t
-1.5
) L L L L L =) L L L L L
1.5 1.6 1.7 1.8 1.9 2 2.1 1.5 1.6 1.7 1.8 1.9 2 2.1
X x10* X x10*

(a) (b)
Figure 31. (a) Phase portrait of system at @, =1.76 ; (b) Poincar’e map corresponding to (a)
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