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Abstract

In recent years, with the continuous observation and study of random phenomena, conditional
distribution and conditional expectation have been widely used in various fields, but there are
still a lot of shortcomings in the existing theories. In this paper, the conditional distribution and its
digital characteristics are studied. Not only the definition of classical conditional distribution and
extended conditional distribution is introduced, but also the density function form and the distri-
bution function form of the full probability formula are given. In addition, by discussing the digital
features of the conditional distribution, we prove and generalize the new properties of the condi-
tional expectation, for example, the full probability form of the heavy expectation formula, and
also give the definition of the conditional variance and the proof of its properties.
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R R AR R ZRBNLBL R R A RO TR, B8k, B Lo B AT BEALELR i A K
SONIWEFE, MERIRHI N 2B TR 100 . $se b, FEBLSEANE th AR D AR AE B — B A 32 0 i B4
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PRIt AATTEER] PR AR ) B RIR 00 T8 A2 Th I BE H UL R AR A B AT 26 A Al S LU AL

FAED ARG PR EEMEREANM S —, Bl 7R R Z AR, SR —4
BEHLAR B R A AT 50— BN B RORER A B, AETHSRL A (5 B M SR U AR A )2 (R
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K AT IR 1% A0 BRFAE, B0, 5 Z R T RNV RBUE ATy “BEh” R . B ALK
PEopAn QORI FATE AT DATHSEAG B 5 07 255 — RPVRHEEL, I SESF I 1 He o Anke itk . (HGZ, B
A BRI AU IR 8 SCRMPE B T RIS, IR S A R SR A A (O HAt R AE 2

A MBERRSCE S, (1] 1RGSR 7RMFBE . K005 6 F R E SRR 3C(3]
MR 25 ) S AR SO AR 1 SR AR AN A (05 3L SC[4 R SR IR 1k it S AN TR T R 11
SRIEM T VRGN SCISIR SRR 005 3, I BENLAS R A s B PR B, 2t T — R T R 251
P ATRRA E S SCO1IR W T 26 AF A OE & . S RN B ST PR AR 90 3R AR SR PHITER AR IS A s S
[(TIN U B4R 130G o0 A 56 A 3 AT B LT 305 SCI8 i 24451 S 20 2 — S S R A2 B (1 T 5
FERRHOCN O I, AL 2% A 2341 BRSO BE DS A« B HOR 70 A1, 38 AT RER AR SRR AR B U 73

BT, ARSONFM A0 G R BT REREAT TRV, BRI AR R

B, PATEEER BE 2 A AT S R RE T U SRR A T SR R RS

B, HENA TR AT E S I BAR R T R 2 2K P e BRI A R BOE A
KRG, ATBE— D T RRFA AR E S RE — AR AR BSL I 254 T A1 R B — e
S FFHIER 725 T RS T I — 2 5E 3
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2.1. RMEZEHEST

S AT R 2 IR R — AN T B, A 7 BB R 2 Wi, CLRn s —
MBS BB A 0 2% 8 T 55— BEBLAE B MRS S0 R 40 s SRR AR PR A B A% PR B8
5 S Ak 24 7R 35 R HOR R

B (X,Y) AR BALE R, A 51N

pij:P(X:xi’Y:yj)’ i=12, j=1,2,"'
RS 200 MY P(Y =y, = p, =3 py > 0y, o FREEY =y, BHEF X LA TR
i=1
PR B 1R
P(X=x.Y=y,) p,

y =P X =x|V=y;)= =, i=12, 2.11
Di; ( X, | yj) P(Y=yj) », i (2.1.1)
F<x|yl~)=ZP(XZXJY:)}J,):ZPW (2.1.2)

=

V(XY RSB, URA T RN £ (xy), RREEEEON £, (x). [, ()
R 202 1] XEUUER 7, (v)> 0y, 252 ¥ =y S0E R X BIAAE 87 bR BRI AR P S B B

F(xly)=[" J;Etéyy)) du 2.13)
Soy (x1¥)= J;E)Eyy)) (2.1.4)

VE: £ (v) =03k £y (x) = 0B, BERG R TR L. F9E, %, () =08k £, (x)=0
I, kth oA v e NIE SR AT . B HCEL A AN BE AR S AR R B o A, i, W 4R SRR
4xy, 0<x<1,0<y<l \
EL&U%&%%E@ﬁﬁfmﬂ=&w <ﬁ%ﬁqK,EWHEO%#FX%%#ﬁﬁO%ﬁﬁ
_J2x, 0<x<1 |2y, 0<y<I B . N
fX(x)_{O, st fy(y)—{()’ o BT f(xy)=fy(x) fy (¥)» FrELX A Y IO,
2x, 0<x<1
0, Hfh °
B 1A A R B RE S, I 2S HIELLRENI A B 376 T A 2 =ORT DT 37 24 20 %5 15 pR 4
R, ok 2.1.4) LS

KM AT T ARG, WY =0 5 MF F X M ER [y (x10)= [y (x) :{

S (5y)=1 (9) fuy (x12) 2.1.5)
XS f (o, y) RIDPRE LR EL RIS U0 R E B
B 2.1.1 (BMEE A E LR EOE )

Fe(@)=[" £ () fuw (x]y)dy (2.1.6)
1T BB RER L/ (x, ) FUAFRE LA £, (x), 1R85 M AT/t F R 3
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T 2.1.2 (WA K% R EUE )
fy( )fX\Y(x|y)

Sox (71 )—j PRYREET 2.1.7)
RAE MR AR B REOE R, BRAURE 5] A B0k 4 b, BIfS:
EH 2.1.3 (B A X410 R HOE )
Fy(x)=]" F(x]y) £ (y)dy (2.1.8)
HER
[P 1) ()= (510)8) £ (2o = [ f (5. 3) ey = B ()
SR THIE

22. ¥ RFGSTH

PLESE SCR A0 A5 B S5 AE 358 P BBV R AR Y = y S60E N, IS A e S SR SE (R
FE—FHRE, AR BEREBE XS/ ARERIAALIE? FHFRA1E %h H B R A4
T X BIEAE S A R B — e 2 S

X 220 B, L 4={w:—0<X(0)<x}, BAEWBMRIEFTHME, B P(B)>0, MK
P(4B)

Fyy(x|B)=P(X <x|B)=P(4|B)= »(3)

2.2.1)

A B B RAEA T X HSAT AT R AL

T I A LA BT HIE e

Bl 2.2.0: BE(X,Y)RBEPIERR, BE 220 AT B0 SR S ERFE LA tH Y <y 26 AF T
X (RS A 53 A BRI HSORIAH L 1 2% 125 FE bR 4

N (X,Y) N YBESBEN RN, WY F (y)>0 My, B

P(X<x,Y<y) I J S (u,v)dudv J j S (u,v)dudy
P(Y<y) J.foo.[—oof u,v)dudv Fy(y)

NETEY <y %M T X KM AR
JEOR A2 P PR A T IO B AT PP (B AT A, 3 B S P PR B0 SR 0 5 ORg e 1R

OF e, (x1Y<y) ~ ﬁof(x,v)dv - v[iof(x,v)dv

Fyye, (x| Y<y)=P(X <x|Y<y)= (2.2.2)

Sawey (XY <y)= — = (2.2.3)
e (X1 <) ox [7 " £ (uv)dudv Fy(y)
A (X,Y) N BB B, 5 UMER F (v) >0y, R
B 3 P(XSx,YSy)
FX‘YSy(x|YSy)—P(XSx|YSy)——P(Y<y)
ZZP(X:x,,Y:y/) (X:x,.,Yzyj.) (2.2.4)
e

Xp Yi<y

NEEY <y 5T X FSRAE AT R
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FHNL 12 A3 A 51
PlX=x,Y=vy. Pl X=x,Y=y.
P(X=x|Y<y) (X =x.Y<y) Z‘y Benr=2) yz} et (2.2.5)
Y<y — =X - - - - o
Pure VTR XY P(x=nr=y) F ()

EER, ZRERGH T4EY <y %M T X MR AR B L ESS) S A7 LR, Sl E
WA AE, BATAT DAEIRASEARE SONMER—ADIXE, B, Y>y, FESKhria@d, w7 DR b

AR AT 5E X
. 2x, 0<x<l |
il 2.2.2: ﬁﬁﬁﬂ%‘i%){ﬂ@%ﬁ@b‘ﬂ&k{o o s Ra<X<b (b-l1<a<b)%&HETF XK
SAT AT BRI HL

fitt: ZIEBITWE P(a<X <b)>0, EEGH=FiFiL:
1) Ma<0<bhf,

0 x<0
in{P(X <x),P(X<b min | x*,b’
F(x\a<X<b):P(X£x\a<X<b):mm{ (P():) b)( = )}: {; } 0<x<b
<
1 x=b
2) H0<a<b<1iT,
0 x<a
P(X<x,a<X<b) min{xz—aQ,bQ—az}
F(xla<X<b)=P(X<x|la<X<b)= = — a<x<b
P(a<X <b) b*—a
1 x>b

3) Ha<l<bhf,

0 x<a
P(X<x,X 2 _a°
F(xla<X<b)=P(X<x|a<X<b)= (P(Xx’ )>a): xl C; a<x<l
>a —-a
1 x>1

PLEMESRE T a < X <b 5AF T X M2 AF 0 A R 2

Bl 2.2.3: WX Y RAHEMSZMBENE R, HX ~P(4), Y~P(4,). ECHX+Y=n KT,
R X WA Ak gL

fih: F(x|X+Y=n)=P(X<x|X+Y=n)=Y P(X=k|X+Y=n)

SHTE X +Y =n k1T, XHE’(U\:Iﬁéj\ﬁ‘ﬁb(ni,’p), Htp=2/(4+2,), M
F(x|X+Y=n)=YCp*(1-p)"

Hott p=af(h+2) ERELIT X+ =n K0 F X B9 5L

3. ZESH TR
3.1. &4HAE
S TE MR RS RIS A vE R &) 2, IR RBEET FTORIRN, IR A AR £ 450 p #4521
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TR, JEHUS TARBFRORCR . RO A A SRR R E S YRR E A S, SRR T L
—HEEAE, Sl T EREA XM EMEE A,
B30 W(X,Y) R HESREIAR R, T VMR £ (y) >0y, &

E(|X[|Y=y)=2|x|P(X =x|Y=y)<o, W
E(X|Y=y)=YxP(X =%|Y =) G.L1)
NEEY =y FM T X WE AR,
RN 302: W (X.Y) R AESRBEHER, TR £, ()> 0y,
E(X1Y =p)=[" x| £y (x| y)dv <o, IFx
E(X|Y=y)=]" xfy (x|y)dr (3.12)

NEFEY =y AT X KA B .

BAVREMZRI R E(X|Y=y) &y WREL Xy MAFEBUE, E(X|Y=y) HBEEERER
e, T E(X|Y) RS Y R, WL E(X | Y =y)ERGEY =y I} E(X|Y) —MHUHE.

PERR 300 BLXY REINER, g(x), h(y) RERE, HUUFW RMEA RS EE, N

E[(ao-kiai)(ijY]:a0+iaiE(Xi|Y), a,eR, i=l-n (3.1.3)
E(h(Y)|Y)=h(Y) (3.1.4)
E(g(X)h(Y)|Y)=h(Y)E(g(X)|Y) (3.1.5)
XY HOLH, E(g(X)|Y)=Eg(X) (3.1.6)

SEEE 300 [1] (EMEAR): & (X,7) R _EHHLRE, HE(X)FE, N
E(X)=E(E(X|Y)) (3.1.7)

B AT L iH 5 X S ERR R, (EB A5 X ARIE Y, WY MARBELE X
YA R 5 B A /N DX 3, S AE /N X3 SR XIS, BT BAR P35 R B3, BRI AT 43 X 13518 EX

b—EB I THE Y <y FAFF X RS AT BB R AR S B AR S Y BUE T3 — X [h]
AR X A AT BB S R, BRI E T A RIS RN, IR 5 45

S 3.2 (EMEANMEMEEN): & (X, Y)2MEIERE, HE(X)FE, HHFEy,-y, H

—0<y <y, <<y <o, M
E(X)=E(X|Y<y)-F,(0)+E(X|»<Y<y,)(F(3)-F(n))+-
+E(X 1y, <Y<y,)(F(3)-F () +EX[Y>y,)(1-F(»,))
Horr, R RN

(3.1.8)

EX=E(X|Y<y)-F,(y)+E(X|Y>y)-(1-F(»)) (3.1.9)
E: X BAYZ H3.1.9):UIER,  (3.1.8)[FI B AT E
B (X,Y) N YEES AR R,

E(X 1Y )5, (9) = Aeres (117 <) ()= [ LI 0 1 ()

(
Fy (y)
= I: .[_iof(x,v) dvdx
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B B WAL
BT 0) (1 ()= [, (217 > 0)d0 (1 ()= [t (1A, ()
= '[:.[wa(x,v)dvdx

Bas BARNG. 1.9 A5
E(X|Y<y)F(»)+E(X]Y>p)(

J. ‘[ xvdvdx-irj Ifxvdvdx
H

xv dvdx

BE AR, S RARIIE.
E: w312 ZEMEAXM S —MRAEA, LS EHEALE . LN R Y A
X HEUERS, & X AR SAAIER, g% e L RMSER S, & X GHERNS RS, %E
PR IE I X ) SR R SO 7 AT SRk M, B RUOR I EE AR B SN — B .
W 3.1 B (X, Y) RNV R, g(x) AEREL & Eg(X) fA(E, M
E(g(X))=E(g(X)1Y<x) F (n)+E(g(X )m Y<y2) (£ (72)=F (n))
+...+E( ( )‘y l<Y<y )( n—l)) (3110)
+E(g(X)1Y>y,)-(1-F (1))
REI L,
E(Xk):E(Xk |Y§J’1)'FY(J/1)+E(Xk ‘y1<Y3y2)’(Fy(y2)_FY(J’1))
+'“+E(Xk|yn—1<Y£yn)-(FY(yn)_FY(yn71)) G.1.1D
+E(X Y >y, )-(1-F(3,))

BEAL, ARAE O SR ARG R, FIEA SRR X kB .
MR 302 WX, Y, ZRBNARE, g(x) SR, HURW RS AR AE, N

E[E(g(X)|Y)]=Eg(X) (3.1.12)
E(XY)=E(YE(X|Y)) (3.1.13)
Cov(Y,E(X|Y))=Cov(X.Y) (3.1.14)
E(XYZ):E(XE(YE(Z|(X,Y))|X)) (3.1.15)
e fEHEX S HjJ:LlEI%WﬁEL iirAE’hEEU% B G IR AT RS . R T 4RI SR
R (X,Y) KBRS ERECN f(x,y), FAT X AT LRECN [y (x] ) -
E[E(e(x0)I7)]=["([" ()fw(XIy) J £ ()
1 -1 [ ny( )dv
=["[" g(x)f(x.y)dxdy
=Eg(X)
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E(XY)= _CC _[:; xyf (x,y)dxdy

=I°° .ro ey (x1) fy () dxdy

2) =" (J Xy (x| y)dx )fy(y)dy
=" yE(X|Y=y)f (y)dy
=E(YE(X|Y))
) Cov(Y,E(X|Y))=E(YE(X|Y))-E(Y)E(E(X|Y))
= E(XY)-E(Y)E <X> Cov(X.Y)

4) BBEIE X =x I, (Y,2) RAEEEREN £, ), (0,2) 1), SHE X =x MY =y, Z K%M

L ﬁjjfzu(y( |(x,y)), E‘f(y,z)\x((yyz) )_fZ\(XY(Z|( ))fY\X(y| )EE—TL"
HQ) WS E(XvZ) = E(XE(YZ| X))
M X =x,

E(Z| X =x)=[" " y2fyy oy (12) | x)dvdz = [ 7 vz (21 (500) froe (3] ) dydz
= [ ([ o (1)) S (1) = [ SE(Z1(X = 5.7 =) Sy (0] 2)
=E(YE(Z|(X =x,Y))| X =x)

WE(YZ|X)=E(YE(Z|(X,Y))|X)

Wi el 3 E(XYZ)= E(XE(YE(Z|(X,Y))| X))

EEE .

SEHE 313 [2]: W(X,Y)RMNER, HEX® <o, WHEMELEHg(x), #H

E(X-E(X|Y)) <E(X-g(Y)) (3.1.16)

FEM 313 45 TEITE Y, CRBENVARRE Y MR T, X RRIEHIN E(X | Y), %€ B AT LLE
P RBIRT I 8, EAE T2 5F R R R T AN AT BRI

3.2, ¥HHFE

A (X | V) A5 Y & FBENUR R X (05040 10— R B, (L B A 20 S e

HEE7E Y %A T X UER “Bsh” B8, LU @ T EERIA “9sh” BB RNFA T2, FExt Ktk
Jﬁ/n?’TﬁEﬁﬂ

FEX 3.2.0: BE(X,Y) R TLHEHNLE, ¥ EX® <o, MIFR
D(X|¥)=E[(x=E(x|7))'|7] (3.2.1)

N Y BRI X 58T 2, ORI %2
YRR 3.2.1: 25007 2 BA I

D(X|Y)=E(X*|Y)-(E(X|7)) (3.2.2)
D(c|Y)=0, VceR (3.2.3)
D((aX +b)|Y)=a’D(X|Y), Va,beR (3.2.4)
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D(X)=ED(X|Y)+DE(X|Y) (3.2.5)
UEM: BB LA I S IR BT 22 AT A
D(X|Y)=E [(X—E(X|Y)) |Y]

2

. =E(X*|Y)+(E(X|Y)) —2E(XE(X|Y)|Y)
=E(x?|¥)+(E(X|Y)) -2(E(x|Y))
=E(x?|Y)-(E(x 7))

2) D(e|V)=E|(c=E(c|V)) |¥ |=E[(c=c) 7] =0

D((aX +b)|Y)= E[(aX+b E((aX+b)|Y))2|Y}

3 E[(aX aE(X|Y)) |Y]

—azE[(X E(X|Y)) |YJ
=a’D(X|Y)
D(X)=E(X -Ex)’
=E(X-E(X|Y)+E(X|Y)-EX)
4) =E(X-E(X|Y)) +E(E(X|Y)-EX) +2E[(X -E(X|Y))(E(X|Y)-ExX)]
= EX? + (E(X|Y))2—2E(XE(X|Y))+E(E(X|Y)—E(E(X|Y)))2
+2E[ E(X\Y)—XEX—(E(X|Y))2+EXE(X|Y)J
=EX* +(E(X|Y)) —2E(XE(X|Y))+DE(X|Y)
+2E(XE(X|Y))-2(EX) ~2(E(X|Y)) +2(EX)
=EX* —(E(X|Y)) +DE(X|Y)
= E(E(x*|Y))-E(E(X|Y)) +DE(X|Y)
—ED(X|Y)+DE(X|Y)
i
4. RE
RSB COA WA R BT B3] 7 580, (EBEA A AT SRR AR B B TR
Wi, SEEAEMREZMERINAESRITER . . 7010 R BORRHE R 02 —— X, B4 %A
AR AR SRR ST, & FLAT BRI R 295 S0 X P MG RO 1 2538, OF FLAMEI L
Kbk IR o
SE 3k
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