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Abstract

Suppose y = g(x), y0 = g(x0), z = f(y), U(x0) ⊂ Dg, U(y0) ⊂ Df , by [1], we have following

conclusions. If (i) g(x) is continuous at x0, and (ii) f(y) is continuous at y0, then com-

posite function f [g(x)] is continuous at x0. In this paper, we will use some examples

to illustrate that f [g(x)] is not necessarily continuous at x0 under the assumption of (i)

and (ii) at least one of them is not established. Moreover, when f [g(x)] is discontinuous

at x0, the types of discontinuous points are not necessary to maintain the same types

of x0 for g(x) and y0 for f(y).
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Á �

�¼ê y = g(x)§ y0 = g(x0)§ z = f(y)§ ±9�� U(x0) ⊂ Dg§U(y0) ⊂ Df . �â [1] ¥�Ø

ã, XJ (i) g(x)3 x0 :ëY§ (ii) f(y)3 y0 :ëY§KEÜ¼ê f [g(x)]3 x0 :ëY"�©ò

ÏL�E{ü�¢~Øy� (i)!(ii) ¥��k�^Ø¤á�§ f [g(x)] 3 x0 :Ø�½U�yëY

5§ �� f [g(x)]3 x0 :mä�§Ùmä:a.��7� x0 �u g(x)9 y0 �u f(y)��¹�

Ó"

'�c

EÜ¼ê§ëY§mä§��
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1. Úó

EÜ¼ê´p�êÆÚêÆ©Û¥��a~�¼ê, ÙëY5´�~­��5�, kX2�

�^å, Xµ¼ê3,:ØëY, K¼ê3ù�:Ø��"¼ê3,�«mþëY, K¼ê3T«m

þ½È©!Ø½È©Ñ�3"Ó�, ¼ê�mä:�a.��~­�"~X, ¼ê3,«mþkk

��1�amä:�, ¼ê3T«mþ½È©�3, Ø½È©%Ø�3"XÛ¯�O(�äEÜ¼

ê�ëY5�mä:9Ùa.w�c�7�, �©òlS	¼êÑu, (Ü¢~�ÑEÜ¼êëY

5!mä:�a.9�'(Ø"

e¡�ÑEÜ¼ê�½Â"

½Â 1.1. [1] �¼ê z = f(y)�½Â�� Df , ¼ê y = g(x)�½Â�� Dg, �Ù�� Rg ⊂ Df ,

Kdeª(½�¼ê

y = f [g(x)], x ∈ Dg
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¡�d¼ê y = g(x)�¼ê z = f(y)�¤�EÜ¼ê, §�½Â�� Dg, Cþ y¡�¥mCþ"

���©�ý��£, e¡±Ún�/ª�ÑA�®²Ù��(Ø [1]"

Ún 1.1. (EÜ¼ê�4�$�{K) �¼ê z = f [g(x)]d y = g(x)�¼ê z = f(y)EÜ
¤,

z = f [g(x)]3: x0 �,�%��Sk½Â, e lim
x→x0

g(x) = y0, lim
y→y0

f(y) = A, ��3 δ0 > 0, �

x ∈ Ů(x0, δ0)�, k g(x) 6= y0, K

lim
x→x0

f [g(x)] = lim
y→y0

f(y) = A.

Ún 1.2. �¼ê z = f [g(x)]d y = g(x)� z = f(y)EÜ
¤" PDf◦g �EÜ¼ê�½Â�, �

Ů(x0) ⊂ Df◦g, e lim
x→x0

g(x) = y0, 
¼ê z = f(y)3 y = y0 ëY, K

lim
x→x0

f [g(x)] = lim
y→y0

f(y) = f(y0).

Ún 1.3. �¼ê z = f [g(x)]d y = g(x)� z = f(y)EÜ
¤, Ů(x0) ⊂ Df◦g, e¼ê y = g(x)3

x = x0 ëY, �¼ê z = f(y)3 y = y0 ëY, KEÜ¼ê z = f [g(x)]3 x = x0 �ëY"

Ún 1.4. (¼¼¼êêê444������êêê���444������'''XXX) XJ4� lim
x→x0

f(x)�3, {xn}�¼ê f(x)�½Â�S

?�Âñu x0 �ê�, �÷vµxn 6= x0 (n ∈ N+), @o�A�¼ê�ê� {f(xn)} 7Âñ, �

lim
n→∞

f(xn) = lim
x→x0

f(x)"

ëY53êÆþ´é`{�5�, Ún 1.3L��¿go(å5Ò´:/S¼êëY, �	¼ê

ëY, KEÜ¼ê�ëY0"�<�é�'%�S¼ê½	¼êmä�EÜ¼ê�ëY5, ±9�E

Ü¼êmä�, Ùmä:a.XÛ"�ud, �©òéEÜ¼ê�ëY9mä�¹���¡�©Û

ïÄ"

2. S!	¼ê��k��mä�EÜ¼ê�ëY5©Û�¢~y²

du�Ì¤�, �©=�ÑÙ¥�
(Ø�J±�E�¢~, (Ø¥¤�9�Ù¦·KéA

�¢~Öö�g1�Ñ, ©¥Ø2Kã"

½n 2.1. �¼ê y = g(x)3 x0 ?ëY, ¼ê z = f(y)3 y0 ?mä, KEÜ¼ê f [g(x)]3 x0 ?

�UëY, ��Umä"� f [g(x)]3 x0 ?mä�, Ùmä:a.� y0 �u f(y)�mä:a.�

7�Ó"

~ 2.1. �¼ê g(x) = x2+1, f(y) =


1

1− y
, y < 1;

y, x ≥ 1.

´�, y = g(x) 3 x0 = 0 :ëY, � y0 = g(x0) = 1 ´ f(y) �1�amä:, 
EÜ¼ê

z = f [g(x)]3 x0 = 0:ëY"

~ 2.2. �¼ê g(x) =

x sin
1

x
, x 6= 0;

0, x = 0.
Ú f(y) =

1− y, y < 0;

y, y ≥ 0.
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´�, y = g(x)3 x0 = 0:ëY, � y0 = g(x0) = 0´ f(y)�1�amä:, e¡|^Ún 1.4

�OEÜ¼ê z = f [g(x)]3 x0 = 0:ëY5"�Xeü«/ª�ê�µ

x′n =
1

2nπ + π
2

> 0Ú x′′n =
1

2nπ − π
2

> 0, (n ∈ Z+).

Kk

lim
n→∞

x′n = lim
n→∞

x′′n = 0,

5¿�

g(x′n) = x′n > 0, g(x′′n) = −x′′n < 0,

?�Ú, k

f [g(x′n)] = x′n → 0, 
 f [g(x′′n)] = 1− x′′n → 1, (n→∞).

¤±, x = 0�EÜ¼ê z = f [g(x)]�1�amä:"

~ 2.3. �¼ê g(x) = −x2, f(y) =


1− y, y ≤ 0;

2, y = 0;
1

y
, y > 0.

5¿� y = 0´ z = f(y)�1�amä:, � f [g(x)] =

{
1 + x2, x 6= 0;

2, x = 0.

 x = 0´EÜ¼

ê z = f [g(x)]�1�amä:"

½n 2.2. � x0 ∈ [a, b]´¼ê y = g(x)�1�amä:, �¼ê z = f(y)ëY, K�©�Xe�

/¹:

� � x0 ���mä:�,

 e f [g(x0)] = lim
x→x0

f [g(x)],K¼ê f [g(x)]3 x0 ?ëY;

e f [g(x0)] 6= lim
x→x0

f [g(x)],K x0 ´¼ê f [g(x)]���mä:;

� � x0 �a�mä:�, ·��â g(x0)�3�Ä©¤e¡ü«�¹,

XJ g(x0)Ø�3,

{
e f [g(x−0 )] = f [g(x+0 )],K x0 ´¼ê f [g(x)]���mä:;

e f [g(x−0 )] 6= f [g(x+0 )],K x0 ´¼ê f [g(x)]�a�mä:;

XJ g(x0)�3,


e f [g(x0)] = lim

x→x0

f [g(x)],K¼ê f [g(x)]3 x0 ?ëY;

e f [g(x0)] 6= lim
x→x0

f [g(x)],K x0 ´¼ê f [g(x)]���mä:;

e lim
x→x−

0

f [g(x)] 6= lim
x→x−

0

f [g(x)],K x0 ´¼ê f [g(x)]�a�mä:"

y². � x0 ���mä:�, ·�5¿�, ¦+k g(x0) 6= lim
x→x0

g(x), �¿ØU�y f [g(x0)] 6=

f [ lim
x→x0

g(x)] �½¤á, Ïd, � f [g(x0)] = f [ lim
x→x0

g(x)] �, = f [g(x0)] = lim
x→x0

f [g(x)] �,¼ê

f [g(x)]3 x0:ëY"
� f [g(x0)] 6= f [ lim
x→x0

g(x)]�, x0�¼ê f [g(x)]���mä:"

� x0 �a�mä:�, 3 g(x0)Ø�3�^�e½n�(Øw,"e¡�Ä g(x0)�3��

¹"
 g(x−0 ) 6= g(x+0 )¿ØU�yEÜ¼ê¥k f [g(x−0 )] 6= f [g(x+0 )], Ïd, ¿©|^	¼ê�ëY
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5, = lim
x→x−

0

f [g(x)] = f [g(x−0 )]Ú lim
x→x+

0

f [g(x)] = f [g(x+0 )], n«(Øw,¤á"

½n 2.2éA�¢~éN´é�, ùp�¿�Ñ"3 x0 �a�mä:�^�e, �ke��A

Ï�¹��·�5¿"

5 2.1. e |g(x−0 )| 6= |g(x+0 )|� g(x0)Ø�3, éugCþÎÒØ¯a�	¼ê, ÃXµ

f(x) = a|x|n + b, f(x) = ax2n + b, f(x) = a(cosx)b, �,Ù¥ a!b �~ê, n ��ê

k f [g(x−0 )] = f [g(x+0 )], u´ x0 �EÜ¼ê f [g(x)]���mä:"

5 2.2. e |g(x−0 )| 6= |g(x+0 )|� g(x0)�3, éugCþÎÒØ¯a�	¼ê,

• � |g(x−0 )| = |g(x+0 )| 6= |g(x0)|�, x0 �EÜ¼ê z = f [g(x)]���mä:¶

• � |g(x−0 )| = |g(x+0 )| = |g(x0)|�, EÜ¼ê z = f [g(x)]3 x0 ?ëY"

½n 2.3. � x0 ´¼ê y = g(x)�1�amä:, �¼ê z = f(y)3 y0 ?ëY, K z = f [g(x)]3

x0 ?�UëY, ��Umä"� x0 �¼ê z = f [g(x)]�mä:�, Ùa.� x0 �u g(x)�7�

Ó"

~ 2.4. �¼ê g(x) =


1

x− 1
, x > 1;

x, x ≤ 1.
f(y) ≡ 1.

5¿� x = 1´ y = g(x)1�amä:, �EÜ¼ê z = f [g(x)]3 x = 1?ëY"

~ 2.5. �¼ê g(x) =


1

x− 1
, x > 1;

x, x ≤ 1.
f(y) =

y, y ≤ 1;

1
y
, y > 1.

x = 1´ y = g(x)1�amä:, � f [g(x)] =


x− 1, 1 < x < 2;

2, x ≤ 1;
1

x−1 , x ≥ 2.

´� x = 1´EÜ¼ê

z = f [g(x)]�1�amä:"

~ 2.6. �¼ê g(x) =

xsin
1

x
, x > 0;

1, x ≤ 0.
f(y) =

y, y ≥ 0;

1
y
, y < 0.

w,, x = 0´ y = g(x)1�amä:, � f(y)3 y = 1?ëY"�Xeü«/ª�ê�µ

x′n =
1

2nπ + π
2

> 0Ú x′′n =
1

2nπ − π
2

> 0, (n ∈ Z+).

Kk

lim
n→∞

x′n = lim
n→∞

x′′n = 0,

5¿�

g(x′n) = x′n > 0, g(x′′n) = −x′′n < 0,
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á¯ �

?�Ú, k

f [g(x′n)] = x′n → 0, 
 f [g(x′′n)] = − 1

x′′n
Ø�3, (n→∞).

¤±, x = 0�EÜ¼ê z = f [g(x)]�1�amä:"

½n 2.4. e y = g(x)3 x0:mä, z = f(y)3 y0?�mä, KEÜ¼ê z = f [g(x)]3 x0:�U

ëY, ��Umä, ¿�Ùmä:a.Ø�6u x0 �u g(x)� y0 �u f(y)�mä:�¹"

±eÒ½n 2.4�(Ø�Ñ�A�¢~"

~ 2.7. �¼ê g(x) =

1− x, x > 1;

x, x ≤ 1.
f(y) =

y, y > 1;

0, y ≤ 1.

5¿� x = 1´ y = g(x)1�amä:, y = 1´ z = f(y)�1�amä:, � f [g(x)] = 0, ´

�EÜ¼ê z = f [g(x)]3 x = 1?ëY"

~ 2.8. �¼ê g(x) =

1− x, x > 1;

x, x ≤ 1.
f(y) =


1

y
, y > 1;

0, y ≤ 1.

5¿� x = 1´ y = g(x)1�amä:, y = 1´ z = f(y)�1�amä:, � f [g(x)] = 0, ´

�EÜ¼ê z = f [g(x)]3 x = 1?ëY"

~ 2.9. �¼ê g(x) =


1

x
, x > 0;

−x, x ≤ 0.
f(y) =

1, y ≥ 0;

0, y < 0.

5¿� x = 0´ y = g(x)1�amä:, y = 0´ z = f(y)�1�amä:, � f [g(x)] = 1, ´

�EÜ¼ê z = f [g(x)]3 x = 0:ëY"

~ 2.10. �¼ê g(x) =


1

x
, x > 0;

x, x ≤ 0.
f(y) =


1

y
, y > 0;

y, y ≤ 0.

5¿� x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, � f [g(x)] = x,

´�EÜ¼ê z = f [g(x)]3 x = 0:ëY"

~ 2.11. �¼ê g(x) =

1, x ≥ 0;

−1, x < 0.
f(y) =

−1, y ≥ 0;

1, y < 0.

w,, x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, �EÜ¼êk/

ªµf [g(x)] =

{
−1, x ≥ 0;

1, x < 0.
l
, x = 0�´EÜ¼ê z = f [g(x)]�1�amä:"
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~ 2.12. �¼ê g(x) =

1, x > 0;

−1, x ≤ 0.
f(y) =


1

y
, y > 0;

y, y ≤ 0.

w,, x = 0´ y = g(x)1�amä:, y = 0´ z = f(y)�1�amä:, �EÜ¼êk/ªµ

f [g(x)] =

{
1, x > 0;

−1, x ≤ 0.
l
, x = 0´EÜ¼ê z = f [g(x)]�1�amä:"

~ 2.13. �¼ê g(x) =


1

x
, x > 0;

x, x ≤ 0.
f(y) =

1, y > 0;

−1, y ≤ 0.

w,, x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, �EÜ¼êk/

ªµf [g(x)] =

{
−1, x > 0;

1, x ≤ 0.
l
, x = 0´EÜ¼ê z = f [g(x)]�1�amä:"

~ 2.14. �¼ê g(x) =


1

x
, x > 0;

x− 1, x ≤ 0.
f(y) =


1

y
, y > 0;

y, y ≤ 0.

w,, x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, �EÜ¼êk/

ªµf [g(x)] =

{
x, x > 0;

x− 1, x ≤ 0.
l
, x = 0´EÜ¼ê z = f [g(x)]�1�amä:"

~ 2.15. �¼ê g(x) =


x sin

1

x
, x > 0;

0, x = 0;

1, x < 0.

f(y) =

y, y ≥ 0;

1− y, y < 0.

du x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, �ÄXef�µ

x′n =
1

2nπ + π
2

> 0Ú x′′n =
1

2nπ − π
2

> 0, (n ∈ Z+).

Kk

lim
n→∞

x′n = lim
n→∞

x′′n = 0,

5¿�

g(x′n) = x′n > 0, g(x′′n) = −x′′n < 0,

?�Ú, k

f [g(x′n)] = x′n → 0, 
 f [g(x′′n)] = 1− x′′n → 1, (n→∞).

¤±, x = 0�EÜ¼ê z = f [g(x)]�1�amä:"
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~ 2.16. �¼ê g(x) =


x sin

1

x
, x > 0;

0, x = 0;

1, x < 0.

f(y) =


1

y
, y > 0;

1− y, y ≤ 0.

du x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, éu~ 2.15¥�

f� {x′n}� {x′′n}, ´�

f [g(x′n)] =
1

x′n
→∞, 
 f [g(x′′n)] = 1− x′′n → 1, (n→∞).

¤±, x = 0�EÜ¼ê z = f [g(x)]�1�amä:"

~ 2.17. �¼ê g(x) =


1

x
, x > 0;

−x, x ≤ 0.
f(y) =

y, y > 0;

1− y, y ≤ 0.
´� f [g(x)] =


1

x
, x > 0;

−x, x ≤ 0.

x = 0´ y = g(x)1�amä:, y = 0´ z = f(y)�1�amä:, � x = 0´EÜ¼ê

z = f [g(x)]�1�amä:"

~ 2.18. �¼ê g(x) =


1

x
, x > 0;

−x, x ≤ 0.
f(y) =


y, y ≥ 0;
1

y
, y < 0.

´� f [g(x)] =


1

x
, x > 0;

−x, x ≤ 0.

x = 0´ y = g(x)1�amä:, y = 0�´ z = f(y)�1�amä:, � x = 0´EÜ¼ê

z = f [g(x)]�1�amä:"

o�, Ø
S!	�¼êÑëY, EÜ¼ê�ëY	, Ù¦^�eÑvk7,�(J"

Ä7�8

�©d�.ç��«5êÆú�Ä:��§+ï�6!5�ÆÔn9�ÆÔn¢��§+ï�6

Ú#õ�Æ�g£«5�hap�±��p�gA^.<â�8I�êÆú��§�Æ�¢��

&¢6�8]Ï(2017JG095)"

ë�©z

[1] ÓL�ÆêÆX. p�êÆ(þ) [M]. 1Ô�. �®: p���Ñ��, 2014.
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