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Abstract

The plane inverted pendulum system is a classical model with important theory value and vast
application prospect. It is usual to research the periodic solutions of an inverted pendulum by us-
ing analytical methods. Since the inverted pendulum has strong nonlinearity and can exhibit very
rich nonlinear phenomena, it is the key that how to choose an appropriate analytical method to
calculate the periodic motions. There are four usual methods about calculating periodic solutions
of a nonlinear system: parameter perturbation method, homotopy analysis method, energy me-
thod and average method. In this paper, we will apply such four methods to analyze the periodic
solutions of an inverted pendulum system, respectively. By comparing with numerical results ob-
tained by using Maple software, we demonstrate the merits and demerits of the four methods as
well as their application conditions. The research presented in this paper contributes to under-
standing nonlinear dynamics of an inverted pendulum and provides a good reference for calcu-
lating periodic solutions of other similar nonlinear systems.
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Figure 1. The simple planer inverted
pendulum model

B 1. BRFEEIRER

2.2. HFRY
Wk 1 R, ZRGRIEREM B RE LT .

T :%m[lﬂlcos(ﬁ)2 +()>—L9'sin(9))2} V =mg(y+Lcos(0)), (1)
R B H 5
doH o, o
dt 060 00
X H=T-V, ¥NORAKLQ2)E
6+(5+ecos(t))sin(0) =0, 3)

E¢5:%ﬁ:1fwﬂﬂ<wm—K5<mKi%%@ﬁ%%%ﬁﬁﬁ*%%%ﬁﬁhmwﬁng,
@
fERG) P H xR 0, MH

X+(5+gamﬁn[x—€;J:0. “4)

DOI: 10.12677/0jav.2019.71005 43 R 5RE)


https://doi.org/10.12677/ojav.2019.71005

Kizgg &

3. BYMAMERBEIZRS

SHINEER — A LSR5, ERBT RENS BN TS SHIENEA
Bighe, HMMSHE RGN, LRI R IT O S E R 2, s AR 28 1 1] A% 4
NHETAERNET R, SRJEZBUORME, &P R 45 2 AR 2 H BT il a6 26 PR E e O (4 e
T IR LR BT 2R SE R AT o

MHAZHERN LR BRI TTRE@E), HF 0 RIFIK

5=0,+&5,+&°8,+, (5)
Horbr s AR, VTR ARIIARE TEAN AR 5 2T 18 5, = 0 M 6, = % X AEDL4]
46, =0, ML
X=X, +EX, +EX, +o0r, 6)
¥BRG), ORANEBEHITER@), HEL, & SR, NE
X, +6, [xo—%xg)zo, (7
. l 3 1 2 l 3
X +6,| X=Xy |+ x| 1==x; |+cos(1)| x,——x; |=0, ®)
6 2 6
PR O R > 1 > 1o s
%, —551"0)‘1 —550x0x2 —Eéoxoxl —Ecos(t)xox1 +cos(1)x, —g5zx0 +38,%, +8,x, + 5yx, = 0. )

BT 6,20, (DR, =a, aEVIBEERTEOBEEE. %6, x HFERAREG)EE]

X, = —écos(l)a(a2 —6)+%£—a51 +é51a3jt2 +Ct+GC,,
N TR AT, é\%(—aaﬁéa}f}%q”q =0, Bl =0,C,=C,=0, NI

x, :—%cos(t)a(a2—6). (10)

K xy,x,,6,, 0, FRIEAANTK(9), FHHERAMT, 155
1

X, :%a(12—8a2+a4)(cos(2t)—1), (11)
5, =4 (a*-2) (12)
PRI, 3o e P 9 b 2 JHLE 8 4 e 30 A eI LI AL S
5:%(012 -2)&?, (13)
x= a[l—%(gz —6)cos(t)5+%(12—8a2 +a4)(cos(2t)—1)gz]. (14)

46, = % I St SRALL A TS5 R T A (DA B SEAR 2] 5 < 0 IR — 5270 F R AT _F e 2 ) ) 4

§:l—le+(ia2 —1]82, (15)
4 2 32 8

DOI: 10.12677/0jav.2019.71005 44 R 5RE)


https://doi.org/10.12677/ojav.2019.71005

Kizgg &

(16)

[t) 1 (3t] 5 1 (Stj [ 1, 1) (3t] 3
X=a4Cos| — |[€+—COS| — |& +| —cCOS| — |—| —a™ +— |coS| — |& .
2 4 2 48 2 192 16 2

AEL e = 0.1 0.2. 0.5 %F RGu(4)FATEAER . R BIWMEXT ()45 RA W, AERRL B %
B & 43 BT a=0.05. 0.5+ 1. FEZERAMENTEE Q6B E 2 s,

0.10-
0.0041 0.04
0.054
0.0021 0.02
x 0 x 0 x 0
-0.0021 -0.02
-0.05
-0.004] -0.04+
-0.10
0 10 20 30 0 10 20 30 0 10 20 30
t t t
£=0.1 a=0.05 e=0.1 a=0.5
0.10]
0.0101
0.0051 0.051
x [0 x 0 x
-0.0051 005
p
-0.0101 3
-0.10 V
0 10 20 30 0 10 20 30 0 10 20 30
t t t
£=0.2,a=0.05 £=02,a=05 e=02,a=1
€=0.5,a=0.05 €=0.5,a=05 €=05a=1
A A N
0.024 [VAM 0.21 ;° Oz, 0.41 :; §°
7 i\ PR
$ S S & H ke
$ A
0.014 g 0.14 ; 0.2 :: %%
$ § § 5
$ $
P i H
x 0 \ x 0 % x o g %
3 kS 3
} 3
-0.01 5 -0.14 3 -0.2 A 3
3 3 3 3
Oo ° A °
) % 3 3
= 4 k4 ~024 e o _0ad o o kY J
0.02 V 02 A ?\’; 0.4 W %\j
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
t t t
£=0.5,a=0.05 £=0.5,a=0.5

Figure 2. The comparison between the numerical results of Equation (4) and the analytical results of Equation (24), solid
line is the numerical results, dot line is the analytical results
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Figure 3. The influence of the initial condition a on the transi-
tion curves (13) and (15)
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Figure 4. The comparison between analytical and numerical results of Equation (32) when §=-0.2, h=-1/1000,
¢ =0.005, solid line is the numerical results, dot line is the analytical results
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Figure 5. The influence of c on the analytical and numerical results of Equation (32) when &=0.01,6 =-0.2, h=-1/1000,
solid line is the numerical results, dot line is the analytical results
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Figure 6. The comparison between analytical and numerical results with energy method when « =0.5, solid line is the nu-

merical results, dot line is the analytical results
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