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Abstract

Let ¢, (n) be generalized Euler function, where n and e are positive integers. Using elementary
methods, the solvability of equations ¢, (m)=2-3", @,(m)=p*-q*,and @,(m)= p{* - p* - p3* --- p

related to generalized Euler’s totient function is studied and discussed. Based on the properties of
generalized Euler’s totient function and Euler’s totient function, the partial solution of the equa-
tion is obtained by the discussion of classification and segmentation.
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1. SIE5XZE4ie

Euler B o(n) 508 AR B EA ROCH 2R 8G R CN L2, n S n BRI N TR
Lehmer [A] 4 MR BT 7 HE) BIBAE BT J7, BB 15X X Buler AR T U0 F %€
Mo

B T ERBL PR L po(n)

. (n)=21, (1.1)

(ii.I:)lzl
HIE ]l 12[%} 15 n BEROEANE B, 2 e =10, ] SRR g (n) B2 R EL o(n)

Be=2MM, M7 XKFLREE L, BHRAE, ¢ (n)=0, ¢, (n)=1, Xn=3, H
1

¢, (n)=0(n) (1.2)

KT Euler BREL p(n)CA )™ X Buler QAL o (n) 1T UL S 5T X Buler BREUH < 02 75 A2 B 7T 3E
WIEER . SCHR[2] [31%F) X Euler BEIPETA — € MWBEFT. [FE, X T8ET X Euler A T A
BTt 18, W SCHR[4]-[ 141656075 T X Euler BREL g (n) LK o (n)FH Q(n) 75 FE [ AT 14 s SCHR[15] [16] [17] [18]
W VB @, (n) :gfﬁﬁﬁﬂﬁ?f@t; SCHR[19] [201% & Euler BT X Euler B /7 FE 1) 1E 2 EUAR

AT TWE9E: SCRRI21 12814 1 T () = ko (x)0(3) - 0(o0) =k (p(x)+ () SARIR i) R o]
Rt
RS E— iR, B

@, (m)=2"-3" (13)
@, (m)=p*-q’ (1.4)

LA
@, (m)=p" - p3>-p - p (1.5)

BRI, o pog, p,pyseee, p, RESTERIREL KI T LSRR AR, JRPAS T ek
Ziit. A EBLIRR:
EE 1 JTRE3)MFTA AR (m, x, y) G 1 )N
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Table 1. All nonnegative integer solutions of Equation (1.3) (m, x, )

= 1. AR BEIEAZEHIEm, x, y)

ﬁ% m X v %HE
m= : : N T
| EILI‘ ZS . . qi AFREL
£ £ (5,20,6>0)
q =23 +1
m=21]q : : 4 R
2 i=2 ;s,,+a—2 ;t, (S‘ZI,Z,ZO)
g, =23 +1
m=3T ) ) qi I
3 l:z[q‘ s, >t +b-1 (s,21,¢,>0)
q,=23"+1 . . s=1MF, 20
m=23]q , , g ML
4 D +a-2 Dt +b-1 (5,21,2>0)
g, =2"3"+1 s=1H, =0
EH 2: TIRE(L4HK A AEERUR (m, x, y) (£ 2 I 3 PR) A
1)%p:2ﬁ’ q257ﬁ
Table 2. In the case of p = 2, ¢ > 5, the nonnegative integer solutions of Equation (1.4) (m, x, y)
F2 Ep=2, ¢>5WBERT, FEAAHBIEAERIEm, X, »)
ﬁ% m X v %HE
Z‘I, d d %7‘3’3‘1%{
! 25 2t (5,20,4,20)
q,=2"¢"+1
14 : : 4R
2 2.s+a=2 2 (5,20,4,20)
q.=2"q"+1
T 1 ) qi I
3 1 I;Iq‘ > -1 >t +b-1 (5,20,6,>0), M1=0
q,=2"q"+1 - - N, s>2
2¢]1q : : 4 R
4 i3 ;s,+a—2 Z:t,.+b—1 (520,20)
q =23 +1
2) FHpz22, g3, Wpg=25, F
Table 3. In the case of p, g > 5, the nonnegative integer solutions of Equation (1.4) (m, x, y)
F3. Ep, ¢=25WBRT, HIRAHPEGLEKE(m, x, )
5 m x y AL
1 " , @ JIH
q,=2p, -q,+1 $ (s21,t20)
3{1
2 p=2-p" g +1 Kl f (a=2)(s=0,1,=0)
qb
3 g=2-p" g +1 S1 t+b-1 (s5,20,,20)
SEH 3 TFA(LS)FEm, x, y)iHi 2
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1) t=v, %qtzpv(\/:t'i'l)ﬁﬂ_y a1=,31—2, q1=2, ai=ﬂi(l'=[2,v]), E_ql.zza[+l(ai20)o
2) t>v, "[Z‘\ﬁqt>pv’ qj:[?j’ ]=[1,u], :/H\:EPU<V7 m”ﬂuﬂ,ﬂwz,"',ﬂv:l, E

Si S

g, =2"pltpit e p 1, i=[u+1v]o
2. 7518 p2(m) = 2°¥ HIRE
AR, BT
p.(m)=30(m). ¢.(m)=2"3

W m=qlh-ql--q" g <q, << q BB NTEE, N

o' gl (4 = 1) (0 -1) (g, - 1) =2 @.1)
2.1. R 1: r=1
Hr=10f, H
gl (g, -1)=2""3 2.2)

L L1 B =10, Wfm=q, ¢ =23 +1(s20,620), Wx=s-1, y=t,
B 1.2: 2 B 220, ¢/ (¢, -1)=2""-3".
B 121: M g =20, 227 =237 i m=2(a>2), q, =23 +1(s=0,t=0), M x=s+a-2,

y=to
B 1.2.2: Mg =30, 2.347" =273, a8 m=3"(b22), ¢, =23 +1(s=1t=0), M x=5-1,
y=t+b-1,

22. {@R2: t=2

Kr=20f, H
g (g -1)-f" (g -1) =273, 23)

B 2.1 KB =4, =18, H(q-1)(q-1)=2"-3", (B m=qq,, q=2"3"+1, q,=2732+1
(5,20,6,20: s5,21,1,20)0 Hx=s5+s5,-1, y=t,+t,

B 2.2: 222, B =10, Hel'(q-1)(q,-1)=2""3""

B0 2.2.1: Hg =2, ¢q,=q(q=3, HARBOK, 247 .(¢g-1)=2""-3", W m=2'g(a22),
q,=2"-3"+1(s,=0,4,=0), q,=2"2-32+1(s, 212, 20), WMx=s+s,+a-2, y=t,+t,-

B0 22.2: Mg =3, q,=q(g=25, HANFEOR, 347" .2.(¢g-1)=2""-3", WfFm=3¢q(b22),
q,=2"3"+1(s,=14,=0), ¢q,=22-32+1(s,22,,,20), Wx=s5+s,, y=t,+t,+b—1,

B 23: B 22, B220, Hel' ¢ (q,-1)(q,-1)=2"3""

Mg =2, q, =30, 247327 0= 3 W[ m=23"(a>22,b>2), ¢, =2"-3"+1(s5,=0,¢,=0),
g, =2"-3"+1(s,=1,t,=0)0 Bx=s5+s,+a-2, y=t+t,+b—1.

23. BR3: H>3m, B
qu. (g, -1)=2"""3" (2.4

t t
B 3.0: S5 =1 N, H[[(q,-1)=2""-3""A1, m=3q . ¢=2"3"+1(s5,2020),
i=1

i=1

DOI: 10.12677/pm.2019.95081 614 S H


https://doi.org/10.12677/pm.2019.95081

Bhg 5

t

t
WMx=>s-1, y=>1t.
i1

i=1
1

B 3.2: M B 22, B=1(iz2,ieNH, Hql ' T](g-1)=2""3"

i=2

t !
B0 3.2.1: Mg, =2, g, =q,(q, 23 H ARG i 228 277 - T](g, -1)=2""-3", Wr[ 3 m=2T]q, »

i=2 i=2
t t
¢, =2"3"+1 (5,21,,20), Mx=)s,+a-2, y=>t-
i=2 i=2
! t
B0 3.2.2: Mg, =3, q,=q,(¢q, 25 HNRHL i 22)8F, 2.347" [ (g, -1)=2""-3", /[ m=3"T]q, ,
i=2 i=2

t t
qi:2Si3ti+l(S[21,t[ZO)y EQXZZS,., yzzti-Fb—ly s=1, t=0.

i=2 i=2

t
B 33: M B 22, 22, B=1(i23ieN)H, Hql ' ¢ " [](q,-1)=2""3""

i=1

!
B 33.01: Mg =2, ¢,=3, q,=q,(q, 25 BARE, i23)8, 24327 ]](q,-1)=2""-3", W

=3
/%':m:2“3bﬁqi, g, =2"3"+1(s,21,20), E&x:isl.—i-a—l, y:iti+b—l, Hs=1IF, 1£0.
i=3 i=3 i=3

TREH | 5.
3. FiRo, (m)=p*q* )3

RIRHAEEH 10 o, (m)=2"3" KRG OLHIZEAE b, 0 3 — A 1B LR BE— 22 i i, AP
gz)z(m):p"qy(ﬁéqu,q%ﬂﬁﬁl, E.)o i—'lq=2, p=3HﬂL, 5%fil*ﬁl§]’ —Fﬁ’ ﬁiﬂ‘]ﬁi’lﬁq=2, p=3
AN TR RS R R 10
3.1. R A

=2, q25, ¢,(m)=2"¢", N
g g gl (g 1) (g 1) (g, 1) =2 g (3.0
FIREHL, FRAT
m=ql"-q*qf

Hrpg <q, << q B¥INTHL

B 1: t=1 4t =11, gl (g, -1)=2""q" -

B L M B =10, m=q, q=2"-¢"+1(s5,20,4,20), Mx=5-1, y=t,(4t, =00, 5, >2;
s 210, 7 >1).

BoL12: 48 220, ¢/ (¢ -1)=2""3".

B 120 Mg =28, 242" =2"g", A m=2"(a=22), ¢ =2"-q¢"+1(s5,=0,4,=0),
X=s+a-2, y=t.

B 1.22: Mg =ql, ¢""(q-1)=2"¢", WfEm=q¢"(b22), ¢ =2"-¢"+1(s,2L,=0),
Wx=s-1, y=t,+b-1.

B 2: r=22:=20F, ¢/ (q,-1)-¢2"(q,-1)=2"¢""

B 2.0 M8 =4 =11, A(q-1)(qg,-1)=2""¢", Wm=qq,, ¢ =2"3"+1, ¢, =232 +1
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(5,20,6,20; s,>21,4,20), #x=s+s,-1, y=t+t, .

B 2.2: M4 22, g =10, Aql"(q-1)(q,-1)=2""-¢"-

BI 220 g =2(q, 25, HRNFEOK, 247 (¢,-1)=2""¢", AR m=2',(a22),
g, =2"q"+1(s5,=0,4,=0), ¢q,=2"-¢"+1(s,211,20), Mx=s5+s,+a-2, y=t+1-

B 2.2.2: Yg =g, (¢25, HARE) ¢ (¢-1)(q,-1)=2"¢", W3 m=q"q,(b22),
q,=2"q"+1(s5,20,t,=0), q,=22¢"+1(s5,22,t,20), WMx=5+s,-1, y=t,+t,+b-1.

B 23: B =1, B, 220, H(q-1)q"" (q,-1)=2""¢q", W LEH q,=¢q, WHm=¢qq"
(b=2), ¢, =2"q"+1(5,20,4,=0), ¢q,=2"2¢"+1(s,22,1,20), #fx=s+s,-1, y=t,+t,+b—1,

B 2.4: 4B >2, p220f, Hel gl (q,-1) (¢, -1)=2"¢" -

g =2, g=qif, 2" ¢ " (qg-1)=2""q¢", W m=2'¢"(a=2b>2), 2=2"-¢"+1
(s5,=0,,=0), q,=2"¢"+1(s,22,t,=0), #Mx=s+s,+a-2, y=t,+t,+b—1.

BRI =32 0=30, b (1) g (gam1) =2 g

BL31: B4 =6,=5 =11, G(q,-1)(9,-1)-(¢,-1)=2""-¢"» A m=q,9,95» q,=2"¢" +1
(5,20,6,20), q,=2"¢"+1, ¢ =2%¢"+1(s,21,,20)i22%¢t=00, UHs>2Hgqg,<q,, &
X=8+8,+s;, -1, y=t,+t,+t

BoL3.2: =522, B, =p, =11, ﬁq{}l_l'(%_1)'(‘]2_1)'(‘]3_1):?“"]y°

B 3.2.0: Hg =21, 227" (q,-1)(¢;-1)=2""¢", T m=2"g,q,(a22).

222 g" +1(5,=0,6, =0), q,=22¢"+1, q,=2¢" +1(s,21L,>0), i>2 4 =00, B s>2
Hg,<q,, x=s+s,+s,4a-2, y=t+t,+4.

B0 3.2.2: Mg =g, (¢=5, ﬂ?’\jfﬁ%[)qﬁrl-(q—l)'(qz—1)'(q3—1)=2“]~qy, 8 m=q"q,q,
(b=22), q=2"q¢"+1(s5,21,,=0)Y4¢=00f, BDHs>22, ¢, =2"2¢"+1, ¢ =2%¢"+1(s, 211 >0),
i22Hq <q,<q,, Wx=s+s,+s,-1, y=t,+t,+t,+b—1.

&0l 33: A5 =1, p,22, p =1, ﬁ(%_1)"15271'(%_1)'(‘13_1)=2X+1'qy’ W13 m=q,q9"q,
(b22), ¢=2"¢"+1(s5,2L4,=0), ¢q,=2"¢"+1(s,22,t,=0), ¢g,=2"¢"+1(s,22,,,20)H
9 <q,<qy, Wx=s+s,+s,—1, y=t,+t,+t,+b—1.

HoL34: Hp=4=1, 220, ﬁ(%_1)'(‘]2_1)"13&71'(q3_1)=2x+1‘qy°

Mg, =q, AIfm=qq,q" (a22,b>22), q =2"¢"+1(s,21,,=0), q,=22¢"+1(s,>2,t,=0),
g, =2"q" +1(s5,22,t,=0)H ¢, <q,<qy» Bx=s5+s,+s5,-1, y=t,+t,+t, +b—1.

HoL35: M4 22, 22, p=10, ﬁqlﬁrl‘qfrl'(611_1)'(612_1)'(613_1)22H1'qy"

Wag =2, ¢=q(q25, HARBOW, 227.¢"(¢-1)-(¢;-1)=2"-¢", "I, m=2'¢"q,
(a>2,b>2), 2=2"¢"+1(s=0=0), ¢ =2¢"+1 (5,206, =0)% =00, LA s>2,
g, =2%¢" +1(s, 21,1, >20)4t=0I, bHs>2Hq,<q,, BMx=s+s,+s,+a-2, y=t,+t, +,+b—1.

t
Bl 4: 124, []q¢/ " (q,-1)=2"""¢"-
i=1

t t
Bl a1 48 =1(ieNH, G[](q,-1)=2""¢" THm=>¢q,+ q,=2"¢"+1(s5,20,1,20), i
i=l1 i=l1
t 3
x=Zsi—1, y=Ztio
i=1 i=1
t

B 42: 4522, B=1(i=2ieN)N, Gq¢ " [](g.-1)=2""¢"-

i=2
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t t
B 4.2.1: g, =2, g, =q,(q, 25 HRFEL i22)0), 287 - T](q,-1)=2"¢*» I m=2T]q, »
i=2

i=2

t t
q,=2"3"+1(s;21,1,20), #Mx=Y5+a-2, y=>t -

i=2 i=2
BB 422: Mg =q(q 25 ENREL i22)0, ¢ [[(¢,-1)=2""¢"» THm=g']]q -
i

i=1

t !
qi:2Si3ti+l(Si21,t[20)’ %tZOEﬂ_y S229 E&x:Zsi—ly y:zti-f'b—lo

i=2 i=2

B 43: M8,22, B==p_=B.,=-=1(j22ieN), ¢ [[(g,-1)=2""¢"-

i=1

Hg;=q (g7 HARK, i23)0F, ¢""](q,-1)=2""-¢"» WRm=q'T]q,» ¢ =2"3"+1

i=1 i=2

t t
(5;21,,20), Hr=00F, 522, Mix=>s-1, y=Dt,+b-1.
i=2 i=2

Bildd: BB =2, 22, B=1(i=3ieN ), Hql " ¢ T](qg-1)=2"¢"-

i=1

t
B 4.4.1: %q1:2, q,=q> qi:qi(qi27ﬁ_j‘\j)ﬁ§y, i>3)i, 2,6’1.qﬂz—l_H(qi_])zz,m.qy,

i1
t t 1
WG m=29"T]q,» 4,=2"3"+1(5;20,4,20), #x=)5+a-2, y=>t+b-1. HHs=1, r=04
i=3 i=1 i=1
AN
32. R B

HFYHg=30, WHp=2, SEM1IME, WL p22, g=3RAIHERL
Hp#2, g3, pg=5, @,(m)=pq’, M
gl (4 1) (9, -1) (g, -1)=2-p" ¢ (3.2

B =1 He=10, ¢/ (¢-1)=2-p ¢’

B ¥ =10, m=q, ¢=2-p"-q¢"+1(5,21,,>20), i x=s, y=t,(4t=00, s>2;
s21Rf, t21).

B 12: B 220, ¢/ (q-1)=2-p ¢’ BIIHTHH g =2, Wag =pBFEq =q-

B 1.2.0: Hg =ph, p/'(p-1)=2-p"-¢’, AIBp=3, m=3"(a22), W HHGEa=2TF
.

p=2-p"q"+1(s5,=0,4,=0), Wx=s, y=t-

B 1.2.2: Mg =g, ¢ (g-1)=2-p ¢’ T m=¢"(b22), g=2-p" -q" +1(s5,20,, =0),
Wox=s, y=t+b-1.

BoL2: =2 21=20, ¢/ (q,-1)-¢>" (q,-1)=2-p ¢’ -

B 2.1 48 =4 =18, f(q-1)(q,-1)=2-p"-q¢", BT q %2, BF12|(q-1), 2|(q,-1)
FEARRSL, Tl

o 22: 2422, =10, Hql"(q-1)(q,-1)=2-p"q" T

B 23: 45 =1, =220, H(q-1)q¢"(q,-1)=2"¢q", Tfif.

Bl 2.4: 4422, g220, Al g2 (q,-1)-(g,-1)=2""-¢"» TfiF-

DOI: 10.12677/pm.2019.95081 617 PRS2
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t

BOL3: 234230, []q/ " (q,-1)=2-p"-¢q", Tk
i=1

TReH 2 BiE.

4. 5 o, (m)=pl - p3? - p3* - p» BIRR

A HAE TP A KR b, 8 B MRS D g ()= pi - pl - p® e p
plSp2S~~-Svai’>j?'§x[§j§&), B M50, ﬂ‘ﬁpl=2o )”\U¢2(m):2“1“.p22.p33...pvv(a12_1)o

m=glh gl gl Hobg <q,<-<q HYTAREL WA,
qlﬂr‘.qzﬂrl...qfrl.(ql_1).(q2_1)...(%_1):2“1*1 %2 pl . p®

K e<v, BAZ>vIN, TTREA DT,

4.1. 151

=10, ¢/ (q-1)=29"p pP - pP (X p<q)

(%

H

@A.1)

B0 LLL: 5 5 =1, Hg —1=2%"p - p - pl, WfGm=q,, ¢ =2" p"-p; - p" +1(%

‘:FsviZO), l:[l,t]y alzsll—l, aj:SV‘_y j:[z,t]o

O 1.1.2: 24 B 2206, gl (g, -1)=2%" p& - p& o p™ , Byl g = p, > ue[2,0], THm=g",

_2Y11_ Szl.p;h...pj"l +1, Sul(ﬁ\:qjsl >-1, ET@E' pu‘ %ﬁ) C{]=S11—1y a;=s,
a,=s, +b-1(s, =0)s, ZJatHH 0.

2. 1§52

Hr=20F, ¢l (g 1) (g —1) =2 ps - p - p (R p<q)
BoL 2.1 LB =11, H(q-1)(g,-1)=2%"p52 -pP - p, W m=qq,,

j= [Z,t]

g, =2" ppt e pt 41, g, =2 p2p? e 1, a =5 +s, —1s a,=s, +s5, » j=[21]

B 2.1.2: 96 >2, B, =11, ¢/t~ ~(ql—l)~(q2—l)=2"l“.p"‘2 e pl s Mg = p, W uel2,],

A m=q"q,(b=22), q=2"-p p; Tl g, =2"p e pit e pl? H 1, o =5 +s5 —1,
a;=s;, +s, » Hhj=[21], a, =5, +b1_1(5u1 =0)s, ZJEtHHN 0.
B 2.13: 4B >2, B 22Hf, Eiaqfrl.(ql—l)- ﬁz*‘-(q2—1)=2“1“-p“2~p;‘3---p;’v, HR
G =Pyt =Py, UFEm=q g7 q=2" -p-p" - p+1, ¢, =2"-p? - p - p2+1,
a =5, +s, —1s a,=s; +s,, j=[21], @, =s, +b1—1(sul =0)s, ZJEtHNO, a, =5, +b,-1(s, =0)

Suz ZE&% 00
4.3. 1§53

t
Mt >3 0, Hqiﬁ‘71~(qi—l)=2al+l'17§zz'P?"'Pvav"
i=1
t
A 3.1.1: é’lﬂlzllﬁ, EBH(ql.—l):Zawl,pz“z.p;%...pr, ﬂ?%':mquqz...qt,
i=1

G =2 pipl P+, =Y -1, @, =Y, j=[20]
i=1 Jj=1

BR212: 2522, py=p==f =11, G ¢ T[(q,-1)=2""p3* - p* - p{* » X1 g, = p, I

i=1
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Bhg 5

e[2.t], Wl m=q) q,-q,(b,22), q,=2"-p," - pt - p 41, & = Zs -1, a; =5, » j=[2.1]
=]
a,=s, +b-1(s, =0), s, ZJFthH 0.
B 213: 45,22, f,22, fy=F,==F =11 B gl "¢/ [](q -1)=2""p3* - p* - p*»

i=1
GG =P, 4= Py I mM=q0 g7 gy q, (b 22,0, 22), ¢, =27 - p)t o plt 4L @ = ZS,.—’

a,=s, +s, » j=[21], a, =5, +b-1(s, =0)s, ZJFtHN 0. @, =5, +b,~1(s, =0)s,, ZF’@J'J 0.
W 214 422, B22, B22, B=fi=-=p =1,
t
o' g g T (g 1) =2 P pl s B = p, a0, =P, .4 =P, T
i=1
3
m=gq"-q7 -qP q, (b 22,b,22,b,22), ¢, =2"-p;' -p'--pl+1, 0!1=ZS,-1—1 v =S, s,
i=1
=[2.1], a,=s,+b-1(s, =0), s, ZFFEtAN0. a,=s, +b-1(s, =0), s, ZJEtAO.

A3 =5, +b3—1(su1 =O)su2 ZEHN 0.

AT, 4 2208, m=q g% -qP g -

K U ESHE WSy LU AN L -

B 1 t=v, Hg =p, (v=t+D, o, =p-2, ¢,=2, a,=B.(i=[2,v]), Hq, =29 +1(a,20)-
B 2: t>v, BHq>p,» q,=p;» j=[Lu]l, Ehu<v, WA, .B,,. B =1, H

q;=2"-p) - pst o p +1s i=[u+ly]e
Tt B 3 110k

S
V& BB BT UM 22 B i AR K 2B 048 5 5 TR B0k |
£ E&WA
4 [ A2 GBI 255 H (201810646012), I (5 245% B0 RHFFIH H (201805087, 20170203, 20171510,
20171515).
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