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Abstract

For a graph G, a list assignment is a function L that assigns a list L(v) of colors to each

vertex v ∈ V (G). An (L, d)-coloring is a mapping ϕ that assigns a color ϕ(v) ∈ L(v) to

each v ∈ V (G) so that at most d neighbors of v receive the color ϕ(v). A graph G is said

to be (k, d)∗-choosable if it admits an (L, d)∗-coloring for every list assignment L with

|L(v)| ≥ k for all v ∈ V (G). Xu and Zhang conjectured that every planar graph without

adjacent 3-cycles is (3, 1)∗-choosable. In this paper, we prove that every planar graph

without adjacent k-cycles, k = 3, 4, 5, is (3, 1)∗-choosable.
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ÜÊ

Á �

ã G���ôÚ�L�� L´�� G¥�z�º: vÑ©����^Ú8 L(v)"XJ3N�

ϕeé?¿ v ∈ V (G)þ÷v ϕ(v) ∈ L(v)§¦�3 v��:¥�õk d�º:�ôÚ� ϕ(v)§@

o·�¡ G´ (L, d)∗-�/�"XJé?¿ôÚ�L�� L = {L(v)||L(v)| ≥ k, v ∈ V (G)}, GÑ
´ (L, d)∗-�/�§@o·�Ò¡ G ´ (k, d)∗-�À�"Xu ÚZhang ß�:Ø¹�� 3-��²

¡ã´ (3, 1)∗-�À�"3�©¥§·�òy²Ø¹�� k-��²¡ã´ (3, 1)∗-�À�§Ù¥

k ∈ {3, 4, 5}"

'�c

²¡ã§��~�L/Ú§�=£§�
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1. Úó

ã G���ôÚ�L�� L´�� G¥�z�º: vÑ©����^Ú8 L(v)"XJ3N�

ϕeé?¿ v ∈ V (G)þ÷v ϕ(v) ∈ L(v)§¦�3 v��:¥�õk d�º:�ôÚ� ϕ(v)§@

o·�¡ G´(L, d)∗- �/�"XJé?¿Ú�L L = {L(v)||L(v)| ≥ k, v ∈ V (G)}§ã GÑ´

(L, d)∗-�/�§@o·�Ò¡ã G´ (k, d)∗-�À�" Škrekovski [1] �Eaton ÚHull [2]31999c

ÄgJÑ
��~/Ú�Vg§¿�y²
¤k�²¡ãÑ´ (3, 2)∗-�À�±9¤k	²¡ã

Ñ´ (2, 2)∗-�À�"3©z [3]¥§Cowen �<y²
�3²¡ãØ´ (3, 1)∗-�/�§¤±�Ò

`²
¿�¤k�²¡ãÑ´ (3, 1)∗-�À�"@o3�o^�e�²¡ã´ (3, 1)∗-�À�Qº

Škrekovski [4]Äky²
Ø¹ 3-��²¡ã´ (3, 1)∗-�À�"��§Lih�<y²
Ø¹ 4-�

Ú k-��²¡ã´ (3, 1)∗-�À�§Ù¥ k ∈ {5, 6, 7}"d	§Dong ÚXu [6]qy²
Ø¹ 4-�

Ú k-��²¡ã´ (3, 1)∗-�À�§Ù¥ k ∈ {8, 9}"��§Wang [7]y²
Ø¹ 4-��²¡ã´

(3, 1)∗-�À�"3©z [8]¥§Xu ÚZhangJÑ
Xeß�µ

ß� 1 Ø¹�� 3-��²¡ã´ (3, 1)∗-�À�"

3�©¥§·�y²
ß�1�¿©^�Xeµ
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ÜÊ

½n 1 Ø¹�� k-��²¡ã´ (3, 1)∗-�À�§Ù¥k ∈ {3, 4, 5}.

�©�Ä�ãþ�Ã�ÚÃ­>�k�Ã�ã"e¡·�é²¡ã¥��
Vg?1`²"

éu²¡ã G§^ V (G)§E(G)§|V (G)|§|E(G)|Ú δ(G)©OL«ã G�º:8§>8§º:ê§

>êÚ��Ý¶^d(v)Ú d(f)©OL«º: v �ÝÚ¡ f�Ý"XJº: v�Ý�u k (��´

k½�õ´ k)§K¡ v´ k-:(k+-:½ k−-:)"aq/½Âk-¡§k−-¡Ú k+-¡"e uv ∈ E(G)§

K¡ uv� (d(u), d(v))- >"^ b(f)L« f>.þ�´"XJ v1, v2, · · ·, vn´ f þ�º:§KP�

f = [v1v2, · · ·, vn] ½ (d(v1), d(v2), · · ·, d(vn))-¡"e u´ v��� i-�:¿� uvØ� 3-¡�'é§

K¡ u� v��á i-�:"e vk��'é 3-¡� 3-�:� vØ3ù� 3-¡þ§K¡ù� 3-¡

´ v�]! 3-¡"XJ�� 5-:'é�� (3, 4, 5)-¡Ú�� (4, 5, 5+)-¡¿�k���á� 3-�

:§@o·�¡ù�� 5-:��:§��¡�Ð:"XJ�� 6-:'éü� (3, 4, 6)-¡Ú��

(4, 5+, 6)-¡§@·�¡ù�� 6-:��:§��¡�Ð:"éu k = 5, 6§^ kb- :(kg-:)5L«

�:(Ð:)"

2. ½n1 �y²

b�½n 1´Ø�(�"� G = (V,E)�½n 1éu |V (G)| + |E(G)|���4��~§w,
ã G´ëÏ�"·�òl±e�ÚnÚ�=£�Ñgñ"

2.1. ��5(�

5 1 -G�Ø¹�� k-��²¡ãx§Ù¥ k ∈ {3, 4, 5}§K G ∈ G"dd��ã G¥Ø¹

±eù
(�µ

(1)�� 3-¡¶

(2)�� 4-¡¶

(3)�� 5-¡¶

(4) 3-¡�ü� 4-¡��¶

(5) 4-¡�ü� 3-¡��¶

(6) 5-¡���� 3-¡Ú 4-¡��"

·�k0�Wang3 [7]¥��Ñ�A�Únµ

Ún 1 [7]

(1) δ(G) ≥ 3;

(2) G¥Ø¹ (3, 3)->"

Ún 2 [7]

(1) G¥vk (4−, 4−, 4−)-¡¶

(2) G¥vk (3, 4, 3, 4)-¡"

Ún 3 [7]
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ÜÊ

(1) 4-:�õkü� 3-�:¶

(2)e 5-:�ü� 3-¡�'é§Ù¥k�� 3-¡´ (3, 4, 5)-¡§K,�� 3-¡Ø� (4−, 4−, 5)-

¡¶

(3)e 5��� (3, 4, 5)-¡ f1�'é§KØ
 b(f1) þ��:	§�õk�� 3-�:¶

(4)e 6-:� 3� 3-¡�'é§Ù¥k�� 3-¡´ (3, 4, 6)-¡§KÙ§ü� 3-¡ØÓ��

(4−, 4−, 6)-¡¶

(5)e 5-:�ü� (4, 4, 5)-¡�'é§K§vk 3-�:"

Ún 4 G¥vk (4, 5b, 5b)-¡"

yµb� f1 = [v1, v2, v3]� (4, 5b, 5b)-¡§éu i = 2, 3, fi = [xi, yi, vi]� (3, 4, 5)-¡" vi´

5b-:§� v
′

i� vi ��á 3-�:"éu i = 1, 2§- x
′

i� xi ��á�:§ y
′

iÚ y
′′

i � yi��á�

:"d G�4�5§ã G
′

= G− {v1, v2, v3, v
′

2, v
′

3, x2, y2, x3, y3} k�� (3, 1)∗-/Ú ϕ(éz�º:

x ∈ V (G)5`§§�/Ú5guÚL L(x))"Äk§�g� v1, v
′

2, v
′

3, y2, y3, x3 ���~/Ú",

�§� v2/ L(v2)\{ϕ(v
′

2), ϕ(y2)} ¥�ôÚ§� v3/ L(v3)3 {ϕ(v1), ϕ(v2), ϕ(v
′

3), ϕ(y3), ϕ(x3)} �
õÑy�g�ôÚ"��, � x2/ L(x2)\{ϕ(v2), ϕ(x

′

2)}¥�ôÚ. dþ�� Gk'u�L L��

� (3, 1)∗-/Ú§gñ"

Ún 5 G¥vk (4, 5b, 6b)-¡"

yµb� f1 = [v1, v2, v3]� (4, 5b, 6b)-¡§f2 = [x2, y2, v2]� (3, 4, 5)-¡"v2´ 5b-:§� v
′

2�

v2��á 3-�:§ x
′

2� x2��á�:"éu i = 3, 4,- fi = [xi, yi, v3]� (3, 4, 6)-¡, x
′

i� xi��

á�:"d G�4�5§ã G
′

= G−{v1, v2, v3, v
′

2, x2, y2, x3, y3, x4, y4}k'u�LL��� (3, 1)∗-

/Ú ϕ"Äk§�g� v1, v
′

2, y2, y3, y4, x4�~/Ú",�§�g� v2/ L(v2)\{ϕ(v
′

2), ϕ(y2)}¥�
ôÚ§x2/ L(x2)\{ϕ(x

′

2), ϕ(v2)}¥�ôÚ§v3 / L(v3)3 {ϕ(v1), ϕ(v2), ϕ(x4), ϕ(y3), ϕ(y4)} �õ
Ñy�g�ôÚ"��§� x3/ L(x3)\{ϕ(v3), ϕ(x

′

3)} ¥�ôÚ"dþ�� Gk'u�L L��

� (3, 1)∗-/Ú§gñ"

Ún 6 G¥vk (4, 6b, 6b)-¡"

yµb� f = [v1, v2, v3]� (4, 6b, 6b)-¡§éu i = 1, 2, fi = [xi, yi, v2]� (3, 4, 6)-¡§é

ui = 3, 4, fi = [xi, yi, v3]� (3, 4, 6)-¡"- x
′

i� xi��á�:§Ù¥ i = 1, 2, 3, 4"d G�4

�5§ãG
′

= G − {v1, v2, v3, x1, x2, x3, x4, y1, y2, y3, y4}k'u�L L�(3, 1)∗-/Ú ϕ"Äk§�

g� v1, y1, y2, y3, y4, x3�~/Ú",�§�g� v2/ L(v2)\{ϕ(y1), ϕ(y2)}¥�ôÚ§� xi/

L(xi)\{ϕ(v2), ϕ(x
′

i)}¥�ôÚ§Ù¥ i = 1, 2§� v3/ L(v3)3 {ϕ(v1), ϕ(v2), ϕ(x3), ϕ(y3), ϕ(y4)}
�õÑy�g�ôÚ"��§� x4/ L(x4)\{ϕ(v3), ϕ(x

′

4)}¥�ôÚ"dþ�� Gk'u�L L�

�� (3, 1)∗-/Ú§gñ"

Ún 7 e 5-:'é�� (4−, 4, 5)-¡§K§Ø� (3, 4, 3, 5)-¡�'é"

yµ� 5-:'é�� (3, 4, 5)-¡�§dÚn 3(3)�� (3, 4, 5)-¡� (3, 4, 3, 5)-¡��"b

� f1 = [v2, v1, v]� (3, 4, 5)-¡§ f2 = [v2, u, v3, v]� (3, 4, 3, 5)-¡"- v�Ù§�:� v4Ú v5,

v
′

3� v3�á�:"d G�4�5§ã G
′

= G − {v, v1, v2, v3, u}k'u�L L��� (3, 1)∗-
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ÜÊ

/Ú ϕ"Äk§�g� v1, u�~/Ú",�§�g� v/ L(v)\{ϕ(v4), ϕ(v5)}¥�ôÚ§v3/

L(v3)\{ϕ(v
′

3), ϕ(v)}¥�ôÚ"��§� v2/ L(v2)\{ϕ(u), ϕ(v)}¥�ôÚ"dþ�� G'u�L

L��� (3, 1)∗-/Ú§gñ"

� 5-:'é�� (4, 4, 5)-¡�§dÚn 1(2)�� (4, 4, 5)-¡Ø� (3, 4, 3, 5)-¡��"b�

f = [v1, v2, v]� (4, 4, 5)-¡, f2 = [v3, u, v4, v]� (3, 4, 3, 5)-¡. - v5� v�Ù§�:§ v
′

4� v4�Ù

§�:"d G�4�5§ã G
′

= G − {v, v1, v2, v3, v4, u}k'u�L L��� (3, 1)∗-/Ú ϕ"Ä

k§�g� v1, v2, u, v3�~/Ú",�§�g� v/ L(v)\{ϕ(v5)}�3 {ϕ(v1), ϕ(v2), ϕ(v3)}¥�
Ñy�g�ôÚ"��§� v4/ L(v4)\{ϕ(v), ϕ(v

′

4)}¥�ôÚ"dþ�� Gk'u�L L���

(3, 1)∗-/Ú§gñ"

Ún 8 e 5-:'é�� (3, 4, 3, 5)-¡ f1§KØ
 b(f1)þ��:	§�õk��3-�:"

yµb� f1 = [v1, u, v2, v]� (3, 4, 3, 5)-¡"éui = 3, 4, 5§-vi � v�Ù§�:§Ø��

v3Ú v4� 3-:§ v
′

2 � v2�Ù§�:. d G�4�5, ã G
′

= G − {v, v1, v2, v3, v4, u}k'u�L
L��� (3, 1)∗-/Ú ϕ. Äk§�g� u§v1, v3, v4�~/Ú",�§�g� v/ L(v)\{ϕ(v5)}¿
�3 {ϕ(v1), ϕ(v3), ϕ(v4)}¥�õÑy�g�ôÚ"��§� v2/ L(v2)\{ϕ(v), ϕ(v

′

2)}¥�ôÚ"
dþ�� Gk'u�L L��� (3, 1)∗-/Ú§gñ"

Ún 9 e 6-:'éü� (3, 4, 6)-¡ f1Ú f2, KØ
 b(f1)Ú b(f2)þ��:	§vk 3-�:"

yµb� f1 = [v1, v2, v]� (3, 4, 6)-¡§ f2 = [v3, x4, v]� (3, 4, 6)-¡"- v5� v� 3-�:§é

u i = 2, 4, 5, v
′

iÚ v
′′

i� vi�Ù§�:§éu i = 1, 3, v
′

i� vi�Ù§�:"d G�4�5§ã

G
′

= G − {v, v1, v2, v3, v4, v5} k'u�L L ��� (3, 1)∗-/Ú ϕ"Äk§�g� v2, v4, v5�~

/Ú",�§�g� v/ L(v)\{ϕ(v6)}�3{ϕ(v2), ϕ(v4), ϕ(v5)}�õÑy�g�ôÚ"��§�
v1/L(v1)\{ϕ(v), ϕ(v

′

1)}¥�ôÚ§v3/ L(v3)\{ϕ(v), ϕ(v
′

3)}¥�ôÚ"dþ�� G k'u�L

L��� (3, 1)∗-/Ú§gñ"

Ún 10 e 6-:'é�� (3, 4, 6)-¡ f1Ú�� (3, 4, 3, 6)-¡ f2, KØ
 b(f1)Ú b(f2)þ��

:	§�õk�� 3-�:"

y²µ� f1� f2���§b� f1 = [v1, v2, v]� (3, 4, 6)- ¡§ f2 = [v2, u, v3, v]� (3, 4, 3, 6)-

¡"éui = 4, 5, 6§- vi� v��:§Ø�� v4Ú v5´ 3- :"éu i = 1, 4, 5§- v
′

iÚ v
′′

i�

vi�Ù§�:§v
′

3� v3�Ù§�:"d G �4�5§ã G
′

= G − {v, v1, u, v2, v3, v4, v5}k'u�
L L��� (3, 1)∗-/Ú ϕ"Äk§�g� v1, u, v4, v5�~/Ú",�§� v/ L(v)\ϕ(v6)}¿�
3 {ϕ(v1), ϕ(v4), ϕ(v5)}�õÑy�g�ôÚ. ��§� v3/ L(v3)\{ϕ(v), ϕ(v

′

3)}¥�ôÚ§v2 /
L(v2)\{ϕ(u), ϕ(v)}¥�ôÚ"dþ�� Gk'u�L L��� (3, 1)∗-/Ú§gñ"

� f1� f2Ø���§b� f1 = [v2, v1, v]´ (3, 4, 6)-¡§ f2 = [v3, u, v4, v] � (3, 4, 3, 6)-¡"

éu i = 5, 6§- vi � vØ3 b(f1)Ú b(f2) þ� 3-�:§v
′

3� v3�Ù§�:"d G�4�

5§ã G
′

= G − {v, v1, v2, v3, v4, v5, v6, u} k'u�L L��� (3, 1)∗-/Ú ϕ"Äk§�g�

v1, v2, u, v4, v5, v6 �~/Ú",�§� v/3 {ϕ(v1), ϕ(v2), ϕ(v4), ϕ(v5), ϕ(v6)}�õÑy�g�ô
Ú"��§� v3/ L(v3)\{ϕ(v), ϕ(v

′

3)}¥�ôÚ"dþ�� Gk'u�L L ��� (3, 1)∗-/Ú§

gñ"
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ÜÊ

2.2. �=£5K

éëÏ²¡ã G, dî.úª§k |V (G)|− |E(G)|+ |F (G)| = 29
∑

v∈V (G)

d(v) =
∑

f∈F (G)

d(f)=

2|E(G)|§��µ ∑
v∈V (G)

(2d(v)− 6)+
∑

f∈F (G)

(d(f)− 6)= −12

éz�� x ∈ V (G) ∪ F (G)§½ÂÙÐ©��� ch(x)"é?¿ v ∈ V (G)§½Â ch(v) =

2d(v)− 6§
éu f ∈ F (G), ch(f) = d(f)− 6§K
∑

x∈V (G)∪F (G)

ch(x) = −12 < 0. e¡½Â�=£

5K, ­#©�º:Ú¡��, ¦�éz� x ∈ (V (G) ∪ F (G)), Ñk ch∗(x) ≥ 0. du�3º:Ú

¡�m?1�=£§��oÚØC§l
0 ≤
∑

x∈V (G)∪F (G)

ch∗(x) =
∑

x∈V (G)∪F (G)

ch(x) = −12 < 0§

gñ"`²4��~Ø�3§l
½n¤á"·�ò��:�'é�¡¡��¡§ÄK¡�Ð¡"

±eXJvkAO`²Ð¡��¡�w¤ü�«�¹e�:�Ð:=��¹��"

�=£5KXeµ

R1 4-:=��¹

R1.1 �z�]! 3-¡= 1
3
¶

R1.2 �z��§�'é� 3-¡= 2
3
¶

R1.3 �z��§�'é� 4-¡=��¹¶

(1)�z��§�'é� (3, 4, 3+, 4+)-¡= 2
3
¶

(2)�z��§�'é� (4, 4+, 4+, 4+)-¡= 1
2
¶

R1.4 �z��§�'é� 5-¡ f= 1
5−m§Ù¥ m� b(f)þ 3-:��ê§dÚn 1(2)�

� m ≤ 2"

R2 5+-:=��¹

R2.1 5+-:� 3-¡�=��¹

(1) �z�]! 3-¡= 1
3
¶

(2) �z��§�'é� (3, 4, 5+)-¡= 2¶

(3) �z��§�'é� (4, 4, 5+)-¡= 5
3
¶

(4) �z��§�'é� (3, 5+, 5+)-¡= 4
3
¶

(5)�z��§�'é�Ð (4, 5+, 5+)-¡= 7
6
§�:�z��§�'é�� (4, 5+, 5+)-

¡= 1§Ð:½ 7+-:= 4
3
¶

(6) �z��§�'é� (5+, 5+, 5+)-¡= 1¶

R2.2 5+-:� 4-¡�=��¹

(1) �z��§�'é� (3, 4, 3, 5+)-¡= 4
3
¶

(2) �z��§�'é� (3, 5+, 3, 5+)-¡= 1¶
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(3) �z��§�'é� (3, 4+, 4+, 5+)-¡= 2
3
¶

(4) �z��§�'é� (4+, 4+, 4+, 5+)-¡= 1
2
¶

R2.3 5+-:�z��§�'é� 5-¡ f= 1
5−m§Ù¥ m � b(f) þ 3-:��ê§dÚn 1(2)

�� m ≤ 2"

e¡�y#� ch∗(x) ≥ 0§x ∈ V (G) ∪ F (G)"

äó 1 ∀f ∈ F (G), ch∗(f) ≥ 0"

�â d(f)��§·��±©�±e 4«�¹?1?Ø"

�¹ 1µ d(f) = 3§K ch(f) = 3− 6 = −3"dÚn 1�� G¥vk��� 3-:§¤± 3-¡�õ'

é�� 3-:"

e f��� 3-:�'é§KdÚn 2(1)�� G¥vk (3, 4, 4)-¡§¤± f´ (3, 4, 5+)-¡½

(3, 5+, 5+)-¡"dÚn 1(2)�� f þ� 3-:�	�:(Ø3 f þ��:)� 4+-:"� f´ (3, 4, 5+)-

¡�§d R1.1§R2.1(1)§R1.2Ú R2.1(2)�� 3-:�	�:� f= 1
3
, 4-:� f= 2

3
§5+-:� f=

2§¤± ch∗(f) = ch(f) + 1
3
× 1 + 2

3
× 1 + 2× 1 = 0"� f´ (3, 5+, 5+)-¡�§d R1.1§R2.1(1)Ú

R2.1(4)�� 3- :�	�:� f= 1
3
§5+-:� f= 4

3
§¤± ch∗(f) = ch(f) + 1

3
× 1 + 4

3
× 2 = 0"

e fØ� 3-:�'é§KdÚn 2(1)�� G¥vk (4, 4, 4)-¡§¤± f´ (4, 4, 5+)-¡§

(4, 5+, 5+)-¡½ (5+, 5+, 5+)- ¡"� 3-¡´ (4, 4, 5+)-¡�§d R1.2Ú R2.1�� 4-:� f= 2
3
§

5+-:� f= 5
3
§¤± ch∗(f) = ch(f) + 2

3
× 2 + 5

3
× 1 = 0"� 3-¡´ (5+, 5+, 5+)-¡�§d R2.1�

� 5+-:� f= 1§¤± ch∗(f) = ch(f) + 1× 3 = 0"� 3-¡´ (4, 5+, 5+)-¡�§dÚn 4, 5, 6�

� fþ�õ���:"� fþvk�:�§d R1.2Ú R2.1(5)�� 4-:� f= 2
3
§5+- :� f= 7

6
§

¤± ch∗(f) = ch(f) + 2
3
× 2 + 7

6
× 2 = 0"� fþk���:�§d R1.2Ú R2.1(5)�� 4-:�

f= 2
3
§Ð5+-:� f= 4

3
§�5+-:� f= 1§¤± ch∗(f) = ch(f) + 2

3
× 2 + 4

3
× 1 + 1× 1 = 0.

�¹ 2µd(f) = 4§K ch(f) = 4− 6 = −2"dÚn 1�� G¥vk��� 3-:§¤± 4-¡�õ'

éü� 3-:"

e f�ü� 3-:�'é§KdÚn 2(2)�� fØ� (3, 4, 3, 4)-¡§¤± f´ (3, 4, 3, 5+)-¡½

(3, 5+, 3, 5+)-¡"� f´ (3, 4, 3, 5+)-¡�§d R1.3(1)Ú R2.2(1)�� 4-:� f = 2
3
§5+-:� f=

4
3
§¤± ch∗(f) = ch(f) + 2

3
×1 + 4

3
×1 = 0"� f´ (3, 5+, 3, 5+)-¡�§d R2.2(2)��z� 5+-:

� f= 1§¤± ch∗(f) = ch(f) + 1× 2 = 0"

e f���3-:�'é§K f´ (3, 4+, 4+, 4+)-¡§d R1.3(1)Ú R2.2(1)(2)��z� 4+-:�

f��= 2
3
§¤± ch∗(f) ≥ ch(f) + 2

3
× 3 = 0"

e fØ� 3-:�'é§K f´ (4+, 4+, 4+, 4+)-¡§dR1.3(2)Ú R2.2(4)��z� 4+-:� f�

�= 1
2
§¤± ch∗(f) ≥ ch(f) + 1

2
× 4 = 0"

�¹ 3µd(f) = 5§K ch(f) = 5 − 6 = −1"d R1.4Ú R2.3��z� 4+-:�= 1
5−m§¤±

ch∗(f) = ch(f) + 1
5−m × (5−m) = 0"

�¹ 4µd(f) ≥ 6§Kd�=£5K�� fØu)�=£§¤± ch∗(f) = ch(f) = d(f)− 6 ≥ 0"
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äó 2 ∀v ∈ V (G)§ ch∗(v) ≥ 0"

- t� v'é� 3-¡��ê§q� v'é� 4-¡��ê§s� v 'é� 5- ¡��ê§p� v�]

! 3-¡��ê§Ù¥ t, q, s, p ∈ N"±eJ�� 3-¡Ú 4-¡Ñ´�� v�'é�"dÚn 1���

â d(v)��·��±©�±e 5«�¹?1?Ø"

d5 1(1)(2)(3)�� G¥vk��� 3-¡§4-¡Ú 5-¡§¤±

t ≤ bd(v)

2
c (1)

q ≤ bd(v)

2
c (2)

s ≤ bd(v)

2
c (3)

d5 1(1)(5)�� G¥vk��� 3-¡� 4-¡Ø�ü� 3-¡��§¤±

p ≤ d(v)− 2× t− q (4)

�¹ 1µ d(v) = 3§Kd�=£5K�� vØu)�=£§¤± ch∗(v) = ch(v) = 2× 3− 6 = 0.

�¹ 2µ d(v) = 4§K ch(v) = 2× 4− 6 = 2"d (1)ª�� t ≤ 2§

e t = 2§Kd5 1(1)(5)�� G¥� 3-¡Ø� 3-¡��� 4-¡Ø�ü� 3-¡��§¤±

q = 0"d(2)ªÚ(4)ª�� s ≤ 2, p = 0. d R1.2 Ú R1.4�� v�z�'é� 3-¡= 2
3
, �z�'

é� 5-¡�õ= 1
3
§¤± ch∗(v) ≥ ch(v)− 2

3
× 2− 1

3
× 2 = 0"

e t = 1§Kd5 1(2)(4)�� G¥ 4-¡Ø� 4-¡��� 3-¡Ø�ü� 4-¡��§¤± q ≤ 1"

� q = 0 �§d(3)ªÚ(4)ª�� s ≤ 2, p ≤ 2"d R1.2§R1.4Ú R1.1�� v�z�'é� 3-¡=
2
3
§�z�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 2

3
×1− 1

3
×2− 1

3
×2 = 0"

� q = 1 �§e 3-¡� 4-¡��§Kd5 1(6)�� 5-¡Ø���� 3-¡Ú 4-¡��§¤± s = 0"

d(4)ª�� p ≤ 1"d R1.2§R1.3Ú R1.1�� v�z�'é� 3-¡= 2
3
§�z�'é� 4-¡�õ

= 2
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 2

3
× 1− 2

3
× 1− 1

3
× 1 = 1

3
"e 3- ¡Ø� 4-¡��§

d(3)ª�� s ≤ 2§� s = 0�§d(4)ª�� p ≤ 2"� 1 ≤ s ≤ 2 �§d5 1(1)(6)�� 3-¡Ø�

3-¡��� 5- ¡Ø���� 3-¡Ú 4-¡��§¤± p = 0"dd�� s+ p ≤ 2"d R1 �� v�

z�'é� 3-¡= 2
3
§�z�'é� 4-¡�õ= 2

3
§�z�'é� 5-¡�õ= 1

3
§�]! 3- ¡=

1
3
, ¤± ch∗(v) ≥ ch(v)− 2

3
× 1− 2

3
× 1− 1

3
× 2 = 0.

e t = 0§Kd(2)ªÚ(3)ª�� q ≤ 2 Ú s ≤ 2"� q ≤ 1�§dÚn 3(1)�� v�õkü

� 3-�:§¤± p ≤ 2"d R1.3§R1.4Ú R1.1�� v�z�'é� 4-¡�õ= 2
3
§�z�'é�

5-¡�õ= 1
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v) − 2

3
× 1 − 1

3
× 2 − 1

3
× 2 = 0"� q = 2�§

b� s = 0, Kd(4)ª�� p ≤ 2. b� 1 ≤ s ≤ 2§Kd5 1(6)�� 5-¡Ø���� 3-¡Ú 4-¡�

�§d� p = 0"nþ�� s + p ≤ 2§d R1.3§R1.4Ú R1.1�� v�z�'é� 4-¡�õ= 2
3
§
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�z�'é� 5-¡�õ= 1
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 2

3
× 2− 1

3
× 2 = 0.

�¹ 3µd(v) = 5§ ch(v) = 2× 5− 6 = 4"d(1)ª�� t ≤ 2"

e t = 0§Kd(2)ªÚ(3)ª�� q ≤ 2 Ú s ≤ 2"� q = 2�§b� s = 0�§d(4)ª��

p ≤ 3"b� s = 1�§d5 1(2)(6)�� 4-¡Ø� 4-¡��� 5-¡Ø���� 3-¡Ú 4- ¡��§

d� p ≤ 2"b� s = 2 �§d5 1(2)(6)�� 4-¡Ø� 4-¡��� 5-¡Ø���� 3-¡Ú 4- ¡

��§d� p ≤ 1"nþ�� s+ p ≤ 3"d R2.2, R2.3 Ú R2.1(1)�� v�z�'é� 4-¡�õ=
4
3
§�z�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 4

3
× 2− 1

3
× 3 = 1

3
"�

q ≤ 1�§d(4)ª�� p ≤ 5"d R2.2§ R2.3Ú R2.1(1)�� v�z�'é� 4-¡�õ= 4
3
§�z

�'é� 5-¡�õ= 1
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 4

3
× 1− 1

3
× 2− 1

3
× 5 = 1

3
"

e t = 1§Kd(2)ª�� q ≤ 2"� q = 0�§d(3)ªÚ(4)ª�� s ≤ 2, p ≤ 3"d R2.1§

R2.3Ú R2.1(1)�� v�z�'é� 3-¡�õ= 2§�z�'é� 5-¡�õ= 1
3
§�]! 3-¡=

1
3
§¤±ch∗(v) ≥ ch(v) − 2 × 1 − 1

3
× 2 − 1

3
× 3 = 1

3
. � q = 1�§d(3)ªÚ(4)ª�� s ≤ 2,

p ≤ 2"e 3-¡´ (3, 4, 5)-¡§KdÚn 7�� vØ� (3, 4, 3, 5)-¡�'é"b� 3-¡Ø� 4-¡

��§KdÚn 1(2)ÚÚn 3(3)�� vØ� (3, 4+, 3, 5+)-¡�'é"d R2.1(2), R2.2, R2.3Ú

R2.1(1)�� v�z�'é� 3-¡= 2§�z�'é� 4-¡�õ= 2
3
§�z�'é� 5-¡�õ

= 1
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v) − 2 × 1 − 2

3
× 1 − 1

3
× 2 − 1

3
× 2 = 0"b� 3-

¡� 4-¡��§Kd5 1(6)�� 5-¡Ø���� 3-¡Ú 4-¡��§¤± s ≤ 1"d R2.1(2)§

R2.2, R2.3Ú R2.1(1)�� v�z�'é� 3-¡= 2§�z�'é� 4-¡�õ= 1§�z�'

é� 5-¡�õ= 1
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v) − 2 × 1 − 1 × 1 − 1

3
× 3 = 0"

e 3-¡´ (4, 4, 5)-¡§KdÚn 7�� vØ� (3, 4, 3, 5)-¡�'é"d R2.1(3)§R2.2, R2.3Ú

R2.1(1)�� v�z�'é� 3-¡= 5
3
§�z�'é� 4-¡�õ= 1, �z�'é� 5-¡�õ

= 1
3
§�]! 3- ¡= 1

3
§¤± ch∗(v) ≥ ch(v) − 5

3
× 1 − 1 × 1 − 1

3
× 2 − 1

3
× 2 = 0"e 3-¡

´ (3, 5, 5+)-¡½ (4, 5, 5+)-¡§Kd R2.1(4)(5)§R2.2§R2.3Ú R2.1(1)�� v�z�'é� 3-

¡= 2§�z�'é� 4-¡�õ= 1§�z�'é� 5-¡�õ= 1
3
§�]! 3-¡= 1

3
§¤±

ch∗(v) ≥ ch(v) − 4
3
× 1 − 4

3
× 1 − 1

3
× 4 = 0"�q = 2�§d5 1(3)�� 3-¡� 4-¡��§¤±

d5 1(6)Ú(4)ª�� s = 0Ú p ≤ 1"e 3-¡´ (3, 4, 5)-¡§KdÚn 7�� vØ� (3, 4, 3, 5)-¡

�'é"dÚn 1(2)ÚÚn 3(3)�� v�õ'é�� (3, 5, 3, 5+)-¡"d R2.1§R2.2Ú R2.1(1) �

� v�z�'é� 3-¡= 2§�Ù¥�� 4-¡�õ= 1§�,�� 4-¡�õ= 2
3
§�]! 3- ¡=

1
3
§¤± ch∗(v) ≥ ch(v) − 2 × 1 − 1 × 1 − 2

3
× 1 − 1

3
× 1 = 0"e 3-¡´ (3, 5, 5+)-¡§KdÚn

8��e v'é�� (3, 4, 3, 5)-¡@o vØ2'é (3, 4+, 3, 5)-¡"� v'é�� (3, 4, 3, 5)-¡�§d

R2.1§R2.2Ú R2.1(1)�� v�z�'é� 3-¡= 4
3
§�'é� (3, 4, 3, 5)-¡= 4

3
§�,�� 4-¡

�õ= 2
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 4

3
× 1− 4

3
× 1− 2

3
× 1− 1

3
× 1 = 1

3
"� vØ'é

(3, 4, 3, 5)-¡�§d R2.1(4), R2.2Ú R2.1(1)�� v �z�'é� 3-¡= 4
3
§�z�'é� 4-¡�

õ= 1§�]! 3-¡= 1
3
§¤± ch∗(v) ≥ ch(v)− 4

3
×1−1×2− 1

3
×1 = 1

3
"e 3-¡´ (4, 4+, 5)-¡§

Kd5 1(3)�� 3-¡��� 4-¡��§¤± v�õ'é�� (3, 4+, 3, 5)- ¡"d R2.1(3)§R2.2Ú

R2.1(1)�� v�z�'é� 3-¡= 5
3
§�'é�Ù¥�� 4-¡�õ= 4

3
§�,�� 4-¡�õ= 2

3
§

�]! 3-¡= 1
3
§¤± ch∗(v) ≥ ch(v)− 5

3
× 1− 4

3
× 1− 2

3
× 1− 1

3
× 1 = 0"

e t = 2§Kd5 1(2)(5)�� 4- ¡Ø� 4-¡��� 4-¡Ø�ü� 3-¡��§¤± q ≤ 1"
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� q = 0�§d(3)ªÚ(4)ª�� s ≤ 2, p ≤ 1"b� p = 0, KdÚn 3(2)�� v �õ���

(3, 4, 5)-¡�'é"e v��� (3, 4, 5)-¡�'é§KdÚn 3(2)�� vØ2� (4−, 4−, 5)-¡�'

é"d R2.1Ú R2.3�� v�'é� (3, 4, 5)-¡= 2§�,	��'é� 3-¡�õ= 4
3
§�z�

'é� 5-¡�õ= 1
3
, ¤± ch∗(v) ≥ ch(v) − 2 × 1 − 4

3
× 1 − 1

3
× 2 = 0"e vØ� (3, 4, 5)-¡

�'é§d R2.1Ú R2.3�� v�'é� 3- ¡�õ= 5
3
§�z�'é� 5-¡�õ= 1

3
§¤±

ch∗(v) ≥ ch(v) − 5
3
× 2 − 1

3
× 2 = 0"b� p = 1, KdÚn 3(2)�� v �õ��� (3, 4, 5)-¡

�'é"e v��� (3, 4, 5)-¡�'é§KdÚn 3(2)Ú5 1(1)�� vØ2� (4−, 4−, 5)-¡±9

(3, 5, 5+)�'é§Ïd v'é�,�� 3-¡� (4, 5, 5+)-¡½ (5, 5+, 5+)- ¡"� v'é�,��

3-¡� (4, 5, 5+)-¡�§ v � 5b- :"d R2.1(2)(5) Ú R2.3�� v �'é� (3, 4, 5)-¡= 2§�

(4, 5, 5+)-¡= 1§�z�'é� 5-¡�õ= 1
3
§¤± ch∗(v) ≥ ch(v)−2×1−1×1− 1

3
×2− 1

3
×1 = 0"

� v'é�,�� 3-¡� (5, 5+, 5+)-¡�§d R2.1(2)(5)§R2.3Ú R2.1(1)�� v�'é� (3, 4, 5)-

¡= 2§� (5, 5+, 5+)-¡= 1§�z�'é� 5-¡�õ= 1
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥

ch(v)− 2× 1− 1× 1− 1
3
× 2− 1

3
× 1 = 0"e vØ� (3, 4, 5)-¡�'é§� v �ü� (4, 4, 5)-¡�

'é�§Kd51(1)ÚÚn 3(5)�� p = 0"d R2.1(3)Ú R2.3�� v�'é� (3, 4, 5)-¡= 2§�

(5, 5+, 5+)-¡= 1§�z�'é� 5-¡�õ= 1
3
§¤± ch∗(v) ≥ ch(v)− 5

3
×2− 1

3
×2 = 0"� vØ�

ü� (4, 4, 5)-¡�'é�§d R2.1, R2.3Ú R2.1(1)�� v �'é��� 3-¡�õ= 5
3
§�,��

'é� 3-¡�õ= 4
3
§� (5, 5+, 5+)-¡= 1, �z�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤±

ch∗(v) ≥ ch(v)− 5
3
× 1− 4

3
× 1− 1

3
× 2− 1

3
× 1 = 0"� q = 1�§d5 1(1)(6)�� s = 0, p = 0"d

Ún 3(2)�� v�õ'é�� (3, 4, 5)-¡"e v 'é�� (3, 4, 5)-¡"KdÚn 3(2)�� vØ2�

(4−, 4−, 5)-¡�'é"� 4-¡� (3, 4, 5)-¡���§dÚn 7�� 4-¡Ø� (3, 4, 3, 5)- ¡"e4-¡

Ø´ (3, 5, 3, 5+)-¡§Kd R2.1(2)(3)Ú R2.2(3)�� v�'é� (3, 4, 5)-¡= 2§�,�� 3-¡=
4
3
§�z�'é� 4-¡�õ= 2

3
§¤± ch∗ ≥ ch(v)−2×1− 4

3
×1− 2

3
×1 = 0"e 4-¡´ (3, 5, 3, 5+)-

¡§dÚn 3(3)�� v'é�Ù§ 3-¡Ø´ (3, 5, 5+)-¡"�Ù§ 3-¡´ (4, 5, 5+)-¡�§v´5b-:§

dR2.1(2)(5)Ú R2.2(2)�� v�'é� (3, 4, 5)-¡= 2, �,�� (4, 5, 5+)- ¡= 1§�z�'é�

(3, 5, 3, 5+)-¡= 1§¤± ch∗ = ch(v) − 2 × 1 − 1 × 1 − 1 × 1 = 0¶�Ù§ 3-¡´ (5, 5+, 5+)-¡§

d R2.1(2)(6)Ú R2.2(2)�� v�'é� (3, 4, 5)-¡= 2§�,�� (5, 5+, 5+)-¡= 1§�z�'é

� (3, 5, 3, 5+)-¡= 1§¤± ch∗(v) = ch(v)− 2× 1− 1× 1− 1× 1 = 0"� 4-¡Ø� (3, 4, 5)-¡�

�§dÚn 3(3)�� 4-¡Ø� (3, 4+, 3, 5)"d R2.1Ú R2.2�� v�'é� (3, 4, 5)-¡= 2§�,

�� 3-¡�õ= 4
3
§�z�'é� 4-¡�õ= 2

3
§¤± ch∗ ≥ ch(v)− 2× 1− 2

3
× 1− 4

3
× 1 = 0¶

e vØ� (3, 4, 5)-¡�'é"� v� (4, 4, 5)-¡�'é§dÚn 7�� 4-¡Ø� (3, 4, 3, 5)-¡"XJ

v'éü� (4, 4, 5)-¡§K 4-¡Ø� (3, 4+, 3, 5)-¡"d R2.1Ú R2.2�� v�'é� (4, 4, 5)-¡=
5
3
§�'é� 4-¡�õ= 2

3
§¤± ch∗ ≥ ch(v) − 5

3
× 2 − 2

3
× 1 = 0¶XJ v'é�� (4, 4, 5)-¡§

d R2.1Ú R2.2 �� v�'é� (4, 4, 5)-¡= 5
3
§�,�� 3-¡�õ= 4

3
§�'é� 4- ¡�õ=

1, ¤± ch∗ ≥ ch(v) − 5
3
× 1 − 4

3
× 1 − 1 × 1 = 0. XJ vØ'é (4, 4, 5)-¡§d R2.1Ú R2.2��

v�'é� 3-¡�õ= 4
3
§�'é� 4-¡�õ= 4

3
§¤± ch∗(v) ≥ ch(v)− 4

3
× 2− 4

3
× 1 = 0.

�¹ 4µd(v) = 6§ ch(v) = 2× 6− 6 = 6"d(1)ª�� t ≤ 3"

e t = 0§Kd(2)(4)ª�� q ≤ 3, s ≤ 6 − qÚ p ≤ 6 − q§d R2.2§R2.3Ú R2.1(1)��

v�z�'é� 4-¡�õ= 4
3
§�z�'é� 5-¡�õ= 1

3
, �]! 3-¡= 1

3
§¤± ch∗(v) ≥
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ch(v)− 4
3
× q − 1

3
× (6− q)− 1

3
× (6− q) ≥ 0"

e t = 1§Kd5 1(2)(4)�� 4-¡Ø� 4-¡� 3-¡Ø�ü� 4-¡��§¤± q ≤ 2"�

q = 2�§d(4)ª�� p ≤ 2"� p = 2�§d5 1(1)(5)(6)�� 4- ¡Ø� 4-¡��§3-¡

Ø�ü� 4-¡��� 5-¡Ø��� 3-¡Ú 4-¡��§¤± s = 0"� p ≤ 1�§d(3)ª�

� s ≤ 3"dd�� s + p ≤ 4"d R2.1§R2.2§R2.3Ú R2.1(1)�� v�z�'é� 3-¡�

õ= 2§�z�'é� 4-¡�õ= 4
3
§�z�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤±

ch∗(v) ≥ ch(v) − 2 × 1 − 4
3
× 2 − 1

3
× 4 = 0"� q ≤ 1�§d(3)ªÚ(4)ª�� s ≤ 3, p ≤ 4"d

R2.1§R2.2§R2.3Ú R2.1(1)�� ch∗(v) ≥ ch(v)− 2× 1− 4
3
× 1− 1

3
× 3− 1

3
× 4 = 1

3
"

e t = 2§Kd5 1(2)(4)�� 4-¡Ø� 4-¡��� 3-¡Ø�ü� 4- ¡��§¤±q ≤ 2"

d(4)ª��p ≤ 2"dÚn 6(4)�� v�õ'éü� (3, 4, 6)-¡"� v�ü� (3, 4, 6)-¡�'

é�§dÚn 9Ú5 1(1)�� v�ü� (3, 4, 6)-¡�'é�§vvk�á� 3-�:� 3-¡Ø�

3-¡��§¤± p = 0§s ≤ 4 − q"dÚn 9��� v�ü� (3, 4, 6)-¡�'é�§� v'é

� 4-¡Ø� (3, 4+, 3, 6)- ¡"d R2.1(2)§R2.2Ú R2.3 �� v�z�'é� 3- ¡= 2§�'

é� 4- ¡�õ= 2
3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v) − 2 × 2 − 2

3
× q − 1

3
(4 − q) ≥ 0"

� v'é�� (3, 4, 6)-�§XJ q = 2§Kd5 1(1)(2)(6)�� s = 0�d(4)ª�� p = 0"d

Ún 10��ü� 4-¡ØÓ�� (3, 4, 3, 6)- ¡"d R2.1Ú R2.2�� v�z�'é� (3, 4, 6)-¡

= 2§�,�� 3-¡�õ= 5
3
§�Ù¥�� 4- ¡�õ= 4

3
§�,�� 4-¡�õ= 1§¤±

ch∗(v) ≥ ch(v) − 2 × 1 − 5
3
× 1 − 4

3
× 1 − 1 × 1 = 0¶XJ q = 1§Kd(4)ª�� p ≤ 1"�

p = 1�§d5 1(1)(5)(6)�� s ≤ 1"� p = 0�§d(3)ª�� s ≤ 3"dd�� s + p ≤ 3"d

R2.1§R2.2§R2.3Ú R2.1(1)�� v�z�'é� (3, 4, 6)-¡= 2§�,�� 3-¡�õ= 5
3
§�'

é� 4-¡�õ= 4
3
§�,�� 4-¡�õ= 1§�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤±

ch∗(v) ≥ ch(v) − 2 × 1 − 5
3
× 1 − 4

3
× 1 − 1

3
× 3 = 0"� vØ� (3, 4, 6)-¡�'é�§XJ q = 2§

Kd5 1(1)(2)(6)�� s = 0"d(4)ª�� p = 0"d R2.1 Ú R2.2 �� v�z�'é� 3- ¡�õ

= 2§�'é� 4-¡�õ= 4
3
§¤± ch∗(v) ≥ ch(v)− 5

3
× 2− 4

3
× 2 = 0"XJ q = 1§Kd(4)ª

�� p ≤ 1"� p = 1�§d5 1(1)(5)(6)�� s ≤ 1"� p = 0�§d(3)ª�� s ≤ 3"dd��

s+ p ≤ 3"d R2.1§R2.2§R2.3Ú R2.1(1)�� v�z�'é 3-¡�õ= 5
3
§�'é� 4-¡�õ=

4
3
§�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 5

3
×2− 4

3
×1− 1

3
×3 = 1

3
"XJ

q = 0§Kd(3)ªÚ(4)ª�� s ≤ 3, p ≤ 2"d R2.1§R2.3 Ú R2.1(1)�� v�z�'é 3-¡�õ

= 5
3
§�'é� 5-¡�õ= 1

3
§�]! 3-¡= 1

3
§¤± ch∗(v) ≥ ch(v)− 5

3
×2− 1

3
×3− 1

3
×2 = 1"

e t = 3§Kd5 1(1)(4)�� q = 0§d(3)ªÚ(4)ª��s ≤ 3, p = 0"dÚn 6(4)�� v�

õ�ü� (3, 4, 6)-¡�'é"� v�ü� (3, 4, 6)-¡�'é�§dÚn 6(4)ÚÚn 9��Ù§ 3-¡

´ (4, 5+, 6b)-¡½ (5+, 5+, 6)-¡"d R2.1(2)(5)(6)Ú R2.3�� v�z�'é� (3, 4, 6)-¡= 2§�

Ù§ 3-¡�õ= 1§�z�'é� 5-¡�õ= 1
3
§¤± ch∗(v) ≥ ch(v)− 2× 2− 1× 1− 1

3
× 3 = 0"

� v��� (3, 4, 6)-¡�'é�§dÚn 6(4)�� v�õk�� (4, 4, 6)-¡§d R2.1Ú R2.3�

� v�'é� (3, 4, 6)-¡= 2§�Ù¦ 3-¡�õ= 5
3
½ 4

3
§�z�'é� 5-¡�õ= 1

3
, ¤±

ch∗(v) ≥ ch(v)−2×1− 5
3
×1− 4

3
×1− 1

3
×3 = 0. � vØ� (3, 4, 5)-¡�'é§d R2.1Ú R2.3��

v�'é� 3-¡�õ= 5
3
§�z�'é� 5-¡�õ= 1

3
§¤± ch∗(v) ≥ ch(v)− 5

3
× 3− 1

3
× 3 = 0"

�¹ 5µd(v) ≥ 7§ch(v) = 2d(v)− 6"- k�� v�'é� 3-¡Ú 4-¡���êþ"
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d5 1(1)(2)(4)(5)��

k ≤ bd(v)

3
c (5)

q ≤ (k + bd(v)− 3k

2
c)− (t− k) = bd(v)− 3k

2
c+ 2k − t (6)

s ≤ d(v)− (t+ q)− k (7)

d(1)ª§(4)ª§(5)ª§(6)ªÚ(7)ª��

ch∗(v) ≥ 2d(v)− 6− (2t+
4

3
q +

1

3
s+

1

3
p)

≥ d(v)− 6− [2t+
4

3
q − 1

3
(d(v)− (t+ q)− k) +

1

3
(d(v)− 2× t− q)]

≥ 4

3
d(v)− 6− (t+

2

3
q − 1

3
k)

≥ 4

3
d(v)− 6− [t+

2

3
× (bd(v)− 3k

2
c+ 2k − t)− 1

3
k]

≥ d(v)− 6− 1

3
t.

e d(v) = 2r + 1§Ù¥ r ≥ 3§K ch∗(v) ≥ 5
3
r − 5 ≥ 0¶e d(v) = 2r§Ù¥ r ≥ 4§

Kch∗(v) ≥ 5
3
r − 6 > 0"

dþ��§é?¿ x ∈ V ∪ F§ch∗(v) ≥ 0®�y§¤±½n 1 �y"

ë�©z
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