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Abstract: In 2002, F. Lucaand P. G. Walsh studied the diophantine equations of the form
(a“ —1)(b” —1) =x?, for all (a, b) in the range 2<b<a<100 with sixty-nine exceptions. In this paper,

we study two of the exceptions. In fact, we consider the equations of the form (a" —1)(b" -1) = x*, with
(a.b)=(333),(33,9).
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1. g

2000 4, SzalayMiEH] T ANE 2 (2" -1)(3" 1) = X* fE n,xe N JE[HN LM, (2"-1)(5"-1)=x"7En,xe N
L P9 A IE— A n=1,x = 2 1 (2" 1) (2k)"—1 =x*1E k,n,xe N JEFH A ME—fif k=2n=3x=21. 2000
i, Hajdu FIl SzalayPHEW] 1 AR5E 72 (2" —1)(6" —1) = X* 7 n,x e N i [l A I Al
(a"-1)(a" -1) = x*,a> 1k > Lkn > 2 f{ EEHARA (a,n.k, x) =(2,3,2,21),(31,5,22),(7,1,4,120) .

2002 4F, F. Lucafil P. G. WalshPPHE 1 A 77 72 (@ 1) (b 1) = x" (A PR £ 41LIE AR (k,n,x)(n>1) .
IEAh, A5 RS TAE 2<b<a<100 JEIH A, Bk 69 FifE it LLAN A I A 2041 (a,b) Wi 2 AN E TT 1%
(a-1)(b* -1) = X" HUMRBRAITE DL (kon,x) k> 1, B T4

EHA(3], EHE31) 4 2<b<a<100#/EEH¥H, Rk (ab) A2 FINMERL —:

1 {(22,2);(22,4)} ;

PREETH: ER A RRH: 3 42(1090102)
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2. {(ab)i(a-1)(b-1) £F /¥, a=b(mod2) H(ab)=(9,3),(648))
3. {(ab);(a-1)(b-1) &FF %, a+b=1(mod2), H ab=0(mod4)} .
B -1)(5"-2) =, Wn=2. ¥i(ab)=(42)H, JFELEn=3HHE.
T ARG, S0 [4-7].
FEARSCH, AV EHFGISL: (ab)=(134),(28,13) , HHIFHILLFLiL:
FEE 1 WIRAE AL (9" -1)(33" —1) = * 78 n,x e NG f %, 54 n=1(mod13440) .
2 WA E R (3 -1)(33" 1) = X* /£ n,x e N T FE P A %, T4 n=1(mod3600) .
5l m AL P EHEHL BV 2 @ =1(modm) YD IEHEE n Oy a X m 9K 21 ord, (a) -
wp AR, aZ, H(a/p)iE X Legendre ff 5.

2. EIEAYUERA
2.1. EIE 1 #9ERR

B G IE 2 n < AR AR (9 -1) (33 - ) X AUHME—f#: n=1x=16.

B (n,x)(n>5) & 72 (9" -1)(33" —1) = X* I —4Lf%, IRAEFRAI e T 71 18 Bt vtk it it

50 1. n=0(mod4) . JLif n ATLAME—HFRin=4-51, H5)1,k>0. MRS k iz AL,
eSS

9% =1+ 2°x 415! (mod5?) , 1)

33! =1+ 2" x17x109-5°*| (mod5**?). )

H B BELL R (DI, BATEE] X /577 = 2% x17x 41x1001* (mod5) , %A1l (2 x17x 41x1091°/5) = (3/5) = -1 F
J <

f5t 2. n=3(mod4) . Hiords(9)=2o0rdg(33)=4, #fi1f x* =(4-1)(3°-1)=3(mod5) , X5 (3/5)=-17F
J .

{4t 3. n=5(mod12) . i ord, (9) = 3,0rd, (33) = 6., A 1H X* =(9° -1)(38° -1) =(2° ~1)(5° 1) = 6(mod 7) ,
X5(6/7)=-17)&-

5L 4. n=210(mod12) . ford,(9)=3,0rd,(33)=12, RAMIH x* =(9-1)(38*-1),(9° -1)(33°-1) =
5,11(mod13) , XLEHIFI(5/13) = (11/13) = -1 J& .

& 5. n=13,21(mod24) . Hln=5(mod8),nl(mod2) . Hiord,,(9)=8o0rd,(33)=2, FHAIH
X* =(9°-1)(33-1) =3(mod17) , X5 (3/17)=-17 /&,

L 6. n=18,3342,49,57,73,78,97,102(md120) . Bl n=312,4,137(mod15), n=324,32(mod5).
ordy, (9) =15,0rd,, (33) =5, Ffi1f x* =(9°-1)(33° -1),(9 -1)(33° -1),(9" -1)(33* -1), (9" -1)(33°-1),(9" -1
(337 -1)=12,3,6,26,27(mod31) , iXLL#EFI (12/31) = (3/31) = (6/31) = (26/31) = (27/31) = —1 F & -

5% 7. n=6,9,54,66,114(mod120) . H n=2,1(mod4),n=6,14,9(mod20) . Hiord, (9)=4,ord, (33)=20,
HAE X = (9 -1)(33° -1),(9° -1)(33* - 1),(9-1)(33° 1) = 22,35,34(mod 41) , X k& # I (22/41) = (35/41) =
(34/41) =17 J&

{5 8. n=81,105(mod120) . Hln=9(mod24),n=1(mod8), HA1H x* =(9°-1)(33-1)="76(mod97), iX
5 (76/97)=-17FJ .

115 9. n=2590,121,145,150(mod 240) . EJl n=25,30,1,25(mod60) , n=25,10,70,41,65(mod80) . i
ord,, (9) = 60,0rd,,, (33) =80 , 1A x* =(9% -1)(38% -1),(9° ~1)(33° -1),(9* -1)(33" -1),(9-1)(33" - 1),
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(9% —1)(33% —1) =140,62,227,210,224(mod 241) , X L&
(140/241) = (62/241) = (227/241) = (210/241) = (224/241) = -1 T J&i .

1§ 10. n=210,241,270,481,510,961,1170,1201,1410,1470(mod1680) . EJl n=42,17,46, 33, 6, 9, 50, 25, 10,
14 (mod56) , n=98,17,46,33,62,65,50,81 66,14(mod112) . i ord,,(9)=56,0rd,,(33)=112 , KA1H X
(9% -1)(33" -1),(9"7 -1)(33" -1),(9* -1)(33* -1),(9% -1)(33° - 1),(9° - 1) (33" 1) (9° - 1)(33* - 1),(9%
(33% -1),(9%° -1) (33" -1),(9 -1)(33* -1),(9** —1)(33" - 1) = 73,65,17,59,103,110,101, 46,43, 42( mod113) , iz
#5 A1 (73/113) = (65/113) = (17/113) = (59/113) = (103/113) = (110/113) = (10}/113) = (46/113) = (43/113) = (42/113)
=-17F/&.

#4111, n=1710,5070, 750,4110, 2670, 6030,1230, 4590, 2130, 5490, 690, 4050, 2610, 5970,1650,5010,1441,
2401,3121,3361,4081,5041(mod6720) . Bl n=2,6,1(mod8),n=18,50,14,46,33,49(mod64) . Hi ord,(9)=8,
0rdye (33) =64, HA1H x* =(97 -1)(33° -1),(9 -1)(33% -1),(9° -1) (33" -1),(9° -1) (38" -1),(9-1)(33" -1),
(9-1)(33° —1)=52,174,120,44,114,146(mod193) , X LLHFI
(52/193) = (174/193) = (120/193) = (44/193) = (114/193) = (146/193) = -1 I'J& .

4L 12, n=30,3390,2430,5790, 2910, 6270, 450, 3810, 930, 4290, 3330, 6690, 721, 5761(mod 6720) . Kl n=30,
78,54,30,6,54,49(mod84) , n=30,78,222,114,258,306,49(mod 336) . Hi ord,, (9) =84,0rd,;, (33) =336, KAl
H X = (9% -1)(33° -1),(9" -1)(33" -1),(9% -1)(33"* -1),(9* ~1)(33™ -1) (9" ~1) (38" ~1) (9% - 1) (38 -1) ,
(9% -1)(33" -1) = 218,284,183, 284,124,5,264(mod 337) , IXLLHF
(218/337) = (284/337) = (183/337) = (124/337) = (5/337) = (264/337) = -1 T Jfi .

f§0L 13. n=4530,2370,1681 4801,6481(mod 6720) . Kl n=94,130,113,97,209(mod 224) , n=381,130,337,
321,209(mM0d448) . H 0rd,, (9)=224,0rd,,,(33)=448 , F 1A x* =(9™-1)(33"° -1),(9* -1)(33% 1),
(9" -1)(33%" -1),(97 ~1)(33™* ~1),(9°® —1) (33" ~ 1) = 68,355,119,363,326(m0d 449) , X LLHF
(68/449) = (335/449) = (119/449) = (363/449) = -1 F | .

1 14. n=7710,5730,6721(mod13440) . HJl n=30,290,1(mod320),n = 30,610,321(mod640) .
0rdg,, (9) = 320,0rdy,, (33) =640, A4 x* = (9% -1)(38% -1),(9° -1) (33" - 1),(9-1)(33™ - 1) = 614,418,369
(mod641) , IXULHLFI (614/641) = (418/641) = (369/641) = -1 J& -

&5 15. n =990, 25890(mod 26880) . £l n = 6,18(mod 24), n = 222,34(mod 256) . H ord,q, (9)
=256, A X* =(9° -1)(33% -1),(9° ~1)(33% —1) = 412,567(mod 769) , X LLHiFl (412/769) =
Zigp

1§41 16. n=14430,41310,39330,66210( mod80640) . E n=66,18(mod84) , n=318,990,18,690(mod1008) .
1 Ordieny (9) = 84,010, (33) =1008 , AT A X = (9% ~1)(38° -1 (9% —1) (387 -1),(9"* -1)(33° -1),(9° 1)
(33" -1) = 653,792,138,513(mod1009) . X L& #i (653/1009) = (792/1009) = (513/1009) = ~1 7 /& .

f§ 17. n=12450,93090, 254370, 335010, 68190,148830, 310110,390750( mod 403200) . !
n=60,45(mod105) , n =900, 690, 270, 60,990, 780,360,150(Mod1050) . Hi Ordy, (9) =105,0rd,, (33) =1050, #&
i1 % = (9% -1)(33° -1),(9% - 1)(33° -1),(9% - 1)(33°7° —1) (9% -1)(33* -1 (9 ~1) (33" -1),(9* -1)

(33 -1),(9* -1)(33* -1),(9" —1)(33* 1) = 166,637,519, 78,728,368,331,166(mod1051) , XL
(637/1051) = (519/1051) = ( 78/1051) = (728/1051) = (368/1051) = (33}/1051) = -1 FJi5 .

1§ 18. n=173730,229470(mod 403200) . E}l n=30,120(mod150), n = 930,270(mod1200) . Hiord,,, (9)=
150,010,y (33) =1200, #ATH x* = (9% ~1)(33% ~1),(9* ~1) (33" ~1) =1010,542(mod1201) , JX L&A1
(1010/1201) = (542/769) = —

& = |||

= 24,0rd, (33)
(567/769) = —1
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B
FE48 Kfﬁ?‘:ﬁ’i‘;(g‘ —1)(33“ —1): X2 1En,xe N Ju A ME—f#: n=1,x=16.

2.2. FEIR 2 B9IERA

25 S IAE 2 n < A ASE TR (3" -1)(33" 1) = X* (LA ME—f#: n=1x=8.
B8 (n,x)(n=5) &7 72 (3" -1) (33" ~1) = X fl—4lf%, BUAEFRA 1T 15 s kit it .
B0 1. n=0(mod6) . UL n ArLLME—HiFRin=6-71, Hh 7)1, k>0. #idx) k i@ A9,
TATH
F7 =14+ 27x13. 7% (mod 742 , )
337 =14 25 x17x151x1123. 7] (mod7+?). )

BB, R (DRI, BATFE] /772 = 2° x13x17x151x11231* (mod 7) » XAl (2° x13x17x151x11231°/7) =
(5/7)=-17)&-

U 2. n=24(mod6) . Hi ord,(3)=ord,(33)=6, FAIH x*=(3-1)(33°-1),(3'-1)(33'-1)=33
(mod7), X5 (3/7)=-1FJ&.

W 3. n=511(mod12) . Bl n=2(mod3). Hiordy,(3)=30rd,(33)=12, RAIH x* =(3-1)(33°-1),
(3°-1)(33" ~1)=2,8(mod13) , IXL&HLHI (2/13) = (8/13) = -1 7 J& .

%4 4. n=7,1315,27,31,39,43,45(mod48) . H n=7,11,1315(mod16),n=1(mod2) . i ord,, (3)=16,
ord,, (33)=2, fi1f x* =(3'-1)(83-1),(3" -1)(33-1),(3° -1)(33-1),(3° -1)(33-1) =14,5,12,7(mod17) , X
Se RN (14/17) = (5/17) = (12/17) = (7/17) = -1 F )& -

% % 5. n=19,3337(mod48) . HI n=315(mod8) . M ordg, (3)=480rd,(33)=8 , A1 H X’ =
(3°-1)(33°-1),(8° -1)(33-1),(8" -1)(33° ~1) =56,30,21(mod 97) , IX £ #S Fil (56/97) = (30/97) = (21/97) = -
X JE o

L 6. n=39,69,73,97,99,153193,213,217(mod 240) . l n=39,137(mod30), n=34,32(mod5) . H
ordy, (3)=30,0rd,, (33) =5, A4 x* =(3°-1)(38°-1) (3 -1)(38* -1),(8° -1)(38°-1),(3' -1) (838" -1) = 27,17,
6,17(mod31), XLLHIFN(27/31) =(17/31) =(6/31) =-17J& -

54 7. n=21,121,169,201(mod 240) . Ell n=211,49,81(mod120),n= 21,41,9,41(mod80) . Hi ord,,(3)=
120,0rd,,,(33) =80 , #ATH x* = (3" -1)(33" -1),(3-1)(33" - 1),(3" -1)(33" - 1) = 222,173,139, 220( mod 241) ,
IXEEHI (222/241) = (173/241) = (139/241) = (220/241) = -1 T J&i .

&0 8. n=49,195(mod240) . Rl n=1,3(mod8),n=9,15(mod20). Hiord, (3)=8ord, (33)=20, FHA1H
X =(3-1)(33° -1),(3°-1)(38° ~1) =3,29(mod41) , IXLEHLI (3/41) = (29/41) = -1 FJ& .

1§ 9. n=2551,57,105,117,145,165(mod 240) . El n=5,1,7(mod10),n =5,11,17(mod 20) . 1 ord,, (3) =10,
ordg, (33)=20 ., #ATH X =(3°-1)(33° -1),(3-1)(33" -1),(3" -1)(33" ~1) = 24,54,24(mod 61) , X L& L F
(24/61) = (54/61) =17 J& -

{4t 10. n=241,481(mod720) . El n=7,13(mod18),n=7,4(mod9). Hiord,, (3)=180rd;, (33)=9, A
# X =(3"-1)(33" -1),(3°-1) (33" -1) =18,32(mod37) , XLLHEAI (18/37) = (32/37) = —1 7 /& -

&t 11. n=387(mod720) . Bl n=27(mod45),n=27(mod90) . Hiord,, (3)=450rdy, (33)=90, FAIH
X* = (37 -1)(33" -1) = 74(mod181) , X5 (74/181) = -17 J& .

4L 12. n=627,867,1441,2067, 2161, 2881, 3027 (mod 3600) . Kl n=27,67,41,61,81(mod100),n = 27,17,41,
11,31(mod50) . i ord, (3)=100,0rd, (33)=50 . & fi1 A x* =(37 -1)(33”7 -1),(37 -1)(33" -1),(3" -1)
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(33" -1),(3" -1) (33" -1),(3" -1)(33" -1) =51,94,27,18,10(mod101) , X % #{ fil (51/101) = (94/101) = (27/101)
= (18/101) = (10/101) = -1 7 J5 -

51 13. n=1587,2307,2787,3507(mod3600) . R n=37,7(mod50),n=3(mod6) . Hiordy,(3)=500rd,
(33)=6, WAIH x* =(37 -1)(38°-1),(8 -1)(38°~1) =146,7(mod151) , IXLLHFI (146/151) = (7/151) = —1 F & -

5 14. n=147,1347(mod3600) . Rl n=147(mod400),n = 67(mod80) . i ord,q, (3)=400,0rd,y, (33)=80,
i1 % = (34 -1)(337 ~1) =139(mod 401) , 1% 55 (139/401) = -1 7 /& .

1t 15. n=721(mod3600) . Bl n=46(mod75),n=121(mod600) . Hiordg, (3)=24,0rdyy, (33)=600, ]
X = (3% -1)(33% ~1) = 224(mod 601) . IX 5 (224/601) = -1 F /& .

EFE S

AR A7 (3 -1)(33" 1) = 7E nxe N TG LA —f#: n=1x=8.
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