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Abstract

The paper does qualitative research on a four-dimensional tumor growth model by using center
manifolds theory and local bifurcation theory and proves the existence of Transcritical bifurcation
and Hopf bifurcation theoretically. It turns out that the patient will recover from the tumor within
some time by self-immune system if the tumor growth rate could drop below the threshold with
the treatment.
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23 FERENE, EKBMBEN
ASCEBOCHR[A] AT L S p, Ny SC S, HABSHIME R €, RIET SCHR[4]:
p,=0518, p, =45, p, =086, 5,=05, 5, =111, a;, =15,
0y =02, a,, =03, a3 =1 a;, =25, a, =0.75
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% =0.518x, (1—x ) —1.5% X
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1+ X,
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o BEE DI SCBHL py AL, RGQ)F AN, R LA E T
1) % p;€(0,0.09104), R4 8 AFHial, Hr 14> sink P, fl 7 4 saddles P (i=1,4,6,7,8,9,11) .

2) Y p,=p;=009104, RGA 8 P, 14 sinkP,, 64 saddlesP,(i=14,6,8,9,11) fil 1
AMRFEE A {~0.01076,+0.25794i,0.3407 IR0 P 58 P, = (1,55, %, %; ) = (0,0.07346,0.1182,0.1598) -

3) i p; €(0.09104,0.62866) , RLifT 8 Tl xi, Hrht 14 sink P, /17 4> saddles P, (i=1,4,6,7,8,9,11)

4) M p,=pl =062866, RGH 7 AP, Kb 14 sink P, 54> saddlesP (i=1,4,6,7,9) fl 1 /4
R {-0.5781,0.186,-0.023,0) A0l P 5 B, = B, = (%7, %}, X3, X} ) = (0.6577,0,0.1182,0.1598) -

5) ¥ p, €(0.62866,0.71044) , FZify 8 MPfiisi, Jrf 14> sink P, A1 7 /> saddles
P(i=14,6,7,8911).

6) M p,=p; =071044 , REGH 7 A FHE, HF 14 sink P, , 5> saddles P (i=14,7,8,11) 1 1
AMFFEAE 9 {-0.5743,0.161,0,0.0097} [ FEXUH 1 5 P, = P, = (%7, 5,3, %; ) =(0.6163,0,0.1325,0) -

7) 2 p, €(0.71044,0.74588) , FLifT 8 MV sl, A 14> sink P, Al 7 /> saddles
P(i=14,6780911).

8) M p,=p; =0.74588 , RZGiH 7 APHis, 14 sinkP,, 54 saddlesP, (i=1,4,7,9,11) Al 1
AMRFEE A {-0.5785,0.1497,-0.048, 0} (X AEXU T4 P, = B, = (X', %3, X3, X{ ) = (0.6577,0,0.1182,0) -

9) i p,(0.74588,1), ARG 8 I THirm, Hrh 1/ sink P, M1 7 4> saddles P, (i =1,4,6,7,8,9,11) .

10) M p,=p; =1, RGAH 7 AFi5, H 64 saddlesP, (i =1,4,7,8,9,11) 1 1 MRFE(E A
{-0.518,-0.5,0,-0.0909} F{I A XUHF- i i P, = B, = (%7, %5, %3, X; ) =(1,0,0,0)

11) #p, €(1L1.24771), RGA 8 T HiTs, H 14 sink P 17 4> saddles P, (i=1,2,4,7,8,9,11) .

12) M p, = p; =1.24771, RGH 8 M4 si, H 14 sink By, 6 4> saddles P, (i =1,2,4,7,8,11) 1 —
AMRFAEE ) {-0.4846,+0.3669i,0.0097 | AU T £ Py = (X7, %5, %5, X; ) = (0.6163,0.1864,0.1325,0) -

13) * p, €(1.24771,1.31131) , RGEH 8T s, b 14> sink Py , 74> saddles B (1=1,2,4,7,8,9,11) -

14) ¥ p, = p; =1.31131, HGH 8 P, Hrh 14 sinkP,, 64> saddlesP (i=124,7,89) fl 1

« _ 0.86x,% ix
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AMRFEA A {-0.4858,0.4074i,-0.0099} f1F XU i - 15
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15) 4 p, €(1.3113L+0) , RGA 8 M7, Hr 24 sinks P, (i = 6,11) 1 6 4> saddles
P(i=12478)9).
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I ZR G0 (3)1ET-1lif 2 By, Py, By 1 P, MHIZ (1 Bh &4k .
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z,| | 0 -05 0 0 z . f,(20,2,, 25,2, 10) )
2, 0 0 -0.0909 0]z, f3(21,2,,25. 24, 1)
z, 0 0 0 0\ z, f,(2,2,,25,2,, 1)
Horpre
f, (2,25, 23,2, 1) = —0.51827 —0.4567,7, — 2.3632,2, +0.5857;
+0.9457, 03092} +0.7092,7, /(1+ 2,
f,(2.2,,25,2,, 1) = 0.32,2, —0.0652,2, +1.4692,7, /(0.3264z, +1)
f3(2,,2,,25,2,, 1) = 0.28072,2, /(1+0.32642, )
f, (2,25, 23,24, 1) = -2,2, — 2.52,7, + 0.61882; + 2,11 — 0.3264 17}
PAHES L p AR B AL B
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4 hl(zcwu)
BRBAHE | 2, |=| h, (2, 0) | OB IS I) € 5K, 455
Z3 hS(ZAUU)
Zl z4hl(z4uu)
2, |=D,,h(2, )2, + D0 (2, 1) fr=| D,y (2,.0) |24 (®)
23 D14h3(24,/,l)
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D, 1y (24, 22) |-(A- 2y + Ty (0 (24, 22) 0y (200 1)1 (24, 10) 24, 1))
Pl ©
h (24, 1) (hl( 1),y (24 1), 0 (24, 10,24 ,U)
B{hz(z“ ﬂ) (hl( ) ( 4*:“)7h3( 4 ,U) 4 ﬂ) =0
M (2 20) )\t (R (200 t0) 1y (200 ) g (200 10) 20, 0)

HFA=0, B=| 0 -05 0 » A FEIZRI ZEET 0, R15:
0 0 —0.0909

2(24-/‘) = 0 (10)
hy (24, 1) 0

L0 RNRGL(5)FI(6), 133 R G(5)F1(6) B il 767 15 5 i J= i o TR W2, (O) B R Ge

hy (24, 1) 0.28982; +0.743z, 1+
h(zy 1) = =

2, =—0.28987° —1.06972 +0.61882% + uz, +- - 1)
=0
L2, =H(z4p1), BT H(z,p)i/2:
oH oH o°H 0°H
H(0,0)=0, 0,0)=0, 0,0)=0, 0,0)=1=0, 0,0)=0.6188=0, #M&AZi(11
(00)=0. Z50.0)=0, Z(0.0)=0, Z=(0.0) 7 (00)- LR

(P47 5 SR P AE =0 AR AT Transcritical 4752 RUARF(1L)5 RGE) NS, FT ARG (3) T
WP TESY B M p, = ps =1 AR AT Transcritical 43 %, FLE 1 LM, P& P, REER, P& P,
EAFER); E LA, PSP, RAFRER, Pl P RRREM.

1B 2 4 p, = p; =0.74588, [FITETE 1, RE(3)TE p, =0.74588 kK4 T Transcritical 432, £ 0.74588
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BRI S 188T R Py AP R By AR E PRI R A B

1B 3 Y p, = pd =0.71044 1, FEE 2, RGQB)TE p, =0.71044 Kbk E T Transcritical 4y %, 7F
0.71044 FIPRAN-T i By AP A Py ARE MR KA AL .

5% 4 2 p, = pf =0.62866 I, [ 2, RLI)E p, =0.62866 4K /ET Transcritical 7032, £
0.62866 1] ¥ I ~F-1i7 5 By FH-T-47 £ B, RS E TR A R A B

2.5. F# R Hopf 43

M py =5, 05, o1 B, RGUB)AEAERIAERUI 17 55 RFAEAR G — ST 2l AR, A AWRFAEAR ST 4R,
LGS U RT RE 22 AR Hopf 4332

5% 1: p, = p =1.31131 1

[F] 2.4 167% 1, vH5A5 20 BRI/ P e S5 s R0 O I RS0

z,) (0  -04074)(z fy(h.hy, 25,24, 1)
(ZJ_{OAOM 0 J[zJJF f, (N, 25,2, 10) (12)

=0

F

f3<hl(23,24,y),h2 (23, 247/1), 23124:#)

=-0.0477 uz, —0.0282uz, +0.0443z% —0.13042,2, +0.04362;
+0.00084°2, +0.000054°2, +0.01946 .12, —0.0029 112,72,
~0.00591222 +0.0052% +0.001z7z, +0.05532,22 — 0.05462; + -

f, (h1(23! ZA!#)’hZ (23’ ZA':”)’ Z3, Z4,,u)

— -0.0332u2, +0.0196 4, — 0.79927% —0.19987,2, + 0.920922
—0.000564z, —0.000034.22, —0.01964 2% —0.047722,2,
—0.000254 127 +0.0203z; —0.062722z, —0.0877612,2; —0.09162; +--

L f= f3(hl,h2,23,24,y),g = f4(h1'h2123124u”)

dRe(A
£(0,0,0)=0,9(0,0,0).d = () _ 1450
du o
L f f
a= E[ 232323 + 232424 + 9232324 + 9242424 :I (0,0,0)
1
+@|: f2324 ( fzgzs + f2424 )_ gzsza (gzszs + 92424 )_ fzazs gzszs + f2424 92424 :| (0,0,0)
=-0.0056 <0

R4 Poincare-Andronuv-Hopf 43 3 2 #E[5], K Na<0,d <0, Al 22% p, > pi =1.31131 1,
AT A5 Py T . 2 g BN pf I, RGLB)IE T R, AR AE T Hopf 43 3¢, Bl p, 44208/,
S Py RIRATRE, RGTE py WL MR A B T — e de e 1 IS, KA Hopf 43 30K AN
supercritical .

B 2 p,=ps =1247710, FER 1, KNa>0,d>0, FrbhY p, /NE] p i, REGE(3)1E T4
MR MERAET Hopf 4330, BEE p, ARV, TE py FIZEUARIR N AR T — AR e 1 A AL, R
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Hopf 4 3358y subcritical .

1 3: p,=p; =0.09104 1, [ 1, FAa>0,d<0, ATLLY p, M o ZEME] p3 I, R %5(3)
TESFH 55 P, Kb R AT Hopf 4332, B p, 4KERIEIN, 1 p3 MIAT AR PN A i T — AR e I AL, Kk
A= 1K) Hopf 73 322884 0y subcritical .
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Figure 1. The bifurcation diagram

B 1 9%E

El1L, L, Ly, L Ly, Ly, Ly, Ly J9XF 2R UG B B s RGEQG)IEIX A RIALZ S T Transcritical
33 FRid H RIRIE RGIX AN JUALE T T Hopf 433 Frid D KR REERX N mUAEE T 115 IR 3
SRR NP 2 (B T ) AR E 1Y), AR IR st 2R (B ) — AR E 1 .

P LR 2 s T BE o AR AT R ) 20 SORNE BARRAE O 93 S R, K R LAN 9
SCRTITEIE A HB (Hopf 4337); TB (Transcritical 4337); PDB (£% 114 37);

Table 1. Bifurcation occured at equilibrium points

# 1 FERNX

HB (6) HB (5) TB (1) TB (2) TB (3) TB (4) HB (7)

Ps 1.31131 1.24771 1 0.74588 0.71044 0.62866 0.09104

Table 2. Bifurcation generated by periodic solution

F 2. FAHABERSX

PDB (10) PDB (8) PDB (9) PDB (11) PDB (12)

Py 1.05072 1.03832 0.946834 0.789378 0.303911

2 py M 1.31131 B4 kN2 1.31131 B, RGL(3)TE By 4K AE T HB (6); B p, 4k /N, 75 1.31131
A2, ST A B, HIARIE A AR B — IR R I FELBREN, Q] 2 FoR. 24 p, /N BN 1.24771 BF, RGTE B, 4b
KAT HB (), B py GRER08/N, 1E 1.24771 e, ~F 5 By BOARISA AR B — AN E I RS 4 p,
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PeF1E-1 A B T Ah 28 i B4 [ 80 T PDB (10) I AR, e I RRHEV R 2 T A8 1. 24 p, /N T 1.05072
W, AT 765 A SRR S, & 3(a)~(d) .
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Figure 2. The projection of periodic orbit and time series chart of x, for p, =1.30124
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Figure 3. The period-doubling cascade: (a) Period 1 orbitat o, =1.1; (b) Period 2 orbitat p, =1.03934 ; (c) Period 4 orbit
at p, =1.02193; (d) Chaotic attractor at p, =1.00196

3. ERMAN LB IR () p, =118 M 1 314%; (D) p, =1.03934 LLHIFS 2 314%; (C) p, =1.02193 &bAIFE 4 %
Z; (d) p, =1.00196 LBURERS|F

%4 p, =1.00196 I}, L1 (0.68414,0.24690,0.02620,0.23384) AHI 4 sl AL & — ARG 51 7, Hoxt
Jf¥) Lyapunov $5%(y(0.014222,0,-0.014086,-0.44887) . # p, (0.947834,1.01265) , FRGfE P, 4L/
H R B RS A A TR TR o

4 45T M py =0.96 B, P47 AT P, 4R34 LA (0.6698,0.2501,0.1073,0.2081) Ay#)46 st & [T i
T 7E %, %, [ (¥ #5 RI P, 4538 A LA S, (0.85,0.4,0.1,0.1) Sy H) i A H R B B 1) 3 K i S50 BT 4 A
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Figure 4. The projection of coexistence of two steady states for p, =0.96
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