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Abstract

In this paper, for acquiring the sparse nonnegative solution of underdetermined linear equations,
the original problem is relaxed intoa |, regularized optimization model. An active set identifica-

tion technique is developed to accurately identify the zero components in a neighbourhood of the
strict L-stationary point. Based on the active set identification technique, we propose an active set
Barzilar-Borwein method to solve a |, regularized minimization model. Numerical results show

that the algorithm can effectively solve the sparse nonnegative solutions of underdetermined li-
near equations.
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1. 3]

HTRELMETTIRE Ax=b, XHbeR™, xeR", Amxn(m<n) 5k, bROAM, x 2R
KOy, AR REARTUE x = 0 (BT 3R IGE LMD R IR AE U, AU SRAE AT DA 1 .

][l

min|, "
s.t. Ax=Db,x>0.
Horp x|, R x PAEF SR IXFE RS S, BRI 2 e i e A 3 A U i T

Iz W FE[1] [2] [3].
TEDUE IR TE R o, 32 B D0 AR R sty S e v il (1) o D038VE LA HE IR AC VUL IE BR B [4],
1E Ak TE 22 VG T B B [5] AR R 48 KA VG e 38 B[ 640 725 [ R [ 7] o X Fh 2878 () B3k ol T FLAR X e b
TSR T, MAAESSETRE] T T2 N AT, M55 AR AR B0 e S KPR s, SaEk
I RETCVETS BIERIE -
sty it B — g i) AR SO L R HAES |, YEEL, 4 1 MU B A AN O B ) T A B B . 8
THEIT |, AR 2 | Al MRS | AR /MR — AN I A R R, FERERE A TR IE SRR, LR
AMERT DU FA R SRS 5 o PG, | BRANMGHB J9 =2 fd D i 8 I ) 386 B I C R IRAR 2] 1T
ZIIEM. B, SRR (0 < p <) JEEBHR I AE |, R A . 5 | B MU TR L, R
Fa st AR I o B S A MR, (I8 R O SR
RARLIHRARAL W (1) R ZEA PRI . 5 — M EE 2R E AR, A s E E A E N
BUELE S BN, AR /M [8]FIIEAR H A B /> 3R BVE[9] . 5 — Pl v i Ao IE AL A 3%, ed i 5l
N IETACZHORE ) (1) A6 9 e A i) At
min g (x) = f (x)-+ [,
s.t.x>0.

O]

Hofs f(x):%"Ax—b"z, B> 0 s M EML S %,
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ARSI AR AU B SR 2e BRSSO T 18] # (2) (1) — B DA 2% 4 - 2T~ Cheng 1 Chen [10]
(IR T, RATEMAAERLIR x>0 )5, FHHFE L7 M T R RIFE /Ml FEARE N, e E
Mo L-RRUE B T L-ARUE AL TR eI Z IR R BEZ IR 7R SR TR N R (2), XM
VEREME RS HED AR Y L-AR0E RUAB N B A R 14 & G 1R Y T A A4 Barzilar-Borwein 523K i ] f1(2) .
G HEAT T BRI, R TSR AT DU R SRR R E B T AR AR B R B
2. FFSUtER

PEATT R, JRADHE A B ST B X R R AR, BT S (X)X R
SR FARER, TR (X' ) R X AR A R T AR

( ) {l:xi*=O}$l]r(x*)={i:xi*>0}.

EX21[11] AveR", a>0, HEMHEE N (v, o)L

{vi,|vi|>x/ﬂ, _
hy(v.a), = i=12,--n.

0,|vi|s\/5

TR hy (v, o) ot e 55
TE 2.1 TEERME ST 1 AN b e R S A, R
hy(v.a) = argmln{"u" u_argmln{ ||x||0+%||x—v||2}}.

ueR" xeR

TERGT W FE T, Beck Al Hallak [12]#2 1 T ] 8 (1) — B A 2 X
min{f(x)+y||x||O ‘Xe B}. 3)
Hhu>0, BSR".
EX 2.2 (FEAREMWMEB=R], WE:
gi(x*):O,Viez—(x*). (4)

g, (x7) Fom 1 (X7) S8 | MM EEIIBEIE . BB PRI L 2 (4) ) X B (2) I RE AR S A
FE X 2.3 (L-FasE ) ) i X BRAE 1) (3) ) L-Fat s AU A2
P 1 1 ’
=arg€r2in{t||x||0+5 x—(x —Eg(x )j }

X" € prox [x*—lg(x*)j
%QB L
KA L>0, gg(x)=085(X)+|x|, E 65 (x) %A B MabrR %, Mmife e b2

0,xe B;
SB(X)z{l xeB.

L B=RII, FEE@)EMN T HEQR), W _ERFAEFGR T ek
0<g4( *)<\/2yL ie;/( *)'

\/7Elg =0,ier(x).
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1] 8 X3 2 U T S AR ] R (2) O PR L-RE A
0<g-( *) v2ulL, ie;/( *)'

x>\/7ﬂg OIET ) ©)

1) B X VR AT SR A AERR A [ R (2) 1 SR AR AR R
0<yg; (X*) <\2ulL,ie )/(X*);
gi(x*)zo,i ez’(x*).
FH_F R S5 A AN HEAS HE El i) R (2) ) ek LR s ) DAHE HH ) RL(2) 1 L-AR i i, SRR AR AR p AR AR AR

\\\\\

ST HREH(X), FrdeR"ZERES(X)TEX TR, WREHs>0, 15
$(x+ad)<g(x),Vae(0,5).
AT D(X) Fom R ¢ (X) FIFTAE TR ES
D(x):{deR“|¢(x+ad)<¢(x),Vae(0,6)}.
FABA T SCHR[10] e #E 2.1, NI B 45 AR A D(X) R RIATE 2, OB A R T 3115 2%

MEAG T AR EL(2)
RE21 BEX>0, T f(x) RELATEN, 0 D(X) TEAN:

x{ RrlT 0 <0.d,, }

3. B EMT

SR, AR AR E T R B R AU AR . BTk, 1A R
(A O PR 2SRRI R T LR e JRATFISE A A(X)SBIE (X' )» 4 F (%) B3 7(x)

il

F(@:%:&>%94@+J%?}

TR IR, 200 X RO PH LR 0, I LA MR MBI A ) RIS 7 (X )
T
REH 3L X RFIQI R LA, A ()} T X R TR0 kA

A(xk)gy(x*)ﬂr(x*)g F(xk).
WERH: B X A2 ) E(2) F ™ K L-FR g A, ﬂﬂ%r(x*)=®, BT
A(xk)UF(xk)zy(x*)Ur(x*)z{1,2,--~,n}.

BT LASE 18 AT ﬁﬁvfr(x*);t@, XFTAEE H’]ler( ) FH (5) AT %0 :
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L, e F(x) it e (x) < F(x).-
57T, XFAEE i A(X), A

{3 T X, T

« 1 . 2u
0<x ngi<x )+\/;
TR Rk W x =0. HlEsRELE BI1G0<g, (X*)SJZ,UL o I, i ey(x*) k2
A(Xk)gy(x*) , UEEE,
NHREBRY, 2 xS Q)RS LA S, AT LI RIS A(xk ) = 7/(xk) .
SEHE 3.2 R X S M AR AR E A, A

A(xk)zy(xk),F(xk)zr(xk).
UER: (B X R R b LARSE ml, 0P THAERM i ey (X)), BIAIFG) T ie A(X) . it THE
e A(X ), el x =0, AFLE, MR X 20, MEKMFE)AH g (xX)=0 HA:

X s‘/zTﬂ:xik =0.

Mt ie y(xk) , A(xk)z y(xk) o [FFEI1E F (xk)z r(xk) , UEEE.
4. BYSREE

FEARFT R, e AR T A A8 SURI— S8 AH DG M T, AR5 A48 — B 24 Barzilar-Borwein 5123k
SRARIRR(2), FHorit 7S A R
4.1. BEFHE—LEMR

A x e QR K MR, T FRE, 4

T SRR, B G BB
A :{i € A" :xikgi(xk)zo},A; :{i e A :xikgi(xk)<0}.
i o = (o o ds )X dl,
df =-A'glieF~ (6)
HA 0 < Ay, S A% < A /2 Barzilar-Borwein HVEE K, HRSHM & SCKTE 4.2 1. 4 A SRR
TR TS, HOEHEALG)NERN FIES. £E A BN LG HERK Ttk
Ho Bk, ghhE X
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df =-xieA. ()
df =—gf.ieA;. (8)
TR E R d* =0 24 HAL Y x* 2 Q) — ANk L-FaE S
T 4.1 B d* B EikE XA(6)~@)FTFEar. d =02 HAL x* & Q) — AN ™ L-Fa s .
EW: 4d* =0, H A E X R =g =0, AIBA =0, HicA, h A KE XM
dik = —Xik =0 mfgf:

x =0Hg; (x")s J2uL.

2
X< > \/%ﬂgi (xk)z 0.

Bk, MRV xR LR e . Wifie A BATRR X =0, df =X =0HA =0,
F b, WX =0, HRG)TH:

gi(x“)=OHxik S\/%:xik =0.

XS5BT IE. B, XvieF f:
gi(xk):Oﬂdik =0.

W ieFY, o F*E a5

L.
FEEA42 Bk x> x Hd" >0, Hrid* f\z(6)~@)irEnm, W X & M @(Q2) [ — L-FasE i
FM: X TFVieA, HxX 5xH, fTd =-x—0, WEx =0. FHh A KT BAITTHE:
X =0Hg (X")<2uL,
T Vie AN, fdf=-gf >0, W
g,(x7)=0.
MFVvieF , BT g(x)MESLEMI >0, H

* 2 «
X > ,/Tﬂﬂgi(x )zO.
.

N E R, WE X 2R EQR) KR AT E S, H1(6)~(8):E X d* 2 f1E x* ALK FRE T 1A
B 43 Bk d* H1(6)~8)XE X, Al
(¢*) d* <o. 9)
AN, 55 a2 HAY Y X 2 ) (2) F B AR E A
ER: A SCAT A
gdf =—gi'x <0,Vie A
B AN 5E AT SN
grdl = —(gik)2 <0.
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B X 2 F(2) MM AR 2 8 AR 21,2, 7 xg, (X*) =0 - H b, 5 FAEAEHG < AY
= A () d* =0 1 AS sk ST A =@ R TERT € P RATH g =0. HRIL,
RS RO /L% T 0, RATH:

g () =0 >\/TVIEFk

A I SCRT AT A =@ o B A 52 ST 19
X =0,0< g <2uL50 < x* s\/?,gik =0.
HTC R AT, X ) R (2) () SR B AR R, TIEHE

4.2. Bk

BT PR e e R L M R [13], AT SCHR[10], AR L T —Ff %% Barzilar-Borwein
ERRAEI (). ABAN[E T SCBR[L0] M 2 FATE MR LW G, BHE 1A SRR R 7 144
FIW], PR T ANREREEAR AL IR T EE R SOE

B 4.1 (B34 Barzilar-Borwein 532, fijid ABB #.%)

&0 Wtk X’ eR], Wn,6€(01), A°=1H A, >4, >0, EBHM, Bk=0.

A1 HATURSMERS G, G SR A R A, TR AR X &k

B2 WH A A, <A <A, Hd* hE6)~8)HiiE .

3 ke =1, WEARER

B(x +akd") ( [ ||) (10)

AT 5, HNBATE 4,
4 WE o = max{nj,jzo,l,-u} R R

f(x*+a*d*)< max f( ( ||d ||) (11)

0<j<m(k)

Hm(0)=0, o<m(k)<min[m(k-1)+LM ], #IT¥ 5.
$5 HE X =X +a d", Blk=k+1, REZE 1.
BrR, BEE A mEMEER, 8H 7T Barzilar-Borwein (BB)HiE[14] (A B, HUTF

Barzilar-Borwein #5 i JEAR, 38 SR A R 1 A A0 AL ] B

(A)sd -y ?
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T TR, RATES K (L2RARE), ik T 5% 4.1,
4.3. 2RI

NEAG TR 4.1 ARSI ST SCER[I3] R AT, AT T N 5] E.
FIE 41 BUFH] (X | R 4174 WRAEAE A IERH 0T R k> kg, iR
(11), FEATA:
limea*d =0. (13)

k—o

TN e EAE L 4.2 R T {xk} (AT 725 5 A2 ) R (2) 1) LA s Al i e A AR 1
TH 4.4 BEITFF {xk} WL 4L WA TFRITA T K #A d* 20, NP {xk} RS A
X ) (2) ) L-Fae A B A AR AR A A
W BT RTAER k #8E d* 20, H X NF5 {xk} PERER A M — DRI ES K,
W2 k e K (75
limx* =x".

k—o

HIEFIARFES ACA L FEE RGN, S F BNk ek, RMFEHMBEIR. HRQ): 0R
FE—ADTERERES K c K, SITHEMkeK, , LERADEF L. WX AZERQ0)RA, w13
limd* =0.
k—o
W EPE 4.2 ATASS R OL. 15TB(2): WRAFAE D IEREE k, , W THARk >k, LAERAL)HH
R BRI (o) A AEERRIRE, R
limd* =0.

k—ow

RUFIETE 4.2 WKV ML, T, R ima =0, THIAM K21, HAEEQALIN
AT

k

f (xk +a—kko— f (xk)z f [xk +a—dkj—0<rp<ar1n>((k) f (xk’j ) > —5(%"&”}

n n

2

(14)

F—J7H, AT R keK, HPEEBEA S

k K K T
([ ee a1 oo e o) @+ L afe) o
n n n n
Hr o €(01). ¥ LRERWHAQ), 1T

k T . K ,

9 Xk+9ka—ko—g X" ] d“+g(x<) d*>-sZ|d*[.

(ot g oo o050 o

TR (0*), A, KR e, 77 A fim d* = d, S5 8IR 41 W, lima* =0,

A — AR g (X)) 0 > 0. HEE 43 FIHTIE, MM, T
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5. ${ESCIE

TNTHPR AT — S B SRR SR BAIE B 4.1 X TR R e 2t 7 R A RS AR SRR A AU BT
S £ HLH R AR AR 250 AR HU I (2.50 GHz, 8.00 GB of RAM) | SEZHRf, #0214t % F) MATLAB R2016a.

BT SCHR[L51 A SRB0ESE T 1y DR Ab 1) ] 82 R v, AT TR B R NIE S 7 . B 7 vkt
FEAEH SR M) () [T, JesRARW T — R

X, =argmin{g, (x)=f (x)+ x|, }-

xeR{

Hrt gty > gy > o> g BN R A ERBL BAVREIRR X, (ENF— A FURB RIS I% R A . T
4 :%”ATbi, fhy =107 1y s KT [ty 1y ] OB AL B, FRKS3EAR N A 60 T K )

HATEFEFFH { g | VRTINS A, RS o 8T —ANAEEE, B4 gy = max{ g, ,0.005) « SLEH# K
SRR
2°=1LM =10, 4, =107, 4., =10,8 =107, = 0.5 o 1 56 b i 1 /33 MO RE A S mxn (13 &
FERE A, IR EAX AT T IEAS AL . TR X = — N EAH B A T-HEE 5, SIS b & U
b=Ax +e
Horb e RARERIE A E By 24 107 [T i /0 A £ 11 o
FESEEG T, ATHEFC T SHN R L S5, % n=5x10°Min=10*, m=round(0.2%n), 3
HLE VMBI G X MAEE S EREE T E 1 5 60 #4171, BIAMAIIA SR T E, i

Hg(xk)r(xk) <1075k o () | <005 FHEHT, {5 ikiaSh. P M TEIB AR (ter) TRy
([ =7 Rz St ) (Time) =y Kot ABB SLHOPE REEAT PPt

Table 1. n=5x10°L :1/5 , the results of ABB algorithm to solve the problem
#F 1. n=5x10°,L =1/5 K ABB B ARMREIMAMITEER

(N, T) Iter Ix=x. Time (sec.)
(10, 1:30) 26.86 4.14e-02 18.85
(15, 1:30) 31.62 4.47¢-02 19.21
(20, 1:30) 35.55 4.60e—02 22.03
(10, 31:60) 30.47 5.56e—02 20.35
(15, 31:60) 35.53 5.62e—02 21.48
(20, 31:60) 39.55 5.49¢—02 24.86

Table 2. n=5x10%L =1/4, the results of ABB algorithm to solve the problem
2. n=5x10°,L =1/4 Bt ABB EAKRERIEAIT ELER

(N, T) Iter Ix=x|. Time (sec.)
(10, 1:30) 26.15 4.14¢-02 18.03
(15, 1:30) 31.04 4.47¢-02 19.08
(20, 1:30) 35.22 4.60e—02 20.67

Y A
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(10, 31:60) 30.50 5.56e—02 19.33
(15, 31:60) 35.80 5.62e—02 20.59
(20, 31:60) 39.53 5.49¢—02 24.70

Table3. n=5x10%L =1/2, the results of ABB algorithm to solve the problem
%3 n=5x10°,L =1/2 if ABB B RIBETAIT B

(N, T) Iter Ix=x|. Time (sec.)
(10, 1:30) 26.85 4.14e-02 18.87
(15, 1:30) 31.89 4.47e-02 19.09
(20, 1:30) 35.63 4.60e—02 21.33
(10, 31:60) 32.47 5.56e—02 2451
(15, 31:60) 35.90 5.62e—02 25.47
(20, 31:60) 39.90 5.49e-02 27.64

Table 4. n=5x10°%L =1, the results of ABB algorithm to solve the problem
F 4. n=5x10° L =1Kf ABB E ;A KRERIFMMITELER

(N,T) Iter Ix=x. Time (sec.)
(10, 1:30) 26.96 4.14e-02 19.03
(15, 1:30) 31.85 4.47e-02 20.55
(20, 1:30) 35.52 4.60e—02 21.10
(10, 31:60) 34.17 5.56e—02 23.65
(15, 31:60) 36.10 5.62e-02 24.88
(20, 31:60) 39.73 5.49e-02 26.78

Bk % 1~4 ATRLEH, S ARHRE n =5x10° I}, T =31:60,N =15, ABB HE/74 7KK
PYRZE . ET =1:30,N =10 i, ABB HE“AMPERZR /M. 1 L MIBUEZXTT ABB B4
(IR Z R AR /N

X T LR FRAR P B, AT LB S ET =1:30 8, L A1 N FIBUEAR LT ABB iRk i
I T 2803 AR R B AN 32 B T = A O R

39+ [IN=10 | A
[EIN=15
CN=20
377 1
& 35 B ] (]
X
¥
h 33
E{. 31
291
27
25 —
L=1/5 L=1/4 L=1/2 L=1

Figure 1. The influence of the change of N value on the average number of iterations at different L levels
B 1. AELKFET, NEETEITEERREEm
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Eah-0
231 1
[} L ] o
2 21 —
-
ot
G 19}
17}
15 —
L=1/5 L=1/4 L=1/2 L=1

Figure 2. The influence of the change of N value on operation time at different L levels
2. AE LAKFET, NEEZRIZERERIFN

39+ I L=1/5 4

-1
=12
37t _-—-
% 35) ]
K
S
£33}
_*E!ﬂ
!
g 31¢
29t
27t

N=10 N=15 N=20

Figure 3. The influence of the change of L value on the average number of iterations at different N levels
B 3. AEINKET, LEETLTFEERREHFMm

25

N
=

CPU Time
©

177

15 —
N=10 N=15 N=20

Figure 4. The influence of the change of L value on operation time at different N levels
4. NEINKFET, L BUERE L3t E BT E 200
m 1 AE 2 aTRLB R A, 2 L RE—E N, B N BB R, A B is SN (AT 2 8 .
FIFER, i 3 A 4 nTRARAEH, 2 N WHUE— &R, TRUEH L=y4r, a0 8z St
[ #R A /N e BHUERT AT, 24 L=1/4,N =10 I, nJ LAFS S fl i) s o 45
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Table 5. n=10%L :]/5 , the results of ABB algorithm to solve the problem
F 5. n=10°,L =15 K ABB B A KRG AT EER

(N, T) Iter Ix=x. Time (sec.)
(10, 1:30) 26.86 4.77e—02 76.62
(15, 1:30) 30.62 4.70e—02 77.02
(20, 1:30) 34.55 4.60e—02 79.56
(10, 31:60) 28.47 5.53e-02 80.35
(15, 31:60) 33.53 5.72e-02 81.46
(20, 31:60) 39.27 5.48e—02 84.06
Table 6. n=10*L=1/4, the results of ABB algorithm to solve the problem
F 6. n=10°,L=1/4 Bt ABB B EKMERIFAIITELER
(N, T) Iter Ix=x. Time (sec.)
(10, 1:30) 26.41 4.77e-02 75.03
(15, 1:30) 30.59 4.70e-02 76.08
(20, 1:30) 34.62 4.60e—02 78.77
(10, 31:60) 27.70 5.53¢-02 77.53
(15, 31:60) 32.03 5.72¢-02 80.49
(20, 31:60) 39.23 5.48¢—02 82.50
Table 7. n=10%L =]/2 , the results of ABB algorithm to solve the problem
F 7. n=10",L=1/2 B} ABB E A KAREREMITELESR
(N, T) Iter Ix=x|. Time (sec.)
(10, 1:30) 26.84 4.77e—02 76.97
(15, 1:30) 30.90 4.70e—02 80.09
(20, 1:30) 34.69 4.60e—02 81.53
(10, 31:60) 30.27 5.53e-02 80.51
(15, 31:60) 33.80 5.72e—02 81.67
(20, 31:60) 40.30 5.48e-02 83.54
Table 8. n=10",L =1, the results of ABB algorithm to solve the problem
# 8. n=10°,L =18F ABB B LKA ELER
(N, T) Iter Ix=x|. Time (sec.)
(10, 1:30) 26.98 4.77e—02 77.03
(15, 1:30) 30.93 4.70e—02 79.55
(20, 1:30) 34.66 4.60e—02 81.10
(10, 31:60) 31.43 5.53¢—02 80.65
(15, 31:60) 34.07 5.72¢—02 82.68
(20, 31:60) 39.90 5.48¢—02 83.78
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