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Abstract

In this paper, by using the Krasnoselskii fixed point theorem, the approximate control-

lability for a class of nonlinear Riemann-Liouville fractional neutral evolution equations

is investigated in Hilbert spaces. An example is given to illustrate the application of

the abstract conclusions.
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1. Úó

1963c, Kalman [1]ÄgJÑ��5�Vg,duÙ3ÔnÆ+��2�A^
¤���¹�

�ïÄ+�,Ù¥°(��5®�NõÆö¤ïÄ [2–4].�´°(��5´���r�Vg,§�¦

XÚU
��¯k?¿�½���ª�G�,
Cq��K�¦XÚÃ�ªCuTª�G�,Ïd

3¢SA^¥Cq��5äk�\2��A^�µ.©z [5]ïÄ
 Caputo©ê�¥á.�¼�©

�§��XÚ�Cq��5. 2005c, HeymansÚ Podlubny [6]�Ñ,�±òÔn¿Â8ÏuÊ�

5|¥� Riemann-Liouville©ê��ê½È©L«�Ð©^�,ù��Ð©^��Ü·)º,


Ôny�. 2014c, ©z [7]|^ Darbo-SadovskiiØÄ:½ny²
 Banach�m E ¥��f�+

T (t);½�;�¹e Riemann-Liouville©ê�¥á.uÐ�§
LDq[x(t)− h(t, x(t))] = −Ax(t) + f(t, x(t)), t ∈ J ′ := (0, b], 0 < q < 1

I1−qt [x(t)− h(t, x(t))]|t=0 = x0 ∈ E

mild)��35,Ù¥ LDq � q� Riemann-Liouville.©ê��ê�f, I1−q � 1− q�Riemann-

Liouville.©ê�È©, −A : D(A) ⊂ E → E ´)Û�+ {T (t)}t>0�Ã¡�)¤�.
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2015c,©z [8]y²
 Banach�m E ¥ Riemann-Liouville©ê�uÐ�§
LDqx(t) = Ax(t) +Bu(t) + f(t, x(t)), t ∈ J ′, 0 < q 6 1

I1−qt x(t)|t=0 = x0 ∈ E

�Cq��5,Ù¥ A : D(A) ⊂ E → E ´ C0-�+ {T (t)}t>0�Ã¡�)¤�,��¼ê

u ∈ V := Lp([0, b],U), p > 1
q
, U �,�� Banach�m.

Éþã©z�éu,�©ïÄ�©� Hilbert�m X ¥��5©ê�¥á.uÐ�§
LDq[x(t)− h(t, x(t))] = Ax(t) + f(t, x(t)) +Bu(t), t ∈ J ′,

I1−qt [x(t)− h(t, x(t))]|t=0 = x0 ∈ X
(1.1)

�Cq��5,Ù¥ A : D(A) ⊂ X → X ´È½4�5�f, )¤ X ¥�)Û�+ {T (t)}t>0,��

¼ê u ∈ Lp(J, U), p > 1
q
, U �,���©g�� Hilbert�m, B : U → X �k.�5�f, ¼ê

f, hò3�©¥äN�Ñ.

�©3�f�+ T (t)´;�+��¹e,$^ KrasnoselskiiØÄ:½ny²�¼ê f, h÷v

,
�f^����XÚ (1.1) mild)��35.3¼ê f, h��k.���XÚ (1.1)éA��

5��XÚCq���^�e,y²��XÚ (1.1)�Cq��5.

2. ý��£

� (X, ‖ · ‖)��©� Hilbert�m, J = [0, b].P C(J,X)´l J � X þ�ëY¼ê�NU�

ê ‖x‖C(J,X) = sup
t∈J
‖x(t)‖�¤� Banach�m, Lp(J,X) (1 6 p <∞)´ J þ�X � p -� Bochner

�È¼ê�N�¤� Banach�m,Ù�ê� ‖x‖Lp = (

∫ b

0

‖f(t)‖pdt)
1
p . P

C1−q(J,X) = {x ∈ C(J ′, X) : t1−qx(t) ∈ C(J,X), 0 < q < 1, t ∈ J},

K C1−q(J,X)U�ê ‖x‖C1−q
= sup

t∈J
{t1−q‖x(t)‖}�¤ Banach�m. Xβ := (D(Aβ), ‖ · ‖β)´ X ¥

�S��m,Ù¥ ‖ · ‖β = ‖Aβ · ‖.Ø���5,b� ∃ N > 1,¦�

N := sup
t∈J
‖T (t)‖ <∞.

½Â 2.1 [8, 9]¼ê f : [0,+∞)→ R� q� Riemann-Liouville.©ê�È©½Â�

Iqt f(t) =
1

Γ(q)

∫ t

0

(t− s)q−1f(s)ds, t > 0, q > 0,

Ù¥ ΓL« gamma¼ê.
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½Â 2.2 [8, 9]¼ê f : [0,+∞)→ R� q� Riemann-Liouville.©ê��ê½Â�

LDq
t f(t) =

1

Γ(n− q)
dn

dtn

∫ t

0

(t− s)n−q−1f(s)ds , t > 0, n− 1 < q 6 n.

Ù¥ n = [q] + 1, [q]L« q��êÜ©.

aqu©z [7, 8]|^ LaplaceC��ÑXe½Â.

½Â 2.3¡ x ∈ C1−q(J,X)´XÚ (1.1)�mild),��=� x÷vÈ©�§

x(t) = tq−1Tq(t)x0 + h(t, x(t)) +

∫ t

0

(t− s)q−1ATq(t− s)h(s, x(s))ds

+

∫ t

0

(t− s)q−1Tq(t− s)f(s, x(s))ds+

∫ t

0

(t− s)q−1Tq(t− s)Bu(s)ds, t ∈ J ′,

I1−qt [x(t)− h(t, x(t))]|t=0 = x0,

(2.1)

Ù¥

Tq(t) = q

∫ ∞
0

θξq(θ)T (tqθ)dθ,

ξq(θ) =
1

q
θ−1−

1
qWq(θ

− 1
q ),

Wq(θ) =
1

π

∞∑
n=1

(−1)n−1θ−qn−1
Γ(1 + nq)

n!
sin(nπq) , θ ∈ (0,∞).

ξq(θ)L«½Â3 (0,∞)þ�VÇ�Ý¼ê,÷v∫ ∞
0

ξq(θ)dθ = 1,

∫ ∞
0

θζξq(θ)dθ =
Γ(1 + ζ)

Γ(1 + qζ)
, ζ ∈ [0, 1].

� u´�½���¼ê, x(b, u)�XÚ (1.1)�Au��¼ê u� mild)3ª��� t = b�

�.¡8Ü

Kb(f) = {x(b, u) ∈ X : u ∈ Lp(J, U), x´XÚ (1.1)�Au u� mild)}

�XÚ (1.1)���8.

½Â 2.4 [10] (Cq��5) XJ Kb(f) = X,Ù¥ Kb(f)L« Kb(f)�4�,K¡XÚ (1.1)

3«m J þ´Cq���.

Ún 2.1 [7, 11]é ∀ η ∈ (0, 1],�3�~ê Cη,¦�

‖AηT (t)‖ 6 Cη
tη
, t ∈ J ′.

Ún 2.2 [7]�5�fx {Tq(t)}t>0äk±e5�:
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1)é?¿�½� t > 0Ú ∀ x ∈ X,k

‖Tq(t)x‖ 6
N

Γ(q)
‖x‖.

2)é ∀ t > 0,�f Tq(t)´rëY�,=é ∀ x ∈ X Ú 0 < t′ < t′′ 6 b,k

‖Tq(t′′)x− Tq(t′)x‖ → 0 (t′′ → t′).

Ún 2.3 [8] é ∀ x ∈ X, β ∈ (0, 1), η ∈ (0, 1],k

ATq(t)x = A1−βTq(t)A
βx, t ∈ J

Ú

‖AηTq(t)x‖ 6
qCηΓ(2− η)

tqηΓ(1 + q(1− η))
‖x‖, t ∈ J ′.

½n 2.1 [12] ( KrasnoselskiiØÄ:½n) � D � Banach�m X ¥�����4àf8.e

�f Q1, Q2 : D → X ÷v

1)é ∀ x, y ∈ D,k Q1x+Q2y ∈ D;

2) Q1´Ø �f;

3) Q2´�ëY�f,

K Q1 +Q23 DS��k��ØÄ:.

3. Ì�(J

�y²�©�Ì�(Ø,�ÑXeb�:

(H1) A)¤ X ¥�;)Û�+ {T (t)}t>0.

(H2) ¼ê f : J ×X → X ÷vXe^�:

1)é ∀ t ∈ J ,¼ê f(t, ·) : X → X ëY,éz� x ∈ X,¼ê f(·, x) : J → X r�ÿ.

2)�3¼ê φ(t) ∈ Lp(J,R+), p > 1
q
,¦�é a.e. t ∈ J, ∀ x ∈ C1−q(J,X),k

‖f(t, x(t))‖ 6 φ(t),

Ù¥ φ(t)÷v lim inf
k→+∞

‖φ‖Lp

k
:= ρ <∞.

(H3) ∃ β ∈ (0, 1),¼ê h : J ×X → Xβ ëY,�é ∀ x, y ∈ C1−q(J,X), ∃H > 0�~ê,¦�

‖Aβh(t, x(t))−Aβh(t, y(t))‖ 6 Ht1−q‖x(t)− y(t)‖, ∀ t ∈ J.

(H4) B : U → X ��5k.�f,��3~êMB ¦� ‖B‖ 6MB.
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�Ä��XÚ (1.1)�A��5©ê���XÚLDq[x(t)− h(t, x(t))] = Ax(t) + f(t) +Bu(t), t ∈ J ′,

I1−qt [x(t)− h(t, x(t))]|t=0 = x0 ∈ X
(3.1)

½Â�fXe:

Λb =

∫ b

0

(b− s)2q−2Tq(b− s)BB∗T ∗q (b− s)ds,

R(λ,Λb) = (λI + Λb)
−1, λ > 0,

Ù¥ B∗, T ∗q (b− s)©OL« B, Tq(b− s)��Ý�f.w, Λb´k.�5�f.

Ún 3.1©ê��5��XÚ (3.1) Cq����=�3r�fÿÀ¥,�λ→ 0+, λR(λ,Λb)→
0.

dÚn 3.1��,é ∀ λ > 0,k

‖R(λ,Λb)‖ 6
1

λ
.

½Â¼ê

u(t) = (b− t)q−1B∗T ∗q (b− t)R(λ,Λb)p(x), t ∈ J

p(x) = x1 − bq−1Tq(b)x0 − h(b, x(b))−
∫ b

0

(b− s)q−1Tq(b− s)f(s, x(s))ds

−
∫ b

0

(b− s)q−1ATq(b− s)h(s, x(s))ds.

� ∀ k > 0, Bk = {x ∈ C1−q(J,X) : ‖x‖C1−q
6 k},éAuþã��¼ê u,½Â�f F = F1 + F2 :

Bk → C1−q(J,X), Ù¥

(F1x)(t) =

∫ t

0

(t− s)q−1Tq(t− s)f(s, x(s))ds+

∫ t

0

(t− s)q−1Tq(t− s)Bu(s)ds, t ∈ J ′. (3.2)

(F2x)(t) = tq−1Tq(t)x0 + h(t, x(t)) +

∫ t

0

(t− s)q−1ATq(t− s)h(s, x(s))ds, t ∈ J ′. (3.3)

½n 3.1�^� (H1) − (H4)¤á.XJ ` < 1, �� λ → 0+, λR(λ,Λb) → 0,KXÚ (1.1)�

�k��ØÄ:,Ù¥

` := b1−q‖A−β‖H +
b1−q+qβC1−βΓ(1 + β)

βΓ(1 + qβ)
H +

Nρ

Γ(q)
(
p− 1

pq − 1
b)1−

1
p +

N2M2
Bb

q

λΓ2(q)(2q − 1)[
‖A−β‖H +

Nρ

Γ(q)
(
p− 1

pq − 1
)1−

1
p b

pq−1
p +

bqβC1−βΓ(1 + β)

Γ(1 + qβ)β
H

]
< 1 (3.4)

y²µ´�y Bk ´ C1−q(J,X) ¥�k.4à8.e¡©oÚy² F 3 Bk ¥��k��

ØÄ::
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1�Ú: y²�3 k > 0¦� F (Bk) ⊆ Bk.

b�é ∀ k > 0, Ñ�3 x ∈ Bk, ¦�é ∀ t ∈ J , k k 6 ‖Fx‖C1−q
. d F �½ÂÚ^�

(H2)− (H4),|^ HölderØ�ª,k

k 6 t1−q‖(Fx)(t)‖ 6 N

Γ(q)
‖x0‖+ b1−q[‖A−β‖Hk + sup

t∈J
‖A−β‖‖h(t, 0)‖β]

+
b1−q+qβC1−βΓ(1 + β)

βΓ(1 + qβ)

[
Hk + sup

s∈J
‖h(s, 0)‖β

]
+

N

Γ(q)
(
p− 1

pq − 1
b)1−

1
p ‖φ‖Lp

+
N2M2

Bb
q

λΓ2(q)(2q − 1)

[
‖x1‖+

Nbq−1

Γ(q)
‖x0‖+ ‖A−β‖Hk + ‖A−β‖‖h(b, 0)‖β

+
N

Γ(q)
(
p− 1

pq − 1
)1−

1
p b

pq−1
p ‖φ‖Lp +

bqβC1−βΓ(1 + β)

βΓ(1 + qβ)
(Hk + sup

s∈J
‖h(s, 0)‖β)

]
.

3þãØ�ªü>�þ(.¿Ó�Ø± k,- k → +∞,k ` > 1.ù� (3.4)ªgñ,¤± ∃ k > 0,¦

� F (Bk) ⊆ Bk.

1�Ú: y² F : Bk → Bk ëY.

� {xm}∞m=1 ⊂ Bk ÷v lim
m→∞

‖xm − x‖C1−q
= 0. �â f �ëY5, �m→∞�k

‖f(s, xm(s))− f(s, x(s))‖ → 0, s ∈ J.

�

‖f(s, xm(s))− f(s, x(s))‖ 6 2φ(s) ∈ Lp(J,R+)

Ïdd^� (H3)Ú Lebesgue��Âñ½n,k

t1−q‖(Fxm)(t)− (Fx)(t)‖

6 b1−q
N

Γ(q)

∫ t

0

(t− s)q−1‖f(s, xm(s))− f(s, x(s))‖ds

+b1−q‖A−β‖H‖xm − x‖C1−q
+
b1−q+qβC1−βΓ(1 + β)

βΓ(1 + qβ)
H‖xm − x‖C1−q

+b1−q
N2M2

B

λΓ2(q)

∫ t

0

(t− s)q−1(b− s)q−1‖p(xm)− p(x)‖ds

6 b1−q
N

Γ(q)

∫ t

0

(t− s)q−1‖f(s, xm(s))− f(s, x(s))‖ds

+b1−q‖A−β‖H‖xm − x‖C1−q
+
b1−q+qβC1−βΓ(1 + β)

βΓ(1 + qβ)
H‖xm − x‖C1−q

+
N2M2

Bb
q

λΓ2(q)(2q − 1)

[
N

Γ(q)

∫ t

0

(t− s)q−1‖f(s, xm(s))− f(s, x(s))‖ds

+‖A−β‖H‖xm − x‖C1−q
+
bqβC1−βΓ(1 + β)

βΓ(1 + qβ)
H‖xm − x‖C1−q

]
,
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=

‖Fxm − Fx‖C1−q
→ 0 (m→∞).

� F 3 Bk ¥ëY.

1nÚ:�f F2´Ø �.

é ∀ x, y ∈ Bk, t ∈ J,d (3.3)ªÚ^� (H3)��

t1−q‖(F2x)(t)− (F2y)(t)‖

6 b1−q‖A−β‖‖Aβh(t, x(t))−Aβh(t, y(t))‖

+b1−q
∫ t

0

(t− s)q−1‖A1−βTq(t− s)Aβ[h(s, x(s))− h(s, y(s))]‖ds

6 b1−q‖A−β‖H‖x− y‖C1−q
+
b1−q+qβC1−βΓ(1 + β)

βΓ(1 + qβ)
H‖x− y‖C1−q

.

þªü>�þ(.,k

‖F2x− F2y‖C1−q
6

[
b1−qH‖A−β‖+

b1−q+qβC1−βΓ(1 + β)

βΓ(1 + qβ)
H

]
‖x− y‖C1−q

.

(Ü (3.4)ª��, ‖F2x− F2y‖C1−q
< ‖x− y‖C1−q

,� F2´Ø �.

� Ω = {y ∈ C(J,X) : y(t) = t1−q(F1x)(t), x ∈ Bk}.

1oÚ: y² Ω3 C(J,X)¥�é;.

Äky² Ω´�ÝëY�.

� 0 = t1 < t2 6 b,é ∀ y ∈ Ω,d^� (H2) 2)��

‖y(t2)− y(0)‖

6 t1−q2

∫ t2

0

‖(t2 − s)q−1Tq(t2 − s)f(s, x(s))‖ds

+t1−q2

∫ t2

0

‖(t2 − s)q−1Tq(t2 − s)Bu(s)‖ds

6
N

Γ(q)
(
p− 1

pq − 1
t2)

1− 1
p ‖φ‖Lp +

tq2N
2M2

B

λΓ2(q)(2q − 1)

[
‖x1‖+

Nbq−1

Γ(q)
‖x0‖

+‖A−β‖Hk + ‖A−β‖‖h(b, 0)‖β +
N

Γ(q)
(
p− 1

pq − 1
)1−

1
p b

pq−1
p ‖φ‖Lp

+
bqβC1−βΓ(1 + β)

βΓ(1 + qβ)
(Hk + ‖h(s, 0)‖β)

]
→ 0 (t2 → 0).

DOI: 10.12677/pm.2021.118175 1577 nØêÆ

https://doi.org/10.12677/pm.2021.118175


�8÷§
Ú

� 0 < t1 < t2 6 b, ε > 0¿©��,k

‖y(t2)− y(t1)‖

6
Nb1−q

Γ(q)

∫ t2

t1

(t2 − s)q−1‖f(s, x(s)) +Bu(s)‖ds

+
N

Γ(q)

∫ t1

0

‖t1−q2 (t2 − s)q−1 − t1−q1 (t1 − s)q−1‖‖f(s, x(s)) +Bu(s)‖ds

+

∫ t1−ε

0

t1−q1 (t1 − s)q−1‖Tq(t2 − s)− Tq(t1 − s)‖‖f(s, x(s)) +Bu(s)‖ds

+

∫ t1

t1−ε
t1−q1 (t1 − s)q−1‖Tq(t2 − s)− Tq(t1 − s)‖‖f(s, x(s)) +Bu(s)‖ds

:=
4∑
i=1

Ii.

éu I1Ú I4, UìÚn 2.2 1),� t2 − t1 → 0, ε→ 0�, k

I1 =
Nb1−q

Γ(q)

∫ t2

t1

(t2 − s)q−1‖f(s, x(s)) +Bu(s)‖ds

→ 0.

I4 =

∫ t1

t1−ε
t1−q1 (t1 − s)q−1‖Tq(t2 − s)− Tq(t1 − s)‖‖f(s, x(s)) +Bu(s)‖ds.

6
2Nb1−q

Γ(q)

∫ t1

t1−ε
(t1 − s)q−1‖f(s, x(s)) +Bu(s)‖ds.

→ 0.

éu I2,� t2 − t1 → 0�, d Lebesgue��Âñ½n��

I2 =
N

Γ(q)

∫ t1

0

‖t1−q2 (t2 − s)q−1 − t1−q1 (t1 − s)q−1‖‖f(s, x(s)) +Bu(s)‖ds

→ 0.

éu I3,db�^� (H1)��,� t > 0� Tq(t)´�ÝëY�,¤±� t2 − t1 → 0�,k

I3 =

∫ t1−ε

0

t1−q1 (t1 − s)q−1‖Tq(t2 − s)− Tq(t1 − s)‖‖f(s, x(s)) +Bu(s)‖ds

6 b1−q sup
s∈[0,t1−ε]

‖Tq(t2 − s)− Tq(t1 − s)‖
∫ t1−ε

0

(t1 − s)q−1‖f(s, x(s)) +Bu(s)‖ds

→ 0.
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Ïd,é ∀ x ∈ Bk,� t2 − t1 → 0, ε→ 0�,k

‖y(t2)− y(t1)‖ 6
4∑
i=1

Ii → 0.

¤±,8Ü Ω´�ÝëY�.

Ùgy²é ∀ t ∈ J,8Ü Ω(t) = {y(t) : y ∈ Ω}3 X¥�é;.

w,, Ω(0)3 X¥�é;.

� t ∈ J ′�,é ∀ 0 < ε < t, ∀ δ > 0�

yε,δ(t) = qt1−q
∫ t−ε

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)T ((t− s)qθ)[f(s, x(s)) +Bu(s)]dθds

= qt1−qT (εqδ)

∫ t−ε

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)T ((t− s)qθ − εqδ)[f(s, x(s)) +Bu(s)]dθds

d T (εqδ)�;5,�Ñ ∀ 0 < ε < t, ∀ δ > 08Ü Ω(ε,δ)(t) = {yε,δ(t), y ∈ Ω}3 X¥�é;.

é ∀ x ∈ Bk k

‖y(t)− yε,δ(t)‖

6 qb1−q‖
∫ t

0

∫ δ

0

θ(t− s)q−1ξq(θ)T ((t− s)qθ)[f(s, x(s)) +Bu(s)]dθds‖

+qb1−q‖
∫ t

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)T ((t− s)qθ)[f(s, x(s)) +Bu(s)]dθds

−
∫ t−ε

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)T ((t− s)qθ)[f(s, x(s)) +Bu(s)]dθds‖

6 qb1−qN

∫ t

0

(t− s)q−1‖f(s, x(s)) +Bu(s)‖ds
∫ δ

0

θξq(θ)dθ

+qb1−qN

∫ t

t−ε
(t− s)q−1‖f(s, x(s)) +Bu(s)‖ds

∫ ∞
0

θξq(θ)dθ

6 qb1−qN

∫ t

0

(t− s)q−1‖f(s, x(s)) +Bu(s)‖ds
∫ δ

0

θξq(θ)dθ

+
b1−qN

Γ(q)

∫ t

t−ε
(t− s)q−1‖f(s, x(s)) +Bu(s)‖ds

→ 0 (ε→ 0, δ → 0).

=� t ∈ J ′ �,�3���é;8 Ω(ε,δ)(t)?¿%C Ω(t),� Ω(t)3 X¥�é;.d Ascoli-Arzela

½n�8Ü Ω´ C(J,X)¥��é;8.¤± F1 : Bk → Bk ´�ëY�f,Ïdd½n 2.1�, F 3

Bk þ��k��ØÄ: x ∈ Bk,dØÄ:=�XÚ (1.1)� mild).

�

½n 3.2�^� (H1)− (H4)¤á, f Ú Aβh��k..XJ�A��5XÚ (3.1)3 J þCq

��,K©ê���XÚ (1.1)3 J þCq��.
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y²: d½n 3.1�, ∀ λ > 0, x1 ∈ X,�3XÚ (1.1)�mild) xλ ∈ C1−q(J,X)¦�

xλ(t) = tq−1Tq(t)x0 + h(t, xλ(t)) +

∫ t

0

(t− s)q−1ATq(t− s)h(s, xλ(s))ds

+

∫ t

0

(t− s)q−1Tq(t− s)[f(s, xλ(s)) +Bu(s)]ds

Ù¥

u(t) = (b− t)q−1B∗T ∗q (b− t)R(λ,Λb)p(xλ), t ∈ J

p(xλ) = x1 − bq−1Tq(b)x0 − h(b, xλ(b))−
∫ b

0

(b− s)q−1Tq(b− s)f(s, xλ(s))ds

−
∫ b

0

(b− s)q−1ATq(b− s)h(s, xλ(s))ds

d

I − ΛbR(λ,Λb) = λR(λ,Λb)

��

xλ(b) = bq−1Tq(b)x0 + h(b, xλ(b)) +

∫ b

0

(b− s)q−1ATq(b− s)h(s, xλ(s))ds

+

∫ b

0

(b− s)q−1Tq(b− s)f(s, xλ(s))ds

+

∫ b

0

(b− s)q−1Tq(b− s)(b− s)q−1BB∗T ∗q (b− s)R(λ,Λb)[
x1 − bq−1Tq(b)x0 − h(b, xλ(b))−

∫ b

0

(b− τ)q−1Tq(b− τ)f(τ, xλ(τ))dτ

−
∫ b

0

(b− τ)q−1ATq(b− τ)h(τ, xλ(τ))dτ

]
ds

= x1 − p(xλ(b)) + ΛbR(λ,Λb)p(xλ(b))

= x1 − λR(λ,Λb)p(xλ(b)) (3.5)

d f Ú Aβh��k.5��, {f(·, xλ(·)) : λ > 0}Ú {h(·, xλ(·)) : λ > 0}3 L2(J,X)¥k.,��

3fS�, Ø��� {f(·, xλ(·)) : λ > 0}Ú {h(·, xλ(·)) : λ > 0}, 3 L2(J,X)¥©OfÂñ� {ω(·)}
Ú {h(·)}. Ïd,d Tq(t)�;5��, � λ→ 0+�,k∫ b

0

(b− s)q−1Tq(b− s)[f(s, xλ(s))− ω(s)]ds→ 0

∫ b

0

(b− s)q−1A1−βTq(b− s)Aβ[h(s, xλ(s))− h(s)]ds→ 0
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-

η = x1 − bq−1Tq(b)x0 − h(b)−
∫ b

0

(b− s)q−1ATq(b− s)h(s)ds−
∫ b

0

(b− s)q−1Tq(b− s)ω(s)ds

Kk

‖p(xλ(b))− η‖

6 ‖A−β‖‖Aβh(b, xλ(b))−Aβh(b)‖+

∫ b

0

(b− s)q−1A1−βTq(b− s)Aβ‖h(s, xλ(s))− h(s)‖ds

+

∫ b

0

(b− s)q−1Tq(b− s)‖f(s, xλ(s))− ω(s)‖ds

→ 0 (λ→ 0+)

(Ü (3.5)ªÚÚn 3.1��

‖xλ(b)− x1‖ 6 ‖λR(λ,Λb)p(xλ(b))‖

6 ‖λR(λ,Λb)‖‖p(xλ(b))− η‖+ ‖λR(λ,Λb)η‖

→ 0 (λ→ 0+)

�©ê���XÚ (1.1)3«m J þCq��. �

4. A^

~ � X = U := L2([0, π],R), �Ä©ê�¥á. �©�§
LD

1
2

0+ [x(t, z)−
∫ π

0

ν(z, τ)x(t, τ)dτ ] = ∂2
zx(t, z) + u(t, z) + e−tsinx(t, z), (t, z) ∈ (0, b]× [0, π],

x(t, 0) = x(t, π) = 0, t ∈ [0, b],

I
1
2

0+ [x(t, z)−
∫ π

0

ν(z, τ)x(t, τ)dτ ]|t=0 = x0(z), z ∈ [0, π],

(4.1)

Ù¥ 0 < q < 1,� q = β = 1
2
, J := [0, b], b > 0´~ê, u ∈ Lp(J, U)���¼ê.

d©z [7]��,½Â�f A : D(A) ⊂ X → X Xe:

Ax =
∂2x

∂z2
,

Ù¥ D(A) = {x ∈ X : x′, x′′ ∈ X, x(0) = x(π) = 0},K A´;�)Û�+ {T (t)}t>0 �Ã¡�)

¤�,��3 N > 1¦� ‖T (t)‖ 6 N .u´

T (t)x =
∞∑
n=1

e−n
2t〈x, en〉en,

DOI: 10.12677/pm.2021.118175 1581 nØêÆ

https://doi.org/10.12677/pm.2021.118175


�8÷§
Ú

Ù¥

en(z) = (
2

π
)

1
2 sin(nz).

�f A
1
2 : D(A

1
2 ) ⊂ X → X ½Â�:

A
1
2x =

∞∑
n=1

n〈x, en〉en,

Ù¥ D(A
1
2 ) := {x(·) ∈ X :

∞∑
n=1

n〈x, en〉en ∈ X}.�^� (H1)÷v.

�y²XÚ (4.1)�Cq��,Ú\Xe�b�^�:

(P ) ¼ê ν ÷vXe^�:

1)¼ê ν �ÿ, ν(0, θ) = ν(π, θ) = 0, �∫ π

0

∫ π

0

ν2(z, τ)dτdz <∞.

2)¼ê ∂zν(θ, z)�ÿ, �

H :=
[ ∫ π

0

∫ π

0

(∂zν(z, τ))2dτdz
] 1

2 <∞.

é ∀ t ∈ J,-
x(t)(z) = x(t, z),

f(t, x(t))(z) = f(t, x(t, z)) = e−tsinx(t, z),

h(t, x(t))(z) =

∫ π

0

ν(z, τ)x(t, τ)dτ,

(νx)(z) =

∫ π

0

ν(z, τ)x(τ)dτ,

Bu(t)(z) = u(t, z),

d f �L�ª��

‖f(t, x(t, z))‖ 6 e−t,

^� (H2)¤á. qÏ�

〈ν(x), en〉 = 〈
∫ π

0

ν(z, τ)x(τ)dτ, en〉 =

∫ π

0

en(z)(

∫ π

0

ν(z, τ)x(τ)dτ)dz,

Kd�f A
1
2 �½Â��

‖A 1
2 ν(x)‖ = ‖

∞∑
n=1

n〈ν(x), en〉en‖.

N´�y�^� (H3)¤á� A
1
2 ν ��k..d Bu(t)(z) = u(t, z) , ‖Bu(t)(z)‖ 6 ‖u(t, z)‖�� B
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�ü �f I,�^� (H4)÷v.XJ λR(λ,Λb)→ 0(λ→ 0+),KdÚn 3.1�XÚ (4.1)�A��

5XÚ3«m J þCq��.Ïd,d½n 3.2��, ��XÚ (4.1)Cq��.
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