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Abstract

Let G = (V,E) be a connected graph. The distance dG(u, v) between two vertices u and

v in a connected graph G is the length of the shortest (u, v) path in G. A (u, v) path

of length dG(u, v) is called a (u, v)-geodesic. A set X ⊆ V is called weakly convex in G if

for every two vertices a, b ∈ X, there exists an (a, b)- geodesic, all of whose vertices

belong to X. A set X is convex in G if for all a, b ∈ X all vertices from every (a, b)-

geodesic belong to X. A subset D of V is dominating in G if every vertex of V −D has

at least one neighbour in D. A set X ⊆ V is called weakly convex dominating set in G if

it is weakly convex and dominating, and called convex dominating set in G if it is convex

and dominating. The weakly convex domination number of a graph G is the minimum

cardinality of a weakly convex dominating set of G, while the convex domination number

of a graph G is the minimum cardinality of a convex dominating set of G, denoted by

γwcon(G) and γcon(G), respectively. In this paper, we study edge adding and its effect

on the weakly convex domination numbers and convex domination numbers for some

graphs.
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1. 0�

�©¥¤�Ä�Ñ´{ü, Ã�ëÏã. -G = (V,E)´��{üã. 3G¥, : v�m��½

Â�NG(v) = {u|uv ∈ E(G)}, 4��NG[v] = NG(v)
⋃
{v}, ^E(v)L«�: v�'é�>�8Ü.

¡ãG¥�: v´ simplicial:, XJNG[v]´����ã. ãG¥� 1Ý:¡��f:, � 1Ý:

���:¡�| :. -VLÚVS©OL«ãG¥�f:Ú| :�8Ü, �nL = |VL|. ãG¥�

: v¡�G��:, XJG− {v}´ØëÏ�. -VCL«G¥�:�8Ü.

ãG���:f8D¡�ãG���8, XJ3V -D¥�z�:���D¥���:��.

ãG¥�ê�����8¤�¹�:ê¡�ãG���ê, P� γ(G). Äuy¢)¹¥�A^,

<�ÅÚÚ\
�
ØÓ/ª���8. ��89ÙC/2�/A^u��À�¯K!iÿÏ&

½>å�ä!O�Å�ä¯KÚè/ÿþ¥Ñy�¢S¯K�. ãG���:f8D¡�ãG

�ëÏ��8, XJD´��8¿�D��Ñfã´ëÏ�. ãG¥�ê���ëÏ��8¤

�¹�:ê¡�ãG�ëÏ��ê, P� γc(G). ^ dG(u, v)L«ãG¥�ü�º:uÚ v�m

��á (u, v)´��Ý, ���Ý� dG(u, v)� (u, v)´¡��� (u, v) -ÿ/�. ãG���:f

8X ⊆ V ��ãG���fà8, XJéX¥�?¿ü�º: a, b ,3ãG¥Ñ�3�� (a, b) -ÿ

/�¦� (a, b) -ÿ/�þ�¤kº:ÑáuX. aq/, ãG���:f8X ⊆ V ��ãG���

à8, XJéX¥�?¿ü�º: a, b,ãG¥�z�^ (a, b) -ÿ/�þ�¤kº:ÑáuX. ãG

�:f8X¡�G�fà��8, XJXQ´fà8q´��8. ãG�:f8X¡�G�à�

�8, XJXQ´à8q´��8. ãG�fà��ê, ´:ê���fà��8¤�¹�:ê, P

� γwcon(G). ãG�à��êÚfà��êaq½Â, ^ γcon(G) 5L«ãG�à��ê.

à��êÚfà��ê�@´dTopp [1]JÑ�, ¦�yÏL��8�!:�ë�´�á�,

U?
ëÏ��3Ï&�ä�O¥�A^. 3 2004 c, Lemańska [2]ïÄ
fà��Úà��

�Ù§��aëê�m'X; AO/, ïÄ
à��êÚëÏ��ê���n�Kã. Ó3 2004

c, Raczek [3]y²
(½��ã�fà��8Úà��8´��NP-��¯K. 3 2010c, Raczek

ÚLemańska [4]ïÄ
�¡�fà��êÚà�ê, ¿�Ñ
�
AÏ�¡�à��êÚfà��

ê�(��. Ó�cLemańska [5]�Ñ
��ã�fà��ê�Nordhaus-Gaddum(J. 3 2019

c, Rosicka [6]�â��ãG = (V,E)ÚãG�º:8V �����π ,½Â
�acÎãπG ,Äk

éùacÎã�à��8Úfà��8�5��
'�; Ùg, �ÑüaAÏcÎã��x; ��,

y²
�ãG�éA�cÎã�fà��ê���±´?¿�; 
cÎã�à��êÃ{^�ãG

�à��ê5.½. Ó3 2019c, Lemańska [7]�<ÄkïÄ
fà��êÚëÏ��ê�m�'

X, ¿�Ñ
÷v γwcon(G)=γc(G)�ãG��x; �y²
3���/e, ã�ëÏ��ê�fà

��ê���±?¿�; d	, �ïÄ
�>éfà��ê�K�. ©z [8]¥ïÄ
\>½�>é

ã�>��ê�K�.

�©3®kïÄ(J�Ä:þ, Ì�ïÄ
\>é�
ãa�fà��êÚà��ê�K�.

2. Ì�(J

-G´��º:ê�n�{üã, g(G)�LãG���. Lemańska�Ñ
ãG�fà��ê

TÐ�uº:ê�ã¤÷v�^�.
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½n 1 [5] eãG´÷v δ(G) ≥ 2� g(G) ≥ 7�n�º:�ëÏã, K

γwcon(G) = n.

e¡�½n 2�Ñ
à��êTÐ�uº:ê�ãG¤÷v�aq^�.

½n 2 eãG´÷v δ(G) ≥ 2� g(G) ≥ 6�n�º:�ëÏã, K

γcon(G) = n.

y² -ãG´ δ(G) ≥ 2� g(G) ≥ 6�ëÏã. b� γcon(G) < n. -D´G���à��

8. Ï� γcon(G) < n, KG¥�3��º:x¦�x 6∈ D. -NG(x) = {x1, ..., xp}, Ù¥ p ≥ 2 (Ï

� δ(G) ≥ 2). éu?¿�xi, xj , Ù¥ 1 ≤ i, j ≤ p, Ñ�÷vxixj 6∈ E(G), ÄKx, xi, xj �EÑ

��C3, �´ù� g(G) ≥ 6�)gñ. 5¿�éu?¿�xi, xj , Ù¥xi 6= xj� 1 ≤ i, j ≤ p, Ñ

k dG(xi, xj) = 2, ¿�z�éxiÚxj�m��á´Ñ�¹x. ÄK, e3xiÚxj�mé�,�^

Ø�¹x��á´xi, x
′
, xj , Kxi, x, xj , x

′
�¤
��o�, ù� g(G) ≥ 6�)gñ.

b��3ü�:x1, x2 ∈ NG(x)¦�x1, x2 ∈ D. duD´à8, 
�éu?¿�xiÚ xj

�m�z���á´Ñ��¹x, �´ù�x 6∈ D�)gñ. Ïd |NG(x) ∩ D| ≤ 1. Ï���

�x, � |NG(x) ∩ D| ≤ 1, Ïd, Ø���5, �x1 ∈ NG(x) ∩ D. Ï� δ(G) ≥ 2, Ïdùp�

��3��áuNG(x)�:xi¦�xi 6∈ D, Ø��x2. du δ(G) ≥ 2�x2I����, Ïdù

p�3��: y ∈ NG(x2)¦� y 6= x � y ∈ D. Ï� g(G) ≥ 6 ,ÏdkNG(y) ∩ NG(x) = ∅Ú
NG(y) ∩NG(xi) = ∅,Ù¥1 ≤ i ≤ p. Ï�D´à8, Ïd dG(y, x1) < 3¿��3 (x1, y)- ÿ/�P1

¦�P1�¤k:ÑáuD. Ïd���3ü� (x1, y)-´:P1 ÚP2 = (x1, x, x2, y)�EÑ���

u 6��. �ù� g(G) ≥ 6�)gñ. nþ, ��γcon(G) = n.

©z [7]�Ñ
ãG�ëÏ��8Úfà��8¥�:¤÷v�^�.

Ún 3 [7] -G 6= Kn´��ëÏã, Ù¥n ≥ 3. XJD´G����ëÏ½fà��8, K

z��:ÑáuD, �¤k� simplicial:ÑØáuD.

½n 4 [7] -G = (V (G), E(G))´ g(G) ≥ 7�ëÏã. K,

(1)γwcon(G) = n− nL, Ù¥n´ãG�º:ê;

(2)γwcon(G) = γc(G) ��=�éuz�u ∈ V (G), u´�f:½�:.

-G�LãG�Öã. ´�, éu?¿ e ∈ E(G)�±¦ãG+ e���ê�õ~� 1, Chen�

< [9] y²
\>¦�ëÏ��ê�õ~� 2. ég,/¯KÒ´\>´Ø´�¬¦�ã�fà�

�ê~�º�e5�Ä\>éãCnÚTn�(f)à��ê�K�.

½n 5 -Cn´n ≥ 3��, Kéu?¿> e ∈ E(Cn), Kk

γwcon(Cn)− 4 ≤ γwcon(Cn + e) ≤ γwcon(Cn).

y² - e = uv. Cn + e�Ñkú�>uv�ü��, Ø�^Cn1
, Cn2

L«ùü��, Ù¥n1 ≤ n2 <
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n. -Si´Cni
�ê���fà��8, i ∈ {1, 2}. �ân1Ún1�ØÓ��©±eo«�/?1?

Øµ

�/ 1 n1 ≥ 7, n2 ≥ 7. Ï��n ≥ 7�, γwcon(Cn) = n, Ïd γwcon(Cn1
) = n1, γwcon(Cn2

) =

n2. qÏ�u, v ∈ S1 ∩ S2, Kk γwcon(Cn + e) = γwcon(Cn) = n.

�/ 2 n1 ∈ {4, 5, 6}, n2 ≥ 7. Ï��n ≥ 7�, γwcon(Cn) = n, Ïd γwcon(Cn2
) = n2. d

	, �âfà��8�½Â, �n1 ∈ {4, 5, 6}�, γwcon(Cn1
) = n1 − 2. qÏ�u, v ∈ S1 ∩ S2, Ï

d γwcon(Cn + e) = n − 2. Ï�n1 ∈ {4, 5, 6}, n2 ≥ 7, �n1 ≤ n2 < n, Kk γwcon(Cn) = n. ¤

± γwcon(Cn + e) = n− 2 < γwcon(Cn) = n.

�/ 3 n1 ∈ {4, 5, 6}, n2 ∈ {4, 5, 6}. �âfà��8�½Â, �n1 ∈ {4, 5, 6}, n2 ∈ {4, 5, 6}�,

k γwcon(Cn1
) = n1 − 2, γwcon(Cn2

) = n2 − 2. qÏ�u, v ∈ S1 ∩ S2, ¤± γwcon(Cn + e) = n − 4.

d	, Ï�n1 ∈ {4, 5, 6}, n2 ∈ {4, 5, 6}, �u, v ∈ Cn1
∩ Cn2

, �n ∈ {6, 7, 8, 9, 10}, 
�n = 6�,

γwcon(Cn) = n− 2; � 7 ≤ n ≤ 10�, γwcon(Cn) = n. Ïd, γwcon(Cn) > γwcon(Cn + e).

�/ 4 n1 = 3, n2 ≥ 3. XJn2 = 3, Ï�u, v ∈ Cn1
∩ Cn2

, @oCn´�� 4�. �âfà�

�8�½Â§γwcon(C4 + e) = n − 3 = 1. ¤± γwcon(C4 + e) = 1 < γwcon(C4) = n − 2 = 2. X

Jn2 ∈ {4, 5, 6}, �âfà��8�½Â, γwcon(Cn2
) = n − 2. qÏ�u, v ∈ (S2 ∩ V (C3)), �u

Ú vÑU��:V (C3) − {u, v}, Ïd γwcon(Cn + e) = n − 3. d	, Ï�n1 = 3, n2 ∈ {4, 5, 6},
�u, v ∈ C3∩Cn2

, d�n ∈ {5, 6, 7}, ¿��n = 7�, γwcon(Cn) = n; � 5 ≤ n ≤ 6�, γwcon(Cn) =

n − 2. Ïd, γwcon(Cn) > γwcon(Cn + e). XJn2 ≥ 7, @o γwcon(Cn2
) = n2, �u, v ∈ S2. q

Ï�u, v ∈ (S2 ∩ V (C3)), �uÚ v ÑU��:V (C3) − {u, v}, � γwcon(Cn + e) = n − 1. ¤

± γwcon(Cn + e) = n− 1 < γwcon(Cn) = n.

nþ¤ã, �� γwcon(Cn)− 4 ≤ γwcon(Cn + e) ≤ γwcon(Cn).

�â½n 2, Uì½n 5�©Û�{,�±�Ñ\>é��à��ê�aq(J.

½n 6 -Cn´n ≥ 3��, Kéu?¿> e ∈ E(Cn), Kk

γcon(Cn)− 4 ≤ γcon(Cn + e) ≤ γcon(Cn).

½n 7 -Tn´º:ên ≥ 3�äã. Kéu?¿> e ∈ E(Tn), Kk

γwcon(Tn)− 2 ≤ γwcon(Tn + e) ≤ γwcon(Tn) + 2.

y² �âÚn 3, N´��D0 = V − VL(Tn)´Tn����fà��8, ùpV �LTn�º

:8. e¡�ÄTn + e�fà��8, Ù¥ e = uv ∈ E(Tn). rTn + e�¤�����^Cp5L«,

©±en«�/?1?Ø:

�/ 1 b�u, v ∈ D0, @ou, v 6∈ VL(Tn), dTn
(u) ≥ 2, dTn

(v) ≥ 2, ¿�VL(Tn) = VL(Tn + e),

¤±D0 = V − VL(Tn + e).

XJCp,Ù¥ p ≥ 7. KV −VL(Tn+e)´Tn+e����fà��8,¿��±�� γwcon(Tn+
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e) = |D0| = γwcon(Tn).

XJ p = 4, 5, 6,�3Cpþ�3ü�ëY� 2Ý:x, y,KV −(VL(Tn+e)∪{x, y})´Tn+e��

��fà��8,Ïd�±�� γwcon(Tn+e) = |D0|−2 = γwcon(Tn)−2. eCpvkü�ëY� 2Ý

:x, y,� p = 5, 6�,D0´Tn+e����fà��8,Ïd�� γwcon(Tn+e) = |D0| = γwcon(Tn).

� p = 4�, eCpþk�� 2Ý:, K γwcon(Tn + e) = |D0| − 1 = γwcon(Tn) − 1, eCpþvk 2Ý

:, Kk γwcon(Tn + e) = |D0| = γwcon(Tn).

XJ p = 3, ½Â�C3þ�1n�:�ω. �âω ∈ VC(Tn + e)½ω 6∈ VC(Tn + e), KkD0

½D0 − ω ´Tn + e´���fà��8.

Ïd, 3ù«�¹ek γwcon(Tn + e) ∈ {|D0|, |D0| − 1, |D0| − 2}.

�/ 2 b� |D0 ∩ {u, v}| = 1, ·�Ø��u ∈ D0, v ∈ V −D0, @o dTn
(u) ≥ 2� dTn

(v) = 1.

5¿� v ∈ VL(Tn)− VL(Tn + e), ÏdkD0 = V − (VL(Tn + e) ∪ {v})´Tn����fà��8.

XJCp,Ù¥ p ≥ 7. KV −VL(Tn+e)´Tn+e����fà��8,¿��±�� γwcon(Tn+

e) = |D0|+ 1 = γwcon(Tn) + 1.

XJ p = 4, 5, 6, �3Cpþ�3ü�ëY� 2Ý:x, y, K V − (VL(Tn + e) ∪ {x, y})´Tn + e

����fà��8, Ïd�±�� γwcon(Tn + e) = |D0| − 1 = γwcon(Tn) − 1. eCp vk

ü�ëY� 2Ý:, � p = 5, 6�,V − VL(Tn + e)´Tn + e����fà��8, Ïd�±�

� γwcon(Tn + e) = |D0|+ 1 = γwcon(Tn) + 1. � p = 4�, eCpþk�� 2Ý:, KD0´Tn + e�

���fà��8, γwcon(Tn + e) = |D0| = γwcon(Tn).

XJ p = 3,-�C3þ�1n�:�ω. �âω ∈ VC(Tn+e)½ω 6∈ VC(Tn+e),kD0 ½D0−ω
´Tn + e´���fà��8.

Ïd, 3ù«�¹ek γwcon(Tn + e) ∈ {|D0| − 1, |D0|, |D0|+ 1}.

�/ 3 -u, v ∈ V − D0, KdTn
(u) = 1 = dTn

(v). 5¿�u, v ∈ VL(Tn) − VL(Tn + e). Ïd

kD0 = V − (VL(Tn + e) ∪ {u, v}) ´Tn����fà��8.

XJCp,Ù¥ p ≥ 7. KV −VL(Tn+e)´Tn+e����fà��8,¿��±�� γwcon(Tn+

e) = |D0|+ 2 = γwcon(Tn) + 2.

XJ p = 4, 5, 6. Ï�u, v ∈ V − D0, ¤±3Cpþ�3ü�ëY� 2Ý:u, v, Ïd��V −
(VL(Tn + e) ∪ {u, v})´Tn + e����fà��8, ¿� γwcon(Tn + e) = |D0| = γwcon(Tn).

XJ p = 3, @oD0´Tn + e����fà��ê, ¿��±�� γwcon(Tn + e) = |D0| =

γwcon(Tn). Ïd, 3ù«�¹e, k γwcon(Tn + e) ∈ {|D0|, |D0|+ 2}.

nþ��, éuTnk γwcon(Tn + e) ∈ {|D0| − 2, |D0| − 1, |D0|, |D0|+ 1, |D0|+ 2}.

�â½n 2±9½n 7aq�©Û�{, éN´íÑ\>éTnà��ê�aq(J.

½n 8 -Tn´º:ên ≥ 3�äã. Kéu?¿> e ∈ E(Tn), Kk

γcon(Tn)− 2 ≤ γcon(Tn + e) ≤ γcon(Tn) + 2.
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[2] Lemańska, M. (2004) Weakly Convex and Convex Domination Numbers. Opuscula Mathemat-

ica, 24, 181-188.

[3] Raczek, J. (2004) NP-Completeness of Weakly Convex and Convex Dominating Set Decision

Problems. Opuscula Mathematica, 24, 189-196.

[4] Raczek, J. and Lemańska, M. (2010) A Note on the Weakly Convex and Convex Domination

Numbers of a Torus. Discrete Applied Mathematics, 158, 1708-1713.

https://doi.org/10.1016/j.dam.2010.06.001
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