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Abstract

For α1, α2 > 0, 1 < p2 < p1 < ∞, we study the property of symbol functions f when the

small Hankel operators hα2

f
are bounded from F p1α1

to F
p2
α2
.
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1. Úó

� Cn ´ n �Eîª�m. é Cn ¥?¿ü: z = (z1, · · · , zn) Ú w = (w1, · · · , wn), P

〈z, w〉 = z1w1 + · · ·+ znwn, |z| =
√
〈z, z〉. ?�½ α > 0, �Ä Cn þ� Gauss VÇÿÝ

dvα(z) =
(α
π

)n
e−α|z|

2

dv(z),

Ù¥ dv(z) ´ Cnþ�IONÈÿÝ.

� 1 ≤ p <∞ �, Lpα L« Cn þ¤k÷v

‖f‖pp,α =
(pα

2π

)n ∫
Cn

∣∣∣f(z)e−
α
2 |z|

2
∣∣∣p dv(z) <∞

� Lebesgue �ÿ¼ê f ��N. � p =∞�, ^ L∞α L« Cn þ÷v

‖f‖∞,α = ess sup{|f(z)|e−α2 |z|
2

: z ∈ Cn} <∞

� Lebesgue �ÿ¼ê f ��N. w, Lpα 3 ‖ · ‖p,α �ê¿Âe�¤�� Banach �m.

- H(Cn) L« Cn þ��X¼ê��N, ^ H∞ L« Cn þk.)Û¼ê��N. ½Â Fock

�m

F pα = Lpα
⋂
H(Cn).
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N´�y F pα ´ Lpα �4f�m. Ïd, F pα �´ Banach �m. 'u Fock �m��
nØ��©

z [1–4].

�Kα(z, w) ´ F 2
α �2)Ø¼ê, ·�kKα(z, w) = eα〈z,w〉, � [3]. ^ kz(w) = Kα(w,z)

||Kα(·,z)||2,α L

«ÙIOz2)Ø. ¯¤±�, l L2
α � F 2

α ���ÝK Pα �L«�

Pαf(z) =

∫
Cn
Kα(z, w)f(w)dvα(w).

� 1 ≤ p ≤ ∞ �, Pα �þãÈ©L�ª´l Lpα � F pα ��5�f. � f ∈ F pα �, k Pαf = f . -

Γα =

{
m∑
j=1

ajKα(·, zj) : m ∈ N, zj ∈ Cn and aj ∈ C

}
.

´�Γα ´ F pα Ú f∞α �Èf8, Ù¥0 < p <∞. ��Bå�, ·�-

F
p

α = {f : f ∈ F pα}.

^ Pα L«l Lpα � F
p

α ���ÝK. é?¿� a ∈ Cn, � ta(z) = z+ a, XJCn þ� Lebesgue �

ÿ¼ê f ÷v f ◦ ta ∈ L1(Cn, dvα), K¡ f ÎÜ^� (I1). w,, f ÎÜ^� (I1) ��=�∫
Cn
|Kα(z, a)||f(z)|dvα(z) <∞, a ∈ Cn.

� f ÎÜ^� (I1) �, d f p��� Hankel �f hf �3 F pα þÈ½Â�

hfg(z) = Pα(f g)(z) =

∫
Cn
Kα(w, z)f(w)g(w)dvα(w). (1.1)

�©Ì�8�´ïÄØÓ Fock �m�m�k.� Hankel�f hf �ÎÒ f äk�o5

�. 31�Ü©, ·�k�Ñ�
ý��£. 31nÜ©, � 1 < p2 < p1 < ∞�, ·�y²e

hα2

f
: F p1α1

→ F
p2
α2
k., KÙÎÒ f 7,3�A½� Fock �mp.

2. ý��£

�½ a ∈ Cn, r > 0, P B(a, r) = {z ∈ Cn : |z − a| < r}. e Cn¥�S� {ak} ÷v:

1)
⋃∞
k=1B(ak, r) = Cn;

2) {B(ak,
r
4
)}∞k=1 pØ��.

K¡ {ak} � Cn¥��� r �. N´�y, ?�½ δ > 0, o�3Ú r, δ �'��êm ¦�z� Cn

¥�:Ñáu�õm �8Ü{B(ak, δ)}.

�½ r > 0, N´À� ak ∈ Cn, ¦� {ak} ´�� r �.
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�
y²Ì�(Ø, ·�I� Fock �m��f©)½n, �©z [5].

Ún 2.1 - 1 ≤ p ≤ ∞. r0 > 0, r ÷v 0 < r < r0, ¼ê f äkXe/ª:

f(z) =
∞∑
k=1

λke
α〈z,ak〉−α2 |ak|

2

, (2.1)

Ù¥ {λk} ∈ lp, {ak} ´�� r �. K f ∈ F pα , ��3� f Ã'�~ê C, ¦�é?¿� f ∈ F pα , Ñ

k

C−1‖f‖p,α ≤ inf ‖{λk}‖lp ≤ C‖f‖p,α

Ù¥e(.´�H¤k�±��/X (2.1)ª� {λk}.

Ùg, ·��Ñe¡�éó½n, �©z [3].

Ún 2.2 � α, β > 0, 1 ≤ p <∞, q ´ p ��Ý�I, = 1
p

+ 1
q

= 1. K3(é

〈f, g〉γ = lim
R→∞

∫
|z|<R

f(z)g(z)e−γ|z|
2

dv(z)

e, F pα �éó�m´ F qβ , f∞α �éó�m´ F 1
β , Ù¥ γ =

√
αβ.

3. k.�Hankel�f�ÎÒ

3ùÜ©, éu α1, α2 > 0, 1 < p2 < p1 <∞, ·�5?Øl F p1α1
� F

p2
α2
�k.� Hankel �f

hα2

f
�ÎÒ¼ê f kÛ5�. ·���±e½n.

½n3.1. � 1 < p2 < p1 < ∞, � hα2

f
: F p1α1

→ F
p2
α2
k.. K f ∈ F qβ , Ù¥ q = p1p2

p1−p2 , β =

α2
2

α1+α2
. ?�Ú, k

‖f‖q,β ≤ C‖hα2

f
‖.

y². yb� hα2

f
: F p1α1

→ F
p2
α2
k.. �½ 0 < r < r0, Ù¥ r0 X½n A ¥�Ñ, - {ak} ´�

� r �. Ké?¿� {λk} ∈ lp1 , Ún 2.1 w�·�, ¼ê

gt(z) =

∞∑
k=1

λkrk(t)kak(z) =

∞∑
k=1

λkrk(t)e
α1〈z,ak〉−

α1
2 |ak|

2

áu F p1α1
, � ‖gt‖p1,α1

≤ C‖{λk}‖lp1 . d hα2

f
: F p1α1

→ F
p2
α2
´k.�, ·��±��

‖hα2

f
gt‖p2p2,α2

≤ ‖hα2

f
‖p2 · ‖gt‖p2p1,α1

≤ C‖hα2

f
‖p2 · ‖{λk}‖lp1 .
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Ó�, d Fubini ½nÚ Khinchine Ø�ª��∫ 1

0

‖hα2

f
gt‖p2p2,α2

dt

=

∫
Cn
e−

p2α2
2 |z|2dv(z)

∫ 1

0

∣∣∣∣∣
∞∑
k=1

λkrk(t)h
α2

f
kak(z)

∣∣∣∣∣
p2

dt

≥ C

∫
Cn

(
∞∑
k=1

|λk|2|hα2

f
kak(z)|2

) p2
2

e−
p2α2

2 |z|2dv(z)

≥ C
∞∑
j=1

∫
B(aj ,r)

(
∞∑
k=1

|λk|2|hα2

f
kak(z)|2

) p2
2

e−
p2α2

2 |z|2dv(z).

�½ j, ·�k
∞∑
k=1

|λk|2|hα2

f
kak(z)|2 ≥ |λj |2|hα2

f
kaj (z)|2.

2(Ü |hα2

f
kaj (·)|q �gNÚ5, k

∞∑
j=1

∫
B(aj ,r)

(
∞∑
k=1

|λk|2|hα2

f
kak(z)|2

) p2
2

e−
p2α2

2 |z|2dv(z)

≥
∞∑
j=1

|λj |q
∫
B(aj ,r)

|hα2

f
kaj (z)|p2e−

p2α2
2 |z|2dv(z)

≥ C

∞∑
j=1

|λj |p2 |hα2

f
kaj (aj)|p2e−

p2α2
2 |aj |2 .

q

|hα2

f
kaj (aj)| =

∣∣∣∣∫
Cn
f(w)eα2〈w,aj〉eα1〈w,aj〉−α1

2 |aj |
2

dvα2
(w)

∣∣∣∣
= e−

α1
2 |aj |

2

∣∣∣∣∫
Cn
f(w)e(α1+α2)〈w,aj〉dvα2

(w)

∣∣∣∣
= : e−

α1
2 |aj |

2

|J |.

Ïd,
∞∑
j=1

|λj |p2e−
p2
2 (α1+α2)|aj |2 |J |p2 ≤ C‖hα2

f
‖p2 · ‖{|λk|p2}‖p2

l
p2
p1

.

q p1
p2
��Ý�I� p1

p1−p2 , dd��
{
e−

p2
2 (α1+α2)|aj |2 |J |p2

}
∈ l

p1
p1−p2 , �

∞∑
j=1

e−
q
2 (α1+α2)|aj |2 |J |q ≤ C‖hα2

f
‖q.

Ù¥ q = p1p2
p1−p2 . ey f ∈ F qβ , Ù¥ β = α2

2

α1+α2
. - β′ = α1 + α2, K β′ ´ β ��Ý�I. dÚn 2.1
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��, é?¿� h ∈ F q
′

β′ , Ù¥ q′ ´ q ��Ý�I, Ñ�3 {µj} ∈ lq
′
, Ù¥ ‖{µj}‖lq′ ≤ C‖h‖q′,β′ , ¦

�

h(z) =
∞∑
j=1

µje
β′〈z,aj〉− β

′
2 |aj |

2

.

Ïd, dÚn 2.2 Ú Hölder Ø�ª��

‖f‖q,β ' sup
‖h‖q′,β′=1

|〈h, f〉α2
|

= C sup
‖{µj}‖lq′≤1

∣∣∣∣∣
∫
Cn

(
∞∑
j=1

µje
β′〈z,aj〉− β

′
2 |aj |

2

)
f(z)dvα2

(z)

∣∣∣∣∣
= C sup

‖{µj}‖lq′≤1

∣∣∣∣∣
∞∑
j=1

µje
− β
′
2 |aj |

2

∫
Cn
f(z)eβ

′〈z,aj〉dvα2
(z)

∣∣∣∣∣
≤ C sup

‖{µj}‖lq′≤1
‖{µj}‖lq′

[
∞∑
j=1

e
−qβ′

2 |aj |2
(∫

Cn
f(z)eβ

′〈z,aj〉dvα2
(z)

)q] 1
q

≤ C‖hα2

f
‖.

dd��, f ∈ F qβ , �÷v ‖f‖q,β ≤ C‖hα2

f
‖. ½n�y.

Ä7�8
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