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Abstract

In this paper, we study the connectivity and the Hausdorff dimension of Julia sets in

triangular lattice Ising model.
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1. Úó9Ì�(J

ÚOÔn¥�CnØ�Ø%¯K´¦�.�êÚIÝÆ, �²�C��
")ûù
¯K��

Ðå»´��¦�©¼ê, �©¼ê�¹
ÚO²ïXÚA��Ü9åÆ&E, ¿U£ã� Ú�

C"1952 c
�wÚo�� [1,2] ïá�
)onØÒ´ÏL�©¼ê�":©Ù5�«�C��

�, �©¼ê�ÿ2�EC¼ê, l
�«
�C:3E²¡þ���A�"þ­Vl�c�±5

2É­À�­�z+�{, �ïÄ�C¯KJÑ
Ï#�å» [3]"Cc5, <�uy­�zC��

Julia 8  éA�©¼ê":�4�8, ­�zC��EÄåXÚÚå<��ïÄ,� [4, 5]"

Ising �.´�{ü�´�É'5�ÚOÔn�."�Än��mþäk N ��½�:�¬

N§3z��:þ����âf"¬N��:±±Ï:
ü�§:
�AÛ(��±´{üá�

N!F/á�Ú8�/�"âf3¬Nþ�gCþ± sj(j = 1, 2, ..., N) L«§sj �U� 1 ½ −1

ü��"sj = 1 L«âf�g^�þ§sj = −1 L«âf�g^�e"��|Cê sj �½�§Ò

��(½
XÚ����*G�§2b�z�g^�Ú§�C��g^k�p�^§rù��.

¡� Ising �." Ising �.Ø==´��°{�nØ�.§§�¢S^å��©2�"Äk§§

�±^5?Ø��Ôn¥�k��c^�Cy�"Ùg§Ising �.��±^5?Ø��Ü7�k

SÃS�C§±9ØÔn��C�"d	§Ising �.�k�©­��í2d�§é¬�þâf�

�UG�ê\±í2§�±��,��­��ÚOÔn�.= Potts �. [6]"

¦n� Ising �.��©¼ê´�©(J�¯K§ù´ÚOÔn¥�8vk)û�­�¯K�

�"î�¦)�� Ising �.�kéõ(J"1944c§Onsager [7]�ÄØ¹	^|��¹§|©$

^=£Ý
�{)û
ù�¯K"��§
�w [8] qO(O�
�� Ising �.�gu^zrÝ"

�Ä���>n�/¬�þ� Ising �.§1973 c, Niemeijer Ú Van Leeuwen [9]ÒJÑ¢�m�

­�z+�{"3���>n�/¬�þ�n�g^|¤��¬N, ¦��Ñ
­�zC�¼ê

f(z) = 2z

(
exp(4z) + 1

exp(4z) + 3

)2

(1)

ùpz = ε
kT

, ε, k �~ê, T �§Ý"'u���>n�/¬�þ� Ising �.­�zC�
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f(z)§�ö3©z [6]¥?Ø
 f(z) �ØÄ:ÚØC�§�� f(z) =k z1 = 0 á5ØÄ:Ú

z2 = 1
4
ln(1 + 2

√
2) ½5ØÄ:, ¿��3�¹ x ¶ z2 �>Ü©�á5ØC� D0 Ú�3�¹ x ¶

z2 m>Ü©� Baker ØC� D1"T©�?Ø
 f(z) �ÛÉ:�©ÙÚÛÉ�§��Xe(Øµ

½n A ( [6]) � f(z) �d (1) ½Â�n�/¬�þ� Ising �.�­�zC�¼ê§K

(I) zk = 2k+1
4
πi Ú z′k = 1

4
ln 3 + 2k+1

4
πi, k ∈ Z ´ f(z) ��.:¶

(II)Ø zk, z
′
k, k ∈ Z �	��.: z = x+ iy ÷ve�^�

y = ± (exp(8x)− 3)

16 exp(4x)(exp(8x) + 3)

√
exp(16x)− (256x2 + 128x+ 10) exp(8x) + 9

Ù¥������: � x < 0 �,

1

16
(exp(4x)− 3 exp(−4x)) ≤ y ≤ 1

16
(3 exp(−4x)− exp(4x));

� x > x2 �,

1

16
(3 exp(−4x)− exp(4x)) ≤ y ≤ 1

16
(exp(4x)− 3 exp(−4x));

Ù¥ x2 ��§ 16x + 4 = exp(4x) + 3
exp (4x)

��")§¿� x2 ∈ ( 1
4
ln(1 + 2

√
2), 1)§�Ù���

� 0.7"

½n B ( [6]) � f(z) �d (1) ½Â�n�/¬�þ� Ising �.�­�zC�¼ê§K f(z)

�ÛÉ�� 0 9
1

128zn exp(8zn)
(exp(4zn) + 1)4,

Ù¥ zn �Ø zk, z
′
k, k ∈ Z �	�k��.:"

�©?Ø
d (1) ½Â�n�/¬�þ� Ising �.�­�zC�¼ê f(z) � Julia 8�ëÏ

5Ú Hausdor �ê, ·���XeÌ��(Jµ

½n 1¼ê f(z) � Julia 8 J(f) � Hausdor �ê�u 1, = dimHJ(f) > 1"

½n 2¼ê f(z) � Julia 8 J(f) dØ�ê©|�¤"

2. Vg9Ún

�C�E²¡, f : C 7−→ C���5�kn¼ê½�¼ê, f � ngS�P� fn, f � ng_�

S�P� f−n" f ��5:�8Ü¡� f � Fatou 8,P� F (f)"F (f)�{8¡� f � Julia8,

P� J(f)"� Ĉ �*¿E²¡, � f �æX¼ê, ��: z0 ∈ Ĉ ¡� f ��.:§XJ f ′(z0) = 0

½ z0 � f(z) �õ­4:§
 a = f(z0)£�)Ã¡¤¡� f(z) ��.�"��: a ∈ Ĉ ¡� f �

ìC�§e�3�^3E²¡þò��Ã¡�­� Γ§¦�÷X Γ � z →∞ �§f(z)→ a"f(z)

�k��.�ÚìC�9Ù§��4�:Ú¡� f(z) �ÛÉ�"k'E)ÛÄåXÚ��'Vg

Ú5�ë� Beardon [10], Carleson ÚGamelin [11], Milnor [12], ?4� [13]Úxïu [14]��'©
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z"

P R = {f : Ĉ→ Ĉ | f ´gê��� 2 �kn¼ê};

M = {f : Ĉ→ Ĉ | f ´��æX¼ê½´gê��� 2 �kn¼ê};

ϕ(f) = {z ∈ C : fn(z)→∞, n→∞� z /∈ J∞(f)} Ù¥ J∞(f) = O−(∞)

⋃
{∞},

P = {f |�3��MobiusC�M(z)¦�M−1 ◦ f ◦M(z) = zk exp(S(z) + T (
1

z
))},

Ù¥ k ´�ê, S(z)Ú T(z) ´�¼ê"

Ún 2.1( [14]) � f ∈M\R ±9 U´�­½�, e U
⋂
ϕ(f) 6= Φ, K U ⊂ ϕ(f).

Ún 2.2( [14]) � f ∈M\R, K J(f) = ∂ϕ(f).

�½ C þ���8Ü E, �

Hsδ(E) = inf{
∑
i

(diamUi)
s : {Ui}� E ����ê δ −CX},

� δ → 0�, eHsδ(E) �4��3, P�Hs(E)"½Â8Ü E � Hausdorff �ê dimH(E)�

dimH(E) = inf{s : Hs(E) = 0} = sup{s : Hs(E) =∞}.

'u��æX¼ê� Julia 8� Hausdorff �ê, Stallard [15,16]y²
: � f(z) ���æX¼

ê, K 0 < dimaHJ(f) ≤ 2. é�õ�kk��4:�æX¼ê Julia 8� Hausdorff �ê��� 1,

= dimaHJ(f) ≥ 1. �ù�(Øé δ(∞, f) > 0 ���æX¼ê´Ä¤á��?�ÚïÄ"� f(z)

�k..���æX¼ê, äkÃ¡�4: {an}"�½�� rn 3 Bn = B(an, rn) þ

|f(z)| ∼ |bn|
|z − an|m

, |f ′(z)| ∼ m|bn|
|z − an|(m+1)

.

XJé¿©�� n0, ¦� Bk ⊂ f(Bn), k, n ∈
∏

, Ù¥
∏

= {n ∈ N : n′0 ≤ n ≤ n0}"K
dimHJ(f) ≥ α, Ù¥ α dXeØ�ª(½

Σ∞n=nl
0
(rn|an|−

m+1
m )α ≥ (K−1Lmr1|bl|−

1
m (diamB0 + 1))α.

Ù¥ l ∈
∏
, B0 = Bn0

,K, L ´~ê"

� B̂ = {f ∈ B : P(f)
⋂
J(f) = Φ}, fp,λ = λΣ∞n=p2(

1

np − z
− 1

np + z
), p ∈ N, λ > 0,

Stallard [16]y²
:

� 0 < λ < p4p−1

104 ln p
, p ≥ 6�, fp,λ ∈ B̂;
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XJ p ≥ 6, 0 < λ < 1
6p

, K dimHJ(fp,λ) ≤ 1
p
;

XJ p ≥ 6, p
4p−1

105 ln p
< λ < p4p−1

104 ln p
, K dimHJ(fp,λ) ≥ 1− ( 30 ln ln p

ln p
).

� Ω �üëÏ�, U � ∂Ω ���. � f �½Â3 U þ��XN�, ¡ Ω � RB-�, XJ÷v

e�^�µ

1¤f(∂Ω) = ∂Ω,

2¤f(U
⋂

Ω) ⊂ Ω,

3¤
⋂∞
k=0 f

−k(U
⋂

Ω) = ∂Ω.

Przytycki, UrbanskiÚ Zdunik [17,18]��Xe�(Jµ

Ún 2.3 e Ω � RB-�, K dimH(Ω) > 1.

3. ½n 1 �y²

d (1) �

f(z) = 2z

(
exp (4z)− (−1)

exp (4z)− (−3)

)2

ü>���

|f(z)| = 2|z| | exp (4z)− (−1)|2

| exp (4z)− (−3)|2
(2)

� Re(exp(4z)) ≤ −2�,

| exp((4z))− (−1)| ≥ | exp((4z))− (−3)|,

d (2) � |f(z)| ≥ 2|z|, Ïd |fn(z)| ≥ 2n|z|.

� Re(exp(4z)) ≥ −2�,

| exp(4z)− (−1)| ≤ | exp(4z)− (−3)|,

d (2) � |f(z)| ≤ 2|z|, Ïd |fn(z)| ≤ 2n|z|.

- z = x+ yi, K Re(exp(4z)) = exp(4x) cos(4y).

(I)� Re(exp(4z)) ≤ −2 , = exp(4x) cos(4y) ≤ −2 �,

cos(4y) ≤ −2

exp(4x)
,

Ïd, cos(4y) < 0 � exp(4x) > 2, =

DOI: 10.12677/pm.2021.1111204 1814 nØêÆ

https://doi.org/10.12677/pm.2021.1111204



�Ä

kπ

2
+
π

8
< y <

kπ

2
+

3π

8
, k ∈ Z� x >

1

4
ln 2.

��, �

kπ

2
+
π

8
< y <

kπ

2
+

3π

8
, k ∈ Z, x >

1

4
ln 2� exp(4x) cos(4y) ≤ −2,

�

Re(exp(4z)) ≤ −2 , |fn(z)| ≥ 2n|z| → ∞, n→∞.

Ïd, z ∈ F (f).

(II) � Re(exp(4z)) > −2 ,= exp(4x) cos(4y) > −2 �, �2©üa?Ø

1)� cos(4y) ≥ 0, =
kπ

2
− π

8
≤ y ≤ kπ

2
+
π

8
, k ∈ Z

�, é?¿� x ∈ R Ñk exp(4x) cos(4y) > −2.

2) � cos(4y) < 0, =

kπ

2
+
π

8
< y <

kπ

2
+

3π

8
, k ∈ Z

�, exp(4x) < −2
cos(4y)

.

e¡?�Ú·�é÷v exp(4x) cos(4y) > −2 �Eê z = x+ yi ?1?Ø.

d (2) �

|f(z)| = 2|z| | exp(4z) + 1|2

| exp(4z) + 3|2

= |x+ yi|2| exp(4x) cos(4y) + 1 + i exp(4x) sin(4y)|2

| exp(4x) cos(4y) + 3 + i exp(4x) sin(4y)|2
.

z{�

|f(z)| = |x+ yi|2 exp(8x) + 4 exp(4x) cos(4y) + 2

exp(8x) + 6 exp(4x) cos(4y) + 9

e |f(z)| < |z|, Kdþª� exp(8x)− 2 exp(4x) cos(4y)− 7 < 0. ��½,. Ïd, � z = x+ yi

÷v 
exp(8x)− 2 exp(4x) cos(4y)− 7 < 0

exp(4x) cos(4y) > −2

(3)

� |f(z)| < |z|, |fn(z)| < |z|, � z ∈ F (f).
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�§| (3) �Ó)C/� 
exp(4x) cos(4y) > 1

2
exp(8x)− 7

2

exp(4x) cos(4y) > −2

(4)

e 1
2

exp(8x)− 7
2
> −2, = x > 1

8
ln 3 ��§| (4) �Ó)C/�

exp(4x) cos 4y >
1

2
exp(8x)− 7

2
.

Ïd, � z = x+ yi ÷v x > 1
8

ln 3�

cos 4y >
1

2
exp(4x)− 7

2
exp(−4x)

�, z ∈ F (f).

e 1
2

exp(8x)− 7
2
< −2, = x < 1

8
ln 3 �, �§| (4) �Ó)C/� exp(4x) cos(4y) > −2. Ïd,

� z = x+ yi ÷v x < 1
8

ln 3� cos 4y > −2 exp(−4x)�, z ∈ F (f).

(Üþ¡�?Ø, � x < 1
8

ln 3,

kπ

2
− π

8
≤ y ≤ kπ

2
+
π

8
, k ∈ Z

�, z ∈ F (f).

�
kπ

2
+
π

8
< y <

kπ

2
+

3π

8
, k ∈ Z

� cos 4y > −2 exp(−4x) �, z ∈ F (f).

�
kπ

2
+
π

8
< y <

kπ

2
+

3π

8
, k ∈ Z,

x > 1
4

ln 2 � exp(4x) cos 4y ≤ −2 �,

Re(exp(4z)) ≤ −2 , |fn(z)| ≥ 2n|z| → ∞, n→∞,

� k = 0. P3 x > 1
4

ln 2 � π
8
< y < 3π

8
S÷v exp(4x) cos 4y ≤ −2 �: z ¤3�«�� D, Kd

Ún 2.1 � D ⊆ ϕ(f), Ïd, dÚn 2.2 �

dimHJ(f) = dimH∂ϕ(f) ≥ dimH∂D ≥ 1.

e¡?�Úy² dimHJ(f) > 1.

Ï� f(z) ká5ØÄ: z1 = 0, � D′ �¹�: O �üëÏá5ØC�, U � D′ S�,��.
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K

1¤f(∂D′) = ∂D′,

2¤f(U
⋂
D′) ⊂ D′,

3¤
⋂∞
k=0 f

−k(U
⋂
D′) = ∂D′.

� D′ � RB-�, ¤±dÚn 2.3 � dimH(D′) > 1. qÏ� ∂D′ ⊂ J(z), ¤± dimHJ(f) ≥
dimH(D′) > 1.

4. ½n 2 �y²

�
y²½n 2, ·�k�Ñ¤I�Ún"

Ún 4.1( [19]) æX¼ê�±Ï�´üëÏ, �ëÏ½Ã¡ëÏ"

Ún 4.2( [13]) � f ���æX¼ê, D � f ���ØC�, = F (f) ���±Ï� 1 �±Ï

©|, K D �ëÏê� 0, 1, ∞.

dÚn 4.1 ÚÚn 4.2 ��

Ún 4.3 ��æX¼ê�­½ØC�´üëÏ½Ã¡ëÏ"

Ún 4.4( [20]) Ĉ þ�;f8W 3 Ĉ þ´ëÏ��=� Ĉ \W z�©|üëÏ"

éc¡½Â�Xeü�¼ê8

M = {f : Ĉ→ Ĉ | f ´��æX¼ê½´gê��� 2 �kn¼ê};

P = {f |�3��MobiusC�M(z)¦�M−1 ◦ f ◦M(z) = zk exp(S(z) + T ( 1
z
))},

Ù¥ k ´�ê, S(z)Ú T(z) ´�¼ê"

Baker ��Xe'u8ÜM Ú P (Øµ

Ún 4.5( [21]) � f ∈M \P, K3 Ĉ þ J(f) ½ö´üëÏ½ödØ�ê©|�¤"

½n 2¼ê f(z) � Julia 8 J(f) dØ�ê©|�¤"

y² ky² f(z) ��¹ x ¶ z2 (z2 = 1
4
ln(1 + 2

√
2)) �>Ü©�á5ØC� D0 ´Ã¡ëÏ

�"du D0 ´ f(z) �á5ØC�, d f(z) 9Ún 4.3 � D0 ´üëÏ½Ã¡ëÏ�"� D0 �f

�

D′0 = {z|z ∈ D0, Rez > −δ,−
i

4
− δ < Imz <

i

4
+ δ}.

d [6]¥ f(z) ��.: �?Ø9�.:�lÑ5�, �·����ê δ �¦ D′0 =¹ z = ±πi
4
ü

��.:"

du D0 ´ f(z) �á5ØC�, ��3��ê k ≥ 1, ¦� fk(D′0) � D′0 S�üëÏ«�, P

� D′′0 , K fk(D′0) = D′′0 , d Riemann-Hurwitz úªk

χ(D′0) = dχ(D′′0 )− Σf ,

Ù¥ d �CX�­ê, Σf ��.:�ê. du z = ±πi
4
� f ��­":, z = 0 � f �ü":, �
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fk �CX­ê d ≥ 5k, 
 Σf = 2. d Riemann-Hurwitz úª�

χ(D′0) = d− 2 > 1,

� D0 ´Ã¡ëÏ"

,��¡, ��y f(z) /∈ P, dÚn 4.5, J(f) ½ö´üëÏ½ödØ�ê©|�¤"b�

J(f) ´üëÏ, KdÚn 4.4 � Ĉ \ J(z) = F (z) �z�©|üëÏ, ù� D0 Ã¡ëÏgñ, �

J(f) dØ�ê©|�¤"

dã 1§ã 2§ã 3?�ÚAy
½n 1 Ú 2 �(Ø"

Figure 1. Compute simulation image of the vertical rotate J(f)

ã 1. Julia8^��^=90Ý�O�Å�[ã

Figure 2. Compute simulation image of part J(f)

ã 2. Ü©Julia8�O�Å�[ã
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Figure 3. Compute simulation image of local J(f)

ã 3. ÛÜJulia8�O�Å�[ã

Ä7�8
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