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Abstract

In this paper, we study the asymptotic behavior of solutions of Non-autonomous

Kirchhoff-type wave equations with strong damping and nonlinear perturbations. The

existence of time-dependent pullback attractors is verified by using contraction func-

tion and asymptotic prior estimation.
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1. Úó

3>.¿©1w�k.� Ω ⊂ RN (N > 3)¥,�ÄXe�kr{ZÚ��56Ä��g£

Kirchhoff .Å�§
ε(t)utt − (1 + δ‖∇u‖2)∆u−∆ut + h(ut) + f(u) = g(x, t), (x, t) ∈ Ω× R+,

u(x, t) = 0, x ∈ ∂Ω, t ∈ R,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

(1.1)

Ù¥ δ ∈ [0, 1] ,h(ut)Ú f(u)´��5�, g(x)´	å�.

Kirchhoff Å�§
g Kirchhoff ïá��� -î��Ä¯K (�© [1]).éu�§ (1.1),�

ε(t)��~ê�,®²kéõïÄ(J.~X,� ε(t) = 1�, 2008c,¨Ú
3© [2]¥ïÄ
äk�

�5{Z� a(x)g(ut)� Plate�§3k.�¥��ÛáÚf��35.Óc,
3© [3]¥ïÄ
�

g£ Plate�§3k.�þ���áÚf��35. 2009c,�3© [4]¥ïÄ
 Plate�§3Ã.�

þ)�ìC;5.© [5]¥,�ïÄ
�g£Lx�§�ìC1�,¿ÏLA^#�(JÚUþ�O,

y²
��áÚf3�m H2
0 × L2(Ω)þ��35. 2014c,MÚo3© [6]¥ïÄ
�g£Å�§

�ÄåÆ1�¿y�.£áÚf��35.ê3© [7] ¥�Ñ
äkr{Z��g£ Kirchhoff �§
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�.£áÚf��35.

� ε(t)�üNk.4~�3Ã¡�?ªu 0�¼ê�,¯K (1.1)C��\E,.ù´Ï�=¦

	å���m tÃ',�§ (1.1)E,3�g£�/e?Ø.�
)ûùa¯K, Conti�<3© [8]¥

JÑ
Äu.£áÚ5���5.£áÚf�Vg,¿y�© [9]¥ Phinio�<3�m�6�mþ

ïá�áÚfnØ.4�<3© [10]¥A^© [9]��{ïÄ
 Plate�§3rÿÀ�mþ��m�

6.£áÚf.'u�kr{Z��g£ Kirchhoff Å�§��m�6ÄåÆ1����ïÄ.3

�©�ïÄ¥uy��5{Z,�g£	å�Ú Kirchhoff .�ÛÜ��áÂ8�y²�5
(J.

XÛ)ûù
��5(J¤��©ïÄ�'�.�ª,|^©z [11]JÑ�Â ¼ê��{,±9©

z [12]¥JÑ�ÄåXÚ θp�Ñ���¼ê φy²
�§ (1.1)��m�6.£áÚf��35.

�©1�Ü©Ð«
ý��£9I��½n,1nÜ©y�
áÂ8Ú�m�6.£áÚf�

�35.

2. ý��£

½Â C ´���~ê,3©¥Ñy�z�� C 3ØÓ�Ø�ª¥�LéA�~ê�,� C(·)´
��4O��¼ê.b�¼ê f(u), h(ut), ε(t),Ú g(x, t)÷v:

(A1)¼ê ε(t) ∈ C1(R)´��4~k.¼ê�÷v

lim
t→∞

ε(t) = 0, (1.2)

�3~ê L > 0,¦�

sup
t∈R

[|ε(t)|+ |ε′(t)|] 6 L. (1.3)

(A2)���5� f ∈ C1(R)÷v

O�5^�

|f ′(s)| 6 C(1 + |s|p−1), s ∈ R, (1.4)

ÑÑ5^�

lim inf
|s|→∞

|f ′(s)| > −λ1, (1.5)

� N > 3�, 1 6 p < p∗ ≡ N+2
N−2

.Ù¥ λ1� −∆3 Dirichlet>.^�e�1�A��.

(A3)���56Ä� h ∈ C1(R), h(0) = 0, h´î�O�,¿�k

lim inf
|s|→∞

h′(s) > 0, (1.6)

|h(s)| 6 C(1 + |s|q−1), s ∈ R, (1.7)
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� N > 3�, 1 6 q < p∗ ≡ N+2
N−2

.

(A4)	å� g(x, t) ∈ L2
loc(R, L2(Ω)),�k∫ t

−∞
eσs‖g(s)‖2ds < +∞, (1.8)

Ù¥ 0 < σ < γ
2
, γ ��§ (1.1)�k��O�¤^�¢�¼ê¥�~êXê.

Ún 1 b� h ÷v (1.6)-(1.7) ª, �éu?¿� δ > 0, �3��~ê Cδ > 0, é¤k�

u, v ∈ R,¦�
|u− v|2 6 δ + Cδ(h(u)− h(v))(u− v). (1.9)

(Ü^� (1.3)±9¥�½n��,�3��~ê C1,¦�

|f(u)− f(v)| 6 C1(1 + |u|p−1 + |v|p−1)|u− v|, ∀u, v ∈ R, 1 6 p <
N + 2

N − 2
. (1.10)

-

F (u) =

∫ u(x)

0

f(s)ds,

|^ (1.4)ªk ∫
Ω

F (u)dx > −λ
4
‖u‖2 − C. (1.11)

l
´�

〈f(u), u〉 >
∫

Ω

F (u)dx− λ

4
‖u‖2 − C, (1.12)

Ù¥ λ < λ1.

y3·�½Â L2¥�g��f A : V1 −→ V−1, 〈Au, v〉 = 〈∇u,∇v〉,∀u, v ∈ V1.Ù¥�f A�

½Â� D(A) = {u ∈ L2|Au ∈ L2} = H2 ∩H1
0 , Au = −∆ué u ∈ D(A).

·��±½Â A����f As(s ∈ R),�m Vs = D(A
s
2 )´Hilbert�m,kSÈÚ�ê

〈u, v〉s = 〈A s
2u,A

s
2 v〉, ‖u‖Vs

= ‖A s
2u‖.

·�½Â�m�6�m Xt = V1 × L2,¿�D��A��ê ‖(u, ut)‖2Xt
= ‖∇u‖2 + ε(t)‖ut‖2.

� (X, d)´���Ýþ�m, (Q, ρ)�Ýþ�m,�¡�ÎÒ�m, θ = {θt}t∈R´½Â3 Qþ�

ÄåXÚ�÷v:

(1) ∀q ∈ Q, θ0(q) = q;

(2) ∀q ∈ Q, t, τ ∈ R, θt+τ (q) = θt(θτ (q));

(3) (t, q)→ θt(q)ëY.

½Â 1 XJN� φ : R+ ×Q×X → X ÷v:
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(1) ∀(q, x) ∈ Q×X, φ(0, q, x) = x;

(2) ∀s, t ∈ R+, (q, x) ∈ Q×X, φ(t+ s, q, x) = φ(s, θt(q), φ(t, q, x)),

K¡N� φ : R+ ×Q×X → X ´d θp�Ñ���.

½Â 2(Â ¼ê) � X � Banach�m, B � X ¥�k.8, Φ(·, ·)´½Â3 X ×X þ�¼
ê,XJé?¿�S� {xn}∞n=1 ⊂ B,�3f� {xnk

}∞k=1 ⊂ {xn}∞n=1,¦�

lim
l→∞

lim
k→∞

Φ(xnk
, xnl

) = 0.

K¡ Φ(·, ·)� X ×X þ�Â ¼ê, CL«½Â33 X ×X þÂ ¼ê�8Ü.

½n 1 - (θ, φ)� Q×X þ��g£ÄåXÚ,b�8Üx D = {Dq}q∈Q� φ�.£áÂ8

� φ´.£ D−ìC;�,K φPk.£áÚf A = {Aq}q∈Q,Ù¥

Aq =
⋂
t>o

⋃
s>t

φ(s, θ−s(q), Dθ−s(q)), q ∈ Q. (1.13)

½n 2 - (θ, φ)� Q ×X þ��g£ÄåXÚ,k.8x D = {Dq}q∈Q � D̃ = {D̃q}q∈Q ÷
vé?¿� q ∈ Q,�3�� tq = t(q,D, D̃) > 0,¦�

φ(t, θ−t(q), Dθ−t(q)) ⊂ D̃q, ∀t > tq. (1.14)

b�é?¿� ε > 0, q ∈ Q,¿�3�� t = t(ε, D̃, q) > 0�½Â3 D̃θ−t(q)
× D̃θ−t(q)

þ�Â ¼ê

Φt,q(·, ·),¦�é?¿� x, y ∈ D̃θ−t(q)
,k

‖φ(t, θ−t(q), x)− φ(t, θ−t(q), y)‖X 6 ε+ Φt,q(x, y),

� φ3 X þ´.£ D−ìC;�.

3. Ì�(J

3.1. )��3��5

éu�§ (1.1)�)�35�±ÏLIO� Faedo−Galerkin�{��.

½n 3()��3��5) b� (1.2)-(1.8)ª¤á, y0 ∈ Xt, g(·) ∈ L2
loc(R, L2(Ω))K3«m [τ, t]

þ,é?¿�Ð� (u0, v0),¯K (1.1)�3��):

(u, ut) ∈ C([τ, t], H2(Ω) ∩H1
0 (Ω)), ut ∈ C([τ, t], L2(Ω)).

P

y0 = yτ = {u0, u1}, y(t) = {u(t), ut(t)}.
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d¯K (1.1)�3�m Xt ¥�E���g£ÄåXÚ,é?¿� t, τ ∈ R,- Q = R, θt(τ) = t + τ,

½Â

φ(t, τ, y0) = φ(t+ τ, τ, y0) = {u(t+ τ), u(t+ τ)}, τ ∈ R, s, t > 0, y0 ∈ Xτ , (2.1)

d�§ (1.1))��3��5��

φ(t+ s, τ, y0) = φ(t, s+ τ, φ(s, τ, y0)), τ ∈ R, s, t > 0, y0 ∈ Xτ ,

¿�,é?¿� τ ∈ R, t > 0,Kd (2.1)ª½Â�N� φ(t, τ, ·) : Xτ → Xt´ëYN�.Ïd,N� φ

´ Xtþ���N�.

Ï� h(·) ∈ L2
loc(R, L2(Ω))÷v (1.8)ª, Rδ ´¤k¼ê r : R→ (0,+∞)�8Ü,÷v

lim
t→−∞

eδtr2(t) = 0, (2.2)

� Dδ,Xt
´é?¿� rD̂ ∈ Rδ, ¦� D(t) ⊂ B̄(0; rD̂(t)) �¤k D̂ = {D(t), t ∈ R} �8a, Ù¥

B̄(0, rD̂(t))´± 0�¥% rD̂(t)��»�4¥.

3.2. .£áÂ8��35

é�§ (1.1)�)3�m Xt¥�k��O.

- G(t) = 1
2
ε(t)‖ut‖2 + 1

2
‖∇u‖2 + δ

4
‖∇u‖4,½ÂUþ¼ê

K(t) = G(t) +

∫
Ω

F (u)dx, (2.3)

d (1.10)ªk ∫
Ω

F (u)dx > − 1

2λ1

‖∇u‖2 − C, (2.4)

d (1.2)ª9 HölderØ�ª,k

|βε(t)(ut, u)| 6 ε(t)

4
‖ut‖2 +

Lβ2

λ1

‖∇u‖2. (2.5)

d (1.3)ª9i\ V1 ↪→ Lp+1(Ω),�∫
Ω

F (u)dx 6 C
∫

Ω

(1 + |u|p+1)dx 6 C(‖∇u‖2). (2.6)

d (1.4)ª9 Sobolevi\,�3�~ê c0, C0±94O�¼ê C(s),¦�

c0G(t)− C0 6 K(t) 6 C(G(t)). (2.7)
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� 0 < β < 1,��§ (1.1)¦± ut + βu,��

d

dt
K1(t) +

∫
Ω

[h(ut)ut −
ε′(t)

2
|ut|2 − βε(t)|ut|2]dx+ ‖∇ut‖2

+ ρ(1 + δ‖∇u‖2)‖∇u‖2 + β〈h(ut), u〉 − β〈f(u), u〉

= 〈g(t), ut + βu〉+ βε′(t)〈ut, u〉. (2.8)

Ù¥K1(t) = K(t) + βε〈ut, u〉+ 1
2
β‖∇u‖2. Ï�

〈g(t), ut + βu〉 6 aβ2

2λ1

‖∇u‖2 +
a

2
‖ut‖2 + aβ〈u, ut〉+

2

a
‖g(t)‖2,

¤±

d

dt
K1(t) + βK1(t) + Λ(t) 6

2

a
‖g(t)‖2, (2.9)

Ù¥

Λ(t) =

∫
Ω

[h(ut)ut −
ε′(t)

2
|ut|2 − βε(t)|ut|2]dx+ β(h(ut), u) + β(f(u), u)

− β
∫

Ω

F (u)dx+ (β − β

2
− β2

2
− aβ2

2λ1

)‖∇u‖2 + βδ‖∇u‖4

− β2ε(t)〈ut, u〉 − β(ε′(t)− a)(u, ut).

d (1.3)ª9 HölderØ�ª,k

|(ε′(t) + a)(ut, u)| 6 C‖ut‖‖u‖ 6
C

4η
‖ut‖2 + η‖∇u‖2. (2.10)

d (1.6)ªÚ (1.7)ª,��

|
∫

Ω

h(ut)udx| 6 ‖h(ut)‖‖u‖

6 C
∫

Ω

|u|dx+ C

∫
Ω

(h(ut)ut)
p

p+1 |u|dx

6 C
∫

Ω

|u|dx+ C

∫
Ω

(h(ut)utdx)
p

p+1

∫
Ω

(|u|p+1dx)
1

p+1

6 C
∫

Ω

|u|dx+ C

∫
Ω

(h(ut)utdx)
p

p+1 ‖∇u‖

6 C
∫

Ω

|u|dx+ C(1 +

∫
Ω

(h(ut)utdx)‖∇u‖

6Mg,Ω + η‖∇u‖2 + C(G(τ))

∫
Ω

h(ut)utdx. (2.11)
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Ù¥ η > 0v
�, Mg,Ω´��Cz�ÊÏ~ê. d (1.11)ªÚ (1.12)ª,��

β(f(u), u)−
∫

Ω

F (u)dx > β(

∫
Ω

F (u)dx− 1

2λ1

‖∇u‖2 − C −
∫

Ω

F (u)dx)

> − β

2λ1

‖∇u‖2 − βC. (2.12)

(Ü (2.7)ªÚ (2.10)-(2.12)ª,k

Λ(t) =

∫
Ω

[(1− C(G(τ)))h(ut)ut −
(ε′(t) + a)

2
|ut|2 − β(

7ε(t)

4
+
C

4η
)|ut|2]dx

+ (1 + β‖∇u‖2 − 1

2
− β

2
− β2

2
− Lβ2

2λ1

− 2η)‖∇u‖2 − βMg,Ω. (2.13)

d (1.4)ª,�3m > 0Ú |s| > R0,k h′ > m,Ïd,∫
Ω

h(ut)utdx > m
∫

Ω{|ut|>R0}
|ut|2dx. (2.14)

é β1v
�,·�k∫
Ω

h(ut)utdx− β1‖ut‖2

> m
∫

Ω{|ut|>R0}
|ut|2dx− β1

∫
Ω{|ut|>R0}

|ut|2dx− β1

∫
Ω{|ut|6R0}

|ut|2dx

> (m− β1)

∫
Ω{|ut|>R0}

|ut|2dx+ β1

∫
Ω{|ut|6R0}

|ut|2dx− 2β1R
2
0|Ω|. (2.15)

� β = η2, ÀJ η v
�, ¦� 1 − βC(E(τ)) > 1
2
, r (2.15) ª�\� (2.13) ª¥, �� Λ(t) >

−βMg,Ω.·���

d

dt
K1(t) + βK1(t) 6 βMg,Ω +

2

a
‖g(t)‖2. (2.16)

é (2.16)ü>Ó¦± eβt¿3 [t− τ, t]þÈ©,k

K1(t) 6 β−1(1− e−βτ ) + e−βτ −K(t− τ) +
2

a

∫ t

t−τ
e−βs‖h(s)‖2ds. (2.17)

é?¿� y0 ∈ Dt−τ , t ∈ R, t > 0,

A^ GronwallÚn,d (2.7)ª,·�k

‖φ(τ, t− τ, y0)‖2Xt
6 2Ce−βtK1(t− τ) + 2Mg,Ω(1− e−βτ ) +

4

a

∫ t

t−τ
e−βs‖h(s)‖2ds. (2.18)

� (Qβ(t))2 6 2C(1 − e−βτ ) + 4
a

∫ t
t−τ e

−βs‖h(s)‖2ds,�Ä Xt ¥�4¥ Bβ,Xt
,½Â Bβ,Xt = {y ∈

Xt, ‖y‖2Xt
6 (Qβ(t))2},(Ü (2.7)ª�, Bβ,Xt

´�� φ�.£ Dβ,Xt
áÂ8. �
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½n 4 b� (1.2)-(1.8)ª¤á,K�§ (1.1)�)��g£ÄåXÚ (θ, φ)3 Xt ¥�3.£

Dβ,Xt
áÂ8.

y² 3k��O�Ä:þ,�±���Ñ�§ (1.1)�)��g£ÄåXÚ (θ, φ)3 Xt¥�3

.£ Dβ,Xt
áÂ8. �

4. .£áÚf

4.1. k��O

Ún 2 b� (1.2)-(1.8)¤á,½Â3 X ×X þ�¼ê Φ(·, ·)´Â ¼ê.

y² é?¿� t ∈ R, - yi = (ui(t), ∂tui)(i = 1, 2) ��§ (1.1) 'uÐ� yi0 = (ui0, v
i
0) ∈

D̃t−τ × D̃t−τ �),Ù¥ τ > 0.�
�B�O,P ω(t) = u1(t)− u2(t),K ω(t)÷v±e�§

ε(t)ωtt −
δ

2
(‖∇u1‖2 + ‖∇u2‖2)∆ω − δ

2
〈∇(u1 + u2),∇ω〉∆(u1 + u2)

−∆ω −∆ωt + h(u1t
)− h(u2t

) + g(u1)− g(u2) = 0, (x, t) ∈ Ω× R+,

ω(x, t) = 0, x ∈ ∂Ω, t ∈ R,

ω(x, 0) = u10
(x)− u20

(x), ωt(x, 0) = u11
(x)− u21

(x), x ∈ Ω.

(3.1)

-

Kω(t) =
1

2
eγt

∫
Ω

[ε(t)|ωt(t)|2 +
1

2
|∇ω(t)|2

+
δ

4
(‖∇u1‖2 + ‖∇u2‖2)|∇ω(t)|2]dx.

� (3.1)ª¦± eγtωt(t),k

d

dt
[eγtKω(t)]− 1

2
ε′(t)‖ωt(t)‖2 + 〈h(u1t)− h(u2t), e

γtωt(t)〉

= −δ
2
eγt〈∇(u1 + u2),∇ω(t)〉〈∇(u1 + u2),∇ωt(t)〉+ γeγtKω(t)

− eγt‖∇ωt(t)‖2 − eγt〈f(u1)− f(u2), ωt(t)〉. (3.2)

3 [s, t]× ΩþÈ©,¿d ε′(t) < 09 h�5�,k

eγtKω(t)− eγsKω(s)

6 −δ
2

∫ t

s

eγζ〈∇(u1 + u2),∇ω(ζ)〉〈∇(u1 + u2),∇ωt(ζ)〉dζ + γ

∫ t

s

eγζKω(ζ)dζ

−
∫ t

s

∫
Ω

eγζ |∇ωt(ζ)|2dxdζ −
∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ωt(ζ)dxdζ. (3.3)
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2é (3.3)ª'u s3 [t− τ, t]þÈ©,k

τeγtKω(t)−
∫ t

t−τ
eγsKω(s)ds

6 +γ

∫ t

t−τ

∫ t

s

eγζKω(ζ)dζds−
∫ t

t−τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ωt(ζ)dxdζds

− δ

2

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω(ζ)〉〈∇(u1 + u2),∇ωt(ζ)〉dζds

−
∫ t

t−τ

∫ t

s

∫
Ω

eγζ‖∇ωt(ζ)‖2dxdζds. (3.4)

,�,� (3.1)ª¦± eγtω(t),=

d

dt
[eγt(ε(t)‖ωt(t)‖2 +

1

2
‖∇ω(t)‖2)] +

δ

2
eγt(‖∇u1‖2 + ‖∇u1‖2)‖∇ω(t)‖2

= −δ
2
eγt〈∇(u1 + u2),∇ω(t)〉2 + ε′(t)ωt(t)ω(t)− 〈h(u1t)− h(u2t), e

γtω(t)〉

− eγt〈f(u1)− f(u2), ω(t)〉+ γeγt[ε(t)‖ωt(t)‖2 +
1

2
‖∇ω(t)‖2]. (3.5)

éþª3 [s, t]× ΩþÈ©,¿d h�5�,k

δ

2

∫ t

s

∫
Ω

eγζ(‖∇u1‖2 + ‖∇u1‖2)|∇ω(ζ)|2dxdζ +

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζ

6 −
∫

Ω

eγt(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

∫
Ω

eγs(ε(s)ωt(s)ω(s) +
1

2
|∇ω(s)|2)dx

− δ

2

∫ t

s

∫
Ω

eγζ〈∇(u1 + u2),∇ω〉2dxdζ −
∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ω(ζ)dxdζ

+ γ

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζ +

∫ t

s

∫
Ω

ε′(ζ)eγζωt(ζ)ω(ζ)dxdζ. (3.6)

é (3.6)ª'u s3 [t− τ, t]þÈ©¿¦± γ,k∫ t

t−τ

∫ t

s

∫
Ω

(
γδ

2
eγζ(‖∇u1‖2 + ‖∇u1‖2)|∇ω(ζ)|2 + γeγζ(ε(t)|ωt(ζ)|2 +

1

2
|∇ω(ζ)|2))dxdζds

6 −δγ
2

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω〉2dζds− γ
∫ t

t−τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ω(ζ)dxdζds

− γτ
∫

Ω

eγζ(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+ γ

∫ t

t−τ

∫ t

s

∫
Ω

ε′(ζ)ωt(ζ)ω(ζ)dxdζds

+ γ

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζds

+ γ

∫ t

t−τ

∫
Ω

eγζ(ε(s)ωt(s)ω(s) +
1

2
|∇ω(s)|2)dxds. (3.7)
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ò (3.7)ª�\ (3.4)ª,k

eγtKω(t)−
∫ t

t−τ
eγsKω(s)ds

6 −δγ
4

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω〉2dζds−
∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ωt(ζ)dxdζ

− γτ

2

∫
Ω

eγζ(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

γ

2

∫ t

t−τ

∫ t

s

∫
Ω

ε′(ζ)ωt(ζ)ω(ζ)dxdζds

−
∫ t

s

∫
Ω

eγζ |∇ωt(ζ)|2dxdζ −
∫ t

t−τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ω(ζ)dxdζds

− δ

2

∫ t

s

eγζ〈∇(u1 + u2),∇ω(ζ)〉〈∇(u1 + u2),∇ωt(ζ)〉dζ

+
γ2

2

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζds

+
γ

2

∫ t

t−τ

∫
Ω

eγζ(ε(s)ωt(s)ω(s) +
1

2
|∇ω(s)|2)dxds. (3.6)

3 [t− τ, t]þÈ© (3.5)ª,¿d h�5�,k

δ

2

∫ t

t−τ

∫
Ω

eγs(‖∇u1‖2 + ‖∇u2‖2)|∇ω(s)|2dxds

6 −δ
2

∫ t

t−τ

∫
Ω

eγs〈∇(u1 + u2),∇ω〉2dxds−
∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ω(s)dxds

+ γ

∫ t

t−τ

∫
Ω

eγs(ε(s)|ωt(s)|2 +
1

2
|∇ω(s)|2)dxds−

∫ t

t−τ

∫
Ω

eγsε(s)|ωt(s)|2dxds

−
∫

Ω

eγt(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

∫ t

t−τ

∫
Ω

ε′(s)ωt(s)ω(s)dxds

+

∫
Ω

eγ(t−τ)(ε(t− τ)ωt(t− τ)ω(t− τ) +
1

2
|∇ω(t− τ)|2)dx. (3.7)

ò (3.7)ª�\ (3.6)ª,k

eγtKω(t) +

∫ t

t−τ
eγsKω(s)ds

6 −γτ
2

∫
Ω

eγζ(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

γ

2

∫ t

t−τ

∫ t

s

∫
Ω

ε′(ζ)ωt(ζ)ω(ζ)dxdζds

− δγ

4

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω〉2dζds−
∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ωt(ζ)dxdζ

− δ

2

∫ t

t−τ

∫
Ω

eγs〈∇(u1 + u2),∇ω〉2dxds−
∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ω(s)dxds

+ γ

∫ t

t−τ

∫
Ω

eγs(ε(s)|ωt(s)|2 +
1

2
|∇ω(s)|2)dxds−

∫ t

t−τ

∫
Ω

eγsε(s)|ωt(s)|2dxds

−
∫ t

s

∫
Ω

eγζ |∇ωt(ζ)|2dxdζ −
∫ t

t−τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ω(ζ)dxdζds
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−
∫

Ω

eγt(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

∫ t

t−τ

∫
Ω

ε′(s)ωt(s)ω(s)dxds

+

∫
Ω

eγ(t−τ)(ε(t− τ)ωt(t− τ)ω(t− τ) +
1

2
|∇ω(t− τ)|2)dx

− δ

2

∫ t

s

eγζ〈∇(u1 + u2),∇ω(ζ)〉〈∇(u1 + u2),∇ωt(ζ)〉dζ

+
γ2

2

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζds

+
γ

2

∫ t

t−τ

∫
Ω

eγζ(ε(s)ωt(s)ω(s) +
1

2
|∇ω(s)|2)dxds. (3.8)

é (3.2)ª3 [t− τ, t]þÈ©,¿d ε(t), h(ut)�5�,��

−
∫ t

t−τ
eγsKω(s)ds

6 − 1

γ
eγtKω(t) +

1

γ
eγ(t−τ)Kω(t− τ)− 1

γ

∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ωt(s)dxds

− δ

2γ

∫ t

t−τ
eγs〈∇(u1 + u2),∇ω(s)〉〈∇(u1 + u2),∇ωt(s)〉ds. (3.9)

ò (3.9)ª�\ (3.8)ª,k

τeγtKω(t) 6 −γτ
2

∫
Ω

eγζ(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

γ

2

∫ t

t−τ

∫ t

s

∫
Ω

ε′(ζ)ωt(ζ)ω(ζ)dxdζds

− δγ

4

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω〉2dζds−
∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ωt(ζ)dxdζ

− δ

2

∫ t

t−τ

∫
Ω

eγs〈∇(u1 + u2),∇ω〉2dxds−
∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ω(s)dxds

+ γ

∫ t

t−τ

∫
Ω

eγs(ε(s)|ωt(s)|2 +
1

2
|∇ω(s)|2)dxds−

∫ t

t−τ

∫
Ω

eγsε(s)|ωt(s)|2dxds

− 1

γ
eγtKω(t) +

1

γ
eγ(t−τ)Kω(t− τ)− 1

γ

∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ωt(s)dxds

−
∫ t

s

∫
Ω

eγζ |∇ωt(ζ)|2dxdζ −
∫ t

t−τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ω(ζ)dxdζds

−
∫

Ω

eγt(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

∫ t

t−τ

∫
Ω

ε′(s)ωt(s)ω(s)dxds

+

∫
Ω

eγ(t−τ)(ε(t− τ)ωt(t− τ)ω(t− τ) +
1

2
|∇ω(t− τ)|2)dx

− δ

2γ

∫ t

t−τ
eγs〈∇(u1 + u2),∇ω(s)〉〈∇(u1 + u2),∇ωt(s)〉ds

− δ

2

∫ t

s

eγζ〈∇(u1 + u2),∇ω(ζ)〉〈∇(u1 + u2),∇ωt(ζ)〉dζ

+
γ2

2

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζds

+
γ

2

∫ t

t−τ

∫
Ω

eγζ(ε(s)ωt(s)ω(s) +
1

2
|∇ω(s)|2)dxds. (3.10)
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(Ü (3.8)ª-(3.10)ª,��

Φt,τ ((u1
0, v

1
0), (u2

0, v
2
0))

= −(
γ

2τ
+

1

τ
)

∫
Ω

eγζ(ε(t)ωt(t)ω(t) +
1

2
|∇ω(t)|2)dx+

γ

2τ

∫ t

t−τ

∫ t

s

∫
Ω

ε′(ζ)ωt(ζ)ω(ζ)dxdζds

+
γ

2τ

∫ t

t−τ

∫
Ω

eγζ(ε(s)ωt(s)ω(s) +
1

2
|∇ω(s)|2)dxds+

1

τ

∫ t

t−τ

∫
Ω

ε′(s)ωt(s)ω(s)dxds

− δγ

4τ

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω〉2dζds− 1

τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ωt(ζ)dxdζ

+
γ

τ

∫ t

t−τ

∫
Ω

eγs(ε(s)|ωt(s)|2 +
1

2
|∇ω(s)|2)dxds− 1

τ

∫ t

t−τ

∫
Ω

eγsε(s)|ωt(s)|2dxds

− 1

τ

∫ t

s

∫
Ω

eγζ |∇ωt(ζ)|2dxdζ − 1

τ

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(f(u1)− f(u2))ω(ζ)dxdζds

− δ

2τ

∫ t

t−τ
eγs〈∇(u1 + u2),∇ω〉2ds− 1

τ

∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ω(s)dxds

− δ

2γτ

∫ t

t−τ
eγs〈∇(u1 + u2),∇ω(s)〉〈∇(u1 + u2),∇ωt(s)〉ds

− δ

2τ

∫ t

s

eγζ〈∇(u1 + u2),∇ω(ζ)〉〈∇(u1 + u2),∇ωt(ζ)〉dζ

− 1

τγ
eγtKω(t)− 1

γτ

∫ t

t−τ

∫
Ω

eγs(f(u1)− f(u2))ωt(s)dxds

+
γ2

2τ

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(ε(t)|ωt(ζ)|2 +
1

2
|∇ω(ζ)|2)dxdζds. (3.11)

l


K ′ω(t) 6 C
e−βτ

τ
R̃2
t−τ + Φt,τ ((u1

0)(v1
0), (u2

0)(v2
0)), (3.12)

Ù¥ R̃2
t−τ =

∫
Ω
eγ(t−τ)(ε(t− τ)ωt(t− τ)ω(t− τ) + 1

2
|∇ω(t− τ)|2)dx+ 1

γ
eγ(t−τ)Kω(t− τ).

- (un, unt
)�éAÐ©� (ui0, u

i
10

) ∈ D̃t−τ0 × D̃t−τ0 �).®� ‖∇un‖2´k.�.d (1.2)-(1.3)

ª�:éu?¿�½� t−τ0, ζ ∈ [t−τ0, t], ε(ζ)k.,�
 ε(ζ)‖unt
‖2k..Ïd ‖∇un‖2+ε(ζ)‖unt

‖2

k..�â Alaoglu½n,k±e(J:

un → u3 L∞(τ, T ;H1
0 (Ω))¥f ∗Âñ, (3.13)

unt
→ ut3 L∞(τ, T ;L2(Ω))¥f ∗Âñ, (3.14)

un → u3 Lp+1(τ, T ;Lp+1(Ω))¥rÂñ, (3.15)

un → u3 L2(τ, T ;L2(Ω))¥rÂñ. (3.16)

e¡�O (3.11)ª¥�z��.d (3.13)-(3.15)ª,k

lim
n→∞

lim
m→∞

∫
Ω

eγζ(ε(t)(∂tun − ∂tum)(un − um) +
1

2
|∇(un − um)|2)dx = 0. (3.17)
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lim
n→∞

lim
m→∞

∫ t

t−τ

∫
Ω

eγζL(∂tun − ∂tum)(un − um)dxds = 0. (3.18)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫ t

s

∫
Ω

L(∂tun − ∂tum)(un − um)dxdζds = 0. (3.19)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫
Ω

eγζ(L(∂tun − ∂tum)(un − um) +
1

2
|∇(un − um)|2)dxds = 0. (3.20)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫ t

s

∫
Ω

eγζ(L|∂tun − ∂tum|2 +
1

2
|∇ω(un − um)|2)dxdζds = 0. (3.21)

lim
n→∞

lim
m→∞

∫ t

t−τ
eγs〈∇(u1 + u2),∇(un − um)〉2ds = 0. (3.22)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫ t

s

eγζ〈∇(u1 + u2),∇(un − um)〉2dζds = 0. (3.23)

lim
n→∞

lim
m→∞

∫ t

s

eγζ〈∇(u1 + u2),∇(un − um)〉〈∇(u1 + u2),∇(∂tun − ∂tum)〉dζ = 0. (3.24)

lim
n→∞

lim
m→∞

∫ t

t−τ
eγs〈∇(u1 + u2),∇(un − um)〉〈∇(u1 + u2),∇(∂tun − ∂tum)〉ds = 0. (3.25)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫
Ω

eγs(L|(∂tun − ∂tum)|2 +
1

2
|∇(un − um)|2)dxds = 0. (3.26)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫
Ω

eγζ(f(un)− f(um))(un − um)dxdζ = 0. (3.27)

lim
n→∞

lim
m→∞

∫ t

t−τ

∫ t

s

∫
Ω

eβζ(f(un)− f(um))(un − um)dxdζds = 0. (3.28)

d (2.8)ª±9 HölderØ�ª,k

|
∫ t

t−τ

∫
Ω

eβζ(f(un)− f(um)) · (unt
− umt

)dxdζ|

6
∫ t

t−τ

∫
Ω

eβζC(1 + |un|p−1 + |um|p−1) · |un − um| · |unt
− umt

|dxdζ

6
∫ t

t−τ
eβζ(C(1 + ‖un‖p−1

L2(p+1)(Ω)
+ ‖um‖p−1

L2(p+1)(Ω)
)

· ‖un − um‖Lp+1(Ω) · ‖unt
− umt

‖L2(Ω)dζ

6
∫ t

t−τ
eβξC(1 + ‖un(s)‖p−1

V1
+ ‖um(s)‖p−1

V1
)

· ‖un(s)− um(s)‖Lp+1(Ω) · ‖unt
− umt

‖L2(Ω)dζ,

�

lim
n→∞

lim
m→∞

∫ t

t−τ

∫
Ω

eβζ(f(un)− f(um))(unt
− umt

)dxdζ = 0. (3.29)
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aq/,éu�½� t, |
∫ t
s

∫
Ω

eβζ(f(un(ξ)) − f(um(ζ)))(unt
(ζ) − umt

(ζ))dxdζ|k.,dV��

��Âñ½n��

lim
n→∞

lim
m→∞

∫ t

t−τ

∫ t

s

∫
Ω

eβζ(f(un(ζ))− f(um(ζ)))(unt
(ζ)− umt

(ζ))dxdζds

=

∫ t

t−τ0
( lim
n→∞

lim
m→∞

∫ t

s

∫
Ω

eγζ(f(un(ζ))− f(um(ζ)))(unt
(ζ)− umt

(ζ))dxdζ)ds

= 0. (3.30)

Ïd,�±�� Φt,τ ((u1
0, v

1
0), (u2

0, v
2
0))� D̃t−τ0 × D̃t−τ0 þ�Â ¼ê. �

½n 5 3ª (1.2)-(1.9)9 (1.11)¤á�b�e,d¯K (1.10)�)��g£ÄåXÚ (θ, φ)3

Ht¥�3�m�6.£áÚf.

y² : dÚn 2�, (3.11)ª½Â�¼ê Φt,τ0 ´��Â ¼ê,(Ü½n 2Ú½n 3��¯K

(1.1)�)��g£ÄåXÚ (θ, φ)3Ht¥�3�m�6.£áÚf. �

5. o(

Kirchhoff �§£ã
ÔnÆ¥�� -î��Ä¤Úå��ÝCz�y�.d�§��2�

A^uó§ÔnÆ¥ïþxù�Ä!ÚîåÆ!°�(Æ!�»Ôn!)ÔÉó¯K�+�. 100õ

c5,�X�E�uÐ,<�é Kirchhoff�§�A^+�Øä*�, Kirchhoff�§�L�ª�3Ø

ä/í2,�5�õ'u Kirchhoff�§�êÆÔn�.�±ïá.�©ïÄ
�kr{ZÚ��5

6Ä��g£ Kirchhoff Å�§,ÄkÏLIO� Faedo−Galerkin�{��
)��3��5,Ù

gæ^
k��O��{)û
��5{Z�!�g£	å�Ú Kirchhoff .�ÛÜ�3�yáÂ

8��5�(J,��$^Â ¼êÚìCk��O��{y²
�m�6.£áÚf��35.

IS	NõÍ¶ÆöÑ�åuÃ¡�ÄåXÚ�ïÄ¿���þ`D¤J,¦�ïá¿uÐ
áÚ

f��35nØ,¦�Ã¡�ÄåXÚnØ3êÆÔn�§�ïÄ¥��
�2��A^.

Ä7�8

I[g,�ÆÄ7�8(1OÒ: 11761062; 11961059; 11661071).
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