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Abstract

Matching theory in graph is a classical problem in graph theory, and also has very
widely applications in real life. However, the traditional matching theory can only
solve the problem of one-to-one personnel allocation, and the traditional one-to-one
matching can not solve the problem of multi-person group allocation that determines
the group leader, thus putting forward the concept of star matching. Complete bipar-
tite graph K1,s is called star graph. Two star graphs K1,s without no common vertex
in the graph G are called independent star graphs, and we call that the set MK1,s

(G)
consisting of mutually independent star graphs K1,s is a K1,s-matching of the graph G,
simply star matching. The maximum cardinality of MK1,s

(G) is called K1,s-matching
number of G, simply star matching number. We call that a vertex v of some maxi-
mum star matching MK1,s

(G) is saturated by MK1,s
(G). If the maximum star matching

MK1,s
(G) saturated all of vertices of G, then MK1,s

(G) is called perfect star matching. In
this paper, by using the method of classification discussion, we present some bounds
and necessary and sufficient conditions of containing star matchings in some special
graphs; Moreover, we give the sufficient conditions of containing perfect star match-
ings in perfect binary trees and perfect p-ary trees, and give the exactly values of
perfect star matching numbers of perfect binary trees and perfect p-ary trees.
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1. 0�

ã���nØ�ïÄ´ãØ¥�²;¯K��, §3¢S)¹¥�A^�©2�, X~��´
�¯K�. �X��Ú�¬�uÐ, <�éuã����í2qk
éõ#�â», �©Ì�£ã�
(��Ò´Cc5ã���¥�q�#mÉ�.

(��Vg�ªJÑ��m'��, ´��nØ¥��'�#L�ïÄ��. ¯¢þ, @
31986c, Hell [1]ïÄ
���Üã� packing¯K, =: �½���Üã���8ÜB, ´Ä��
ãG kB-Ïfºù�¯K�AÏ�/B´�
(ã�8Ü�, ù���B-packing¯K¢�þÒ´
(��¯K. ©z [2] �O
��õ�ª�m�{5O�, �T ≥ 2 �?¿ãG�T -(��ê, ¿
�Ñ
T -(����
5�. ©z [3]Äu��(���JÝy©�Ñ
ä���T+-(���õ
�ª�m�{. ©z [4]|^(��ê�Ñ
ëÏãÄuK1,s(��ê�L-A��±9Q- A��
��'þ!e.. ©z [5]�Ñ
ëÏãÄuK1,s (��ê�ãUþ�e..

�©¤ïÄ�ãÑ´k�{üã. -G = (V (G), E(G))L«��ã. ?¿ü�º:þ���{
üã¡���ã, n �º:���ãP�Kn. XJãGz�º:�Ýþ�Ó¡G��Kã. z�
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º:�Ý� k��Kã, ¡� k-�Kã. e��ãG �º:8V (G)�±y©�ü�pØ����
�f8X(G)ÚY (G), ¦�X(G) ∪ Y (G) = V (G), �éu?¿ eij = vivj ∈ E(G)(i 6= j), Ñk vi ∈
X(G), vj ∈ Y (G), K¡ãG´�Üã. e |X(G)| = m, |Y (G)| = n, �é ∀vi ∈ X(G), vj ∈ Y (G),
Ñk vivj ∈ E(G), K¡ãG����Üã, P�Km,n.

Figure 1. Classification of binary tree

ã 1. ��ä�©a

��ëÏ{üÃ�ã¡�äT . äT ¥Ý� 1�:¡��f:, ^n0Úni©OL«äT ¥�f
:Úfä�ê� i�!:ê8. z�!:�õ�k p �fä�ä�� p�ä; � p = 2�¡���
ä (�ã1( a )). XJ��ä¥�f!:�Ñy3�e�Úge�, ��e���f!:��ü�,
ù����ä¡�����ä (�ã1( b )); XJ3����ä¥¤k��f!:�Ñy3����,
K¡Ù��{��ä(�ã1( c )). �� p�äÚ�{ p�äaq½Â. w,, XJ����ä�º:
ê�n, ´�, n2 = n0 − 1, n1 = n− 2n0 + 1.

���ÜãK1,s¡�(ã. ãG¥Ãú�º:�ü�(ãK1,s¡�´�pÕá�. ãG ¥
�pÕá�K1,s¤�¤�8ÜMK1,s

(G)¡�ãG���K1,s-��, {¡(��. w,,K1,1-��
Ò´Ï~¿Âe���; K1,2-��Ò´P3-��. ãG�¤k(��¥¹kK1,s ����ê¡
�ãG�K1,s- ��ê, P�mK1,s

(G); ¿¡dK1,s- ���ãG���K1,s-��. e v´ãG�
,���K1,s-��MK1,s

(G)¥�º:, K¡MK1,s
(G)�Úº: v. eãG���K1,s-���Ú

ãG�¤kº:, K¡MK1,s
(G) ��{(��.

8ck'ã���nØ�ïÄ�~´L, �ã�����'A^�õ �uaq´�¯K��
é�<
©�, ��Û�. 
�©ïÄ�(��K�±3ã����Ä:þ �Ãõ��. ~X3<

©�¯K¥, |^(���±é¯�Ñ(½|��õ<ê�|©�¯K�. Äud�©�Ì�ï
ÄXe:

ÄkïÄ
�
AÏãaäk(���¿�^�±9(���þ!e.; ,	�Ñ
��ä
Ú p �äk�{(���¿©^�, ¿��Ñ
��ä±9 p�ä��{(��ê�(��.

2. Ì�(J

3�!¥Äk�Ä�
AÏãa, Xµ�Üã!���Üã�(��ê�þ!e..

½n 2.1 [4]n (n ≥ 2) �äT �(��êmK1,s
(T )7½÷v: 1 ≤ mK1,s

(T ) ≤ n
1+s

(s ≤ ∆(T ) ).

½n 2.2-G = (X(G), Y (G))´���Üã,Ù¥ |X(G)| = m, |Y (G)| = n. K�n < m�, G
��¹K1,1-���(��êmK1,1

(G)÷v: 1 ≤ mK1,1
(G) ≤ n; AO/, �G����ÜãKn,m

�, Ù(��êmK1,s
(Km,n)÷v:mK1,s

(Km,n) = min{[m
s

], n}, Ù¥ 1 ≤ s ≤ m.

y²: Äk, 1 ≤ mK1,1
(G)w,¤á; d(ãK1,1�½Â�±��: (ãK1,1¥k 2�º:, 1

^>, =(ãK1,1¤�¤�8ÜMK1,1
(G)¥���´dK1,1¥pØ���>¤�¤�; d�Üã�
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½Â��: �n < m�, �ÜãG = (X(G), Y (G))¥pØ���>ê�u�un ^, ¤±éu?¿
(��5`k: |MK1,1

(G)| = mK1,1
(G) ≤ n, =�±�� 1 ≤ mK1,1

(G) ≤ n.

¯¢þ, duKm,n����Üã, ¤±X(Km,n)¥z��º:þ�Y (Km,n)¥z��º:�
�. �n < m�Ø���5, b�(ãK1,s¥� 1�º:3X(Km,n)¥, s�º:3Y (Km,n) ¥,
K� 1 ≤ s ≤ m�, K1,s-���½�3, qÏ�(��ê´�Km,n¥¤Ué���õ��pÕá
�(ãK1,s��ê, �X(Km,n) ¥�º:pØ��, ¤±(��ê�mK1,s

(Km,n) = min{[m
s

], n}
w,¤á. �

-T ´n�º:��� p�ä (n ≥ p + 1), e¡�½n2.3�Ñ
T kK1,s-(���¿�^�.

½n 2.3 -T ´n�º:��� p�ä (n ≥ p + 1). KT kK1,s-(����=� 1 ≤ s ≤
p + 1.

y²: d�� p�ä�½Â�±��∆(T ) = p + 1, ¤±XJT kK1,s-(��, K 1 ≤ s ≤
p + 1;

qÏ� p�äz��º: vi (��f:)�õ�Ù§ p + 1�º:��, ¤± 1 ≤ s ≤ p + 1�, T
kK1,s-(��. �

e¡�Ñ��ãKn�(��ê�(��.

½n 2.4 éu��ãKn, KmK1,s
(Kn) = bn/(1 + s)c.

y². d��ãKn�½Â�±��Kn�z��º: vi�Ýþ� dKn
(vi) = n − 1, ¤±

1 ≤ s ≤ n− 1�KnþkK1,s-���mK1,s
(Kn)������ 1.

e¡©�ü«�¹y²��ã���(��ê; Ø�� k = n/(1 + s), � k ∈ N∗ (N∗�L
g,ê8�K0) �, d(ãK1,s�½Â��: |V (K1,s)| = 1 + s; Ø�b�Kn���(��ê
�mK1,s

(Kn), KKn ���(��¥�¹�º:�ê� (1 + s)mK1,s
(Kn);

éuz��n = (1+s)k,�K ∈ N∗��±n)�:oU3Kn¥é� k�ØÓ��Ñ�¹ 1+s
�º:�fãGi(i = 1, 2, ..., k), qÏ�Kn (Ù¥n = 1 + s )�z��º:o�Ù{� s�º:��,
¤±Gi¥(��ê�mK1,s(Gi) = 1, ÏdmK1,s

(Kn) = k, =d���(��ê�mK1,s
(Kn) = k.

� k ∈ R∗\N∗ (R∗�L¢ê8�K0)�, Óny². éuz��n = (1 + s)k�±n)�: o
U3Kn¥é� bkc�Ø�Ó��Ñ�¹ 1 + s�º:�fãGi(i = 1, 2, ..., bkc), ¤±mK1,s

(Gi) =
bkc, =d���(��ê mK1,s

(Kn) = bkc. nþ¤ã, =��éuz��n = (1 + s)k (Ù
¥ k ∈ R∗ ), ��ãKn���(��ê�mK1,s

(Kn) = bkc, =mK1,s
(Kn) = bn/(1 + s)c. �

e¡�Ñk�½º:±9�f:ê���ä�(��êþ!e., ±9T(��êþ.�3�
¿�^�.

Figure 2. Binary treeT

ã 2. ��äT

½n 2.5 -T ´º:ê�n, �f:ê�n0���ä. K 1 ≤ mK1,3
(T ) ≤ n2 − 1(n > 4 ); ²L

º:�·�ü��÷v: mK1,3
(T ) = n2 − 1��=� n0+n1+1

3
≥ n2 − 1.

y²: Äky² 1 ≤ mK1,3
(T ) ≤ n2 − 1. ¯¢þ, �n > 4�, w,kmK1,3

(T ) ≥ 1;

y^�y{y²mK1,3
(T ) ≤ n2 − 1. b�mK1,3

(T ) > n2 − 1, d(ãK1,3�½Â�±��(
ãK1,3k4�º:, �4�º:¥∆(K1,3) = 3, ¤±emK1,3

(T ) > n2 − 1, K��äT ���K1,3-
��ê¥Ý�3�º:�ê�un2 − 1�. qd��ä�½Â����ä��Ý� 3, ���äT ¥
kü�fä�º:ê�n2, Ïd��Ý� 3�º:�ê�n2 − 1�b�gñ, =mK1,3

(T ) ≤ n2 − 1,
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nþ�� 1 ≤ mK1,3
(T ) ≤ n2 − 1(n > 4 ).

e¡y²²Lº:�·�ü���÷v: mK1,3
(T ) = n2 − 1��=� n0+n1+1

3
≥ n2 − 1.

7�5: �mK1,3
(T ) = n2 − 1, K�½k 4(n2 − 1) ≤ n, qÏ�n0 ∗ 0 + n1 ∗ 1 + n2 ∗ 2 = n− 1,

¤± 4(n2 − 1) ≤ 2n2 + n1 + 1, =n2 − 1 ≤ n0+n1+1
3

.

¿©5: d��ä�Vg��Ý� 3�º:êT�n2 − 1, ��Ù{n�ØÓº:��. du
��ä´ëÏÃ�ã���Ý� 3, ¤±�±ò?¿��ä±eã2�/ª?1±�, IÏLº:
�·�ü�üØn2 − 1 � 3Ýº:üü�åü�º:��¹(Xã1(a)¥��¹®üØ), Ïd3®
�Ý� 3 �º:êT�n2 − 1 ��¹e�I��ä¥ 1 Ý:Ú 2 Ý:ê�Ú�u 3(n2 − 1), �
ÏLº:�·�ü�üØn2 − 1� 3Ýº:üü�ë��¹�(Xã1(a) ¥��¹®üØ), =��
ÑmK1,3

(T ) = n2 − 1. dun2 − 1 ≤ n0+n1+1
3

, = 3(n2 − 1) ≤ n0 + n1 + 1, 
��ä¥ 1Ý:Ú 2Ý
:ê©O�n0Ún1 + 1, ¤±�±�ÑmK1,3

(T ) = n2 − 1. �

Figure 3. Binary treeT ′
1

ã 3. ��äT ′
1

ã1( b )¥n2−1 = 4, n0+n1+1
3

= 7
3
,=n2−1 ≥ n0+n1+1

3
,w,mK1,3

(T2) = 2;ã1( c )¥n2−1 = 6,
n0+n1+1

3
= 3, =n2 − 1 ≥ n0+n1+1

3
, w,mK1,3

(T2) = 2; ã 3=�ã1( a )²Lº:�·�ü��¤/
¤�ã, w,÷vmK1,3

(T ′1)=n2 − 1 = 2.

e¡�½n 2.6ÚíØ 2.7�Ñ
�{ p�äÚ�{��ê©Ok�{K1,p-(��Ú�{K1,2-
(���¿©^�, ¿3�{ p�äÚ�{��ê©Ok�{K1,p- (��Ú�{K1,2-(���,
�Ñ
�{K1,p-(��Ú�{K1,2-(��ê�(��.

Figure 4. Perfect p-ary treeT

ã 4. �{ p�äT

½n 2.6 -T ´n�º:��{ p�ä. Kéu?¿�m = logp[1 + (p− 1)n] (m ∈ N∗) k:
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(i)�m = logp[1 + (p− 1)n]�Ûê�, äT ¥vk�{K1,p-��;

(ii)�m = logp[1 + (p− 1)n]�óê�, äT ¥k�{K1,p-��, �mK1,p
(T ) = pm−1

p2−1 .

y²: (i) Ø��m�n��{ p�ä(�ã4)��ê, Kº:�ên��êm�mkXe'X:
n = p0 + p1 + p2 + · · ·+ pm−1, =m = logp[1 + (p− 1)n]. qd�{ p�ä�½Â��∆(T ) = 1 + p,
¤±éu?¿���{ p�ä5`�½kK1,p-��.

Ï�n = p0+p1+p2+ · · ·+pm−1 = 1+(p1+1)+(p2−1)+ · · ·+(pm−2+1)+(pm−1−1),��x,
y©O�ÛêÚóê�, px + 1 = (p+ 1)(px−1−px−2 +px−3−· · ·+ 1), py−1 = (p+ 1)(p−1)(py−2 +

py−4 + · · ·+ 1). ¤±�m�Ûê�, ni ≡ nj ≡ 1(mod(p + 1)), Ù¥ni = pmi−1
p−1 , nj = pmj−1

p−1 ;mi,mj

�?¿ü�ØÓ�Ûê. qÏ�K1,p-��¥�¹�º:ê� p + 1, ¤±�{K1,p-��¥�Ú�º
:ê�n′ = (p + 1)mK1,p

(T ), ù�ni ≡ nj ≡ 1(mod(p + 1)) gñ. =�m�Ûê�, �{ p�äÃ
�{K1,p-��.

(ii)Ï�n = p0+p1+p2+· · ·+pm−1 = pm−1
p−1 ,�m�óê�,�±��n = p2k−1

p−1 (Ù¥m = 2k,

k = 0, 1, 2, · · · ), qÏ� p2k−1
p−1 = (p + 1)(p0 + p2 + p4 + · · ·+ p2k−2), ¤± (p + 1)|p

2k−1
p−1 = (p + 1)|n,

Ïd�3���ê q¦�n = pm−1
p−1 = (p + 1)q , ¤±�±���m�óê�n��{ p�ä�½

k q�ØÓ��¹ p+1�º:�fã. qÏ��{ p �äØ�f:	�z�º: viþ���ØÓ
� p�º:���K1,p-��¥�¹�º:ê� p+1, ¤±�m = logp[1 + (p − 1)n]�óê�k�
{K1,p-��.

nþ���{ p�äT ��{K1,p-��êmK1,p
(T )�m�mk±e'X:

mK1,p
(T ) = p0 + p2 + p4 + · · ·+ pm−2 =

pm − 1

p2 − 1
.

�

Figure 5. Perfect binary tree T (where green edges denote
by a star matching of T

ã 5. �{��äT (Ù¥ÉÚ�>�LT �(��)

3�{ p�ä¥� p = 2�, �â½n2.6�±��e¡�íØ2.7µ

íØ 2.7 -T ´n�º:��{��ä. Kéu?¿�m = log2(1 + n) (m ∈ N∗)k:

(i)�m = log2(1 + n)�Ûê�, äT ¥vk�{K1,2-��;

(ii)�m = log2(1 + n)�óê�, äT ¥k�{K1,2-��, �mK1,2
(T ) = 2m−1

3
.

ã5( a )¥, �m = 4�óê�, w,k�{K1,2-��; ã5( b )¥�m = 3�Ûê�, w,Ã�
{K1,2-��.
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