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Abstract

In this paper, we study the Cauchy problem of one-dimension fully nonlinear wave

equations with null condition, by transforming the one-dimension fully nonlinear wave

equation to a system of one-dimension quasilinear wave equations, and using the result
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in the quasilinear case, we show the global existence of classical solution with small

initial data.
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1. Úó

P (t, x) ∈ R× R �(k��I§�½Â

ξ =
t+ x

2
, η =

t− x
2

, (1.1)

±9�A��þ|(A��ê)

∂ξ = ∂t + ∂x, ∂η = ∂t − ∂x. (1.2)

��àg�5ÅÄ�§3 (ξ, η) �Ie��� uξη = 0"�©ò?nÙ����56Ä"�	

Xe�����5ÅÄ�§

uξη = F (u, uξ, uη, uξξ, uηη, uξη), (1.3)

ùp��¼ê u = u(t, x) : R1+1 −→ R"P λ = (λi)1≤i≤6. b�3 λ = 0 �����¥§��5�

¿©1w�÷v

F (λ) = O(|λ|2). (1.4)

·�¡�§ (1.3) ÷v"^�§e?Û(��)�1Å) u = φ(ξ) ±9m1Å) u = ψ(η) Ñ÷

v (1.3)"� [1–4]±9 [5]"=3 λ = 0 �����¥§¤á

F (λ1, λ2, 0, λ4, 0, 0) = 0, (1.5)

F (λ1, 0, λ3, 0, λ5, 0) = 0. (1.6)

�â (1.4)§(1.5) ±9 (1.6)§d�È©Ä�½n!óª{K±9 Leibniz {K´�3 λ = 0 ���
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��¥¤á

F (λ) = O
(
(|λ2|+ |λ4|+ |λ6|)(|λ3|+ |λ5|+ |λ6|)

)
, (1.7)

Fλ1
(λ), Fλ2

(λ), Fλ4
(λ) = O(|λ3|+ |λ5|+ |λ6|), (1.8)

Fλ1
(λ), Fλ3

(λ), Fλ5
(λ) = O(|λ2|+ |λ4|+ |λ6|) (1.9)

±9

Fλ6
(λ) = O(|λ|). (1.10)

�	 (1.3) äÐ�

t = 0 : u = εu0, ut = εu1 (1.11)

� Cauchy ¯K§Ù¥ u0 ±9 u1 ´¿©1w�;|81w¼ê§ε > 0 ´���ëê"

éu Cauchy ¯K (1.3)–(1.11)§3��5��/§3���r�"^�b�e§ [6] �Ñ
²

;)��N�35§ [5] 3"^��b�e�Ñ
²;)��N�35¶[�5��/K3 [7] ¥

�Ñ
y²"�'�©z½� [8] Ú [9]. �©�8I´?n��������5��/"

�©�Ì�(J´Xe�

½n1.1. e"^�÷v� ε > 0 ¿©�§K Cauchy ¯K (1.3)–(1.11) �3����N²;)"

3e!¥§·�ò�Ñ½n 1.1 �y²"

2. ½n 1.1 �y²

·�y²½n 1.1 �1�Ú´ÏL¦�ò����5ÅÄ�§ (1.3) z���[�5ÅÄ�§

|"T�{
u [10]"3�©¥§«Ou [10] ¥¦^����ê§·�ò¦^A��ê"1�Ú

´�y8(��[�5ÅÄ�§|÷v"^�§l
�±|^ [7] ¥�N�35�(Ø"

Äk§d (1.3) ��

uξξη = Fλ1
uξ + Fλ2

uξξ + Fλ3
uξη + Fλ4

uξξξ + Fλ5
uξηη + Fλ6

uξξη, (2.1)

uηξη = Fλ1
uη + Fλ2

uξη + Fλ3
uηη + Fλ4

uξξη + Fλ5
uηηη + Fλ6

uξηη, (2.2)

ùp·�{P Fλi
= Fλi

(u, uξ, uη, uξξ, uηη, uξη), i = 1, · · · , 6"

- U = (U (1), U (2), U (3))T = (u, uξ, uη)
T"d (1.3)§(2.1) ±9 (2.2) ��

Uξη = A1(U,Uξ, Uη)Uξη +A2(U,Uξ, Uη)Uξξ +A3(U,Uξ, Uη)Uηη +G(U,Uξ, Uη), (2.3)

ùpÝ
�¼ê Ai : R3 × R3 × R3 −→ R3×3, i = 1, 2, 3,

A1 = diag
[
0, Fλ6

, Fλ6

]
, A2 = diag

[
0, Fλ4

, Fλ4

]
, A3 = diag

[
0, Fλ5

, Fλ5

]
, (2.4)
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�þ�¼ê G : R3 × R3 × R3 −→ R3,

G =
(
F, Fλ1

uξ + Fλ2
uξξ + Fλ3

uξη, Fλ1
uη + Fλ2

uξη + Fλ3
uηη

)
=

(
F, Fλ1

U
(1)
ξ + Fλ2

U
(2)
ξ + Fλ3

U (2)
η , Fλ1

U (1)
η + Fλ2

U
(3)
ξ + Fλ3

U (3)
η

)
. (2.5)

d (1.7)§(1.8)§(1.9)§(1.10)§(2.4) ±9 (2.5) ��

A1(U,Uξ, Uη) = O(|U |+ |Uξ|+ |Uη|), (2.6)

A2(U,Uξ, Uη) = O(|Uη|), (2.7)

A3(U,Uξ, Uη) = O(|Uξ|), (2.8)

G(U,Uξ, Uη) = O(|Uξ||Uη|). (2.9)

·��Ñ (2.6)–(2.9) T´[�5�/�"^�"

y3·�®ò����5ÅÄ�§ (1.3) z�[�5ÅÄ�§| (2.3)§ÙXê Ai(i = 1, 2, 3)

�é¡Ý
�÷v(�5^� (2.6)§(2.7)§(2.8)§(2.9)"éuù«/ª�[�5ÅÄ�§|�

Cauchy ¯K§Ù�Ð�²;)��N�35®3 [7] ¥y²"Ïd½n 1.1 �y"

52.1. 3 (1.3) ¥§���¼ê u ��uk���þ�m Rn �§eéu i = 4, 5, 6, Fλi
: R6n −→

Rn×n ´é¡�§K½n 1.1 �¤á"

� �

�©�ö��¥
p�Ä��ï�Ö¤;�]7(Fundamental Research Funds for the Central

Universities, No. 2232022D-27) ]Ï"
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