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Abstract

Based on the boundedness of bilinear fractional integration operators on Lebesgue
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spaces with variable exponent, by using hierarchical decomposition of function and

real methods in harmonic analysis, the boundedness of bilinear fractional integral

operators is obtained on grand variable Herz spaces.
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1. Úó9Ì�(J

3 �©�§¥,�
�Ð/ïÄ Possion�§ ∆u = f �), Sobolev3 1938cÚ\
²;�

©êgÈ©�f,¿y²
T�fl Lp(Rn)� Lq(Rn)�k.5 [1].d�,©êgÈ©�f3�a

¼ê�mþ�k.5��
IS	Æö�2�ïÄ [2–6]. 1999c, Keng [4]r©êgÈ©�fí2

�õ�5��/,¿ïÄ
õ�5©êgÈ©�f3 Lp1(Rn)× · · · × Lpm(Rn)� Lp(Rn)�k.5,

Ù¥ 1
p(x)

= 1
p1(x)

+ · · ·+ 1
pm(x)

− β
n

. 2008c, ShiÚ Tao [5]y²
õ�5©êgÈ©�f3 Herz�

mþ�k.5.

,��¡,C�I¼ê�mØ=äk­��nØ¿Â,
�3��5�5åÆ!äk�IOO

�^�� �©�§Úã�¡E�+��A^�©2� [7, 8]. 2010c, Izuki [9]Ú\
C�I Herz

�m,��
�ag�5�f�k.5. 2020c, Nafis� [10]½Â
4�C�I Herz�m,¿y²


g�5�f�k.5. 2022c,¤+�Ú>V²?Ø
ëê. Littlewood-Paley�f34�C�

I Herz�mþ�k.5 [11].Éþãéu,�©Ì�?Ø
4�C�I Herz�mþV�5©êgÈ

©�f�k.5.

½½½ÂÂÂ 1 [12] � p(x) ∈ P(Rn),C�I Lebesgue�m Lp(·)(Rn)½Â�

Lp(·)(Rn) :=
{
f ´�ÿ¼ê: �3~ê λ > 0,¦�

∫
Rn

(
|f(x)|
λ

)p(x)
dx <∞

}
,

Ù¥ Luxemburg-Nakano�ê�

‖f‖Lp(·)(Rn) = inf
{
λ > 0 :

∫
Rn

( |f(x)|
λ

)p(x)
dx 6 1

}
.

^ P(Rn)L« Rnþ¤k÷ve�^���ÿ¼ê p(x)|¤�8Ü:
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�1#

p− := ess inf {p(x) : x ∈ Rn} 6 1, p+ := ess sup {p(x) : x ∈ Rn} <∞.

½½½ÂÂÂ 2 [10] � p(·) ∈ P(Rn),e�3 p(0) ∈ (1,∞)9~ê C0 > 0,¦�

|p(x)− p(0)| 6 C0

log |x|
, |x| 6 1

2
, (1)

K¡ p(·)3�:?÷v log-HölderëY,P� p(·) ∈ P log
0 (Rn);e�3 p(∞) = lim

x→∞
p(x) > 19~ê

C∞ > 0,¦�

|p(x)− p(∞)| 6 C∞
log(e+ |x|)

, x ∈ Rn, (2)

K¡ p(·)3Ã¡�?÷v log-HölderëY,P� p(·) ∈ P log
∞ (Rn).

½½½ÂÂÂ 3 [10] � α(·) ∈ L∞(Rn) : Rn → R��ÿ¼ê, 1 < q < ∞, p(·) ∈ P(Rn).àgC�I

Herz�m K̇
α(·),q
p(·) (Rn)½Â�

K̇
α(·),q
p(·) (Rn) :=

{
f ∈ Lp(·)loc (Rn\{0}) : ‖f‖

K̇
α(·),q
p(·) (Rn) <∞

}
,

Ù¥

‖f‖
K̇
α(·),q
p(·) (Rn) =

{ ∞∑
k=−∞

‖2kα(·)fχk‖qLp(·)(Rn)
} 1
q

.

ùp Bk = {x ∈ Rn : |x| 6 2k}, Ek = Bk\Bk−1, χk = χEk , k ∈ Z, χEk L« Ek �A�¼ê.

½½½ÂÂÂ 4 [13] � θ > 0, α(·) ∈ L∞(Rn), 1 6 q < ∞, p(·) ∈ P(Rn).àg4�C�I Herz�m

K̇
α(·),q),θ
p(·) (Rn)½Â�

K̇
α(·),q),θ
p(·) (Rn) :=

{
f ∈ Lp(·)loc (Rn\{0}) : ‖f‖

K̇
α(·),q),θ
p(·) (Rn) <∞

}
,

Ù¥

‖f‖
K̇
α(·),q),θ
p(·) (Rn) = sup

ε>0

(
εθ
∑
k=Z

‖2kα(·)fχk‖q(1+ε)Lp(·)(Rn)

) 1
q(1+ε)

= sup
ε>0

ε
θ

q(1+ε) ‖f‖
K̇
α(·),q(1+ε)
p(·) (Rn).

·�5¿�,� 0 < q1 6 q2 < ∞�,Kk K̇
α(·),q1
p(·) (Rn) ⊂ K̇

α(·),q2
p(·) (Rn)¤á; � α(·)�~ê�,

k K̇
α(·),q
p(·) (Rn) ⊂ K̇α(·),q),θ

p(·) (Rn)¤á,Ù¥ q > 1, θ > 0.

� 0 < β < 2n,V�5©êgÈ©�f BIβ ½Â� [3]

BIβ(f1, f2)(x) =

∫
R2n

f1(y1)f2(y2)

(|x− y1|+ |x− y2|)2n−β
dy1dy2.

���©©©���ÌÌÌ���(((JJJXXXeee:

½½½nnn 1 � 0 < β < 2n, 1 < p−i 6 p+i <∞,- 1
ri(x)

= 1
pi(x)

− β
2n

, 1
p(x)

= 1
p1(x)

+ 1
p2(x)

− β
n

,

DOI: 10.12677/pm.2023.134097 919 nØêÆ

https://doi.org/10.12677/pm.2023.134097


�1#

p(·), pi(·) ∈ P log
0 (Rn)

⋂
P log
∞ (Rn) ¿�÷v pi(0) 6 pi(∞). � θ > 0, 1 < qi < ∞, 1

q
= 1

q1
+ 1

q2
,

α(x) = α1(x) + α2(x), αi(·) ∈ L∞(R)
⋂
P log

0 (Rn)
⋂
P log
∞ (Rn), e β

2
− n

pi(∞)
< αi(0) 6 αi(∞) <

n(1− 1
pi(0)

),K�3� fiÃ'�~ê C > 0,¦�é?¿ fi ∈ K̇αi(·),qi),θ
pi(·) (Rn),Ù¥ i = 1, 2.k

‖BIβ(f1, f2)‖K̇α(·),q),θ
p(·) (Rn) 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

�©¥, C L«��Ø�6uÌ�ëê��~ê,�Ù�3ØÓ/��UØ¦�Ó.

2. ½n�y²

ÚÚÚnnn 1 [14] � p(·) : Rn → [1,∞),XJ f ∈ Lp(·)(Rn), g ∈ Lp′(·)(Rn),@ok∫
Rn
|f(x)g(x)|dx 6 rp‖f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn)

Ù¥ rp = 1 + 1
p−
− 1

p+
.

ÚÚÚnnn 2 [14] � p(·), r1(·), r2(·) ∈ P(Rn),÷v 1
p(x)

= 1
r1(x)

+ 1
r2(x)

,@o� f ∈ Lr1(·)(Rn),

g ∈ Lr2(·)(Rn)�,k fg ∈ Lp(·)(Rn),¿�

‖fg‖Lp(·)(Rn) 6 C‖f‖Lr1(·)(Rn)‖g‖Lr2(·)(Rn).

ÚÚÚnnn 3 [15] � D > 1, p(·) ∈ P log
0 (Rn)

⋂
P log
∞ (Rn),�3 c0, c∞ > 1=�6u~ê D,K

1

c0
r

n
p(0) 6 ‖χB(0,Dr)\B(0,r)‖Lp(·)(Rn) 6 c0r

n
p(0) , r ∈ (0, 1], (3)

1

c∞
r

n
p(∞) 6 ‖χB(0,Dr)\B(0,r)‖Lp(·)(Rn) 6 c∞r

n
p(∞) , r ∈ [1,∞). (4)

ÚÚÚnnn 4 [16] � 1 < p−i 6 p+i <∞, pi(·) ∈ P log
0 (Rn)

⋂
P log
∞ (Rn), 1

p(x)
= 1

p1(x)
+ 1

p2(x)
− β

n
.K

‖BIβ(f1, f2)‖Lp(·)(Rn) 6 C‖f1‖Lp1(·)(Rn)‖f2‖Lp2(·)(Rn).

½½½nnn 1���yyy²²² � fi ∈ K̇αi(·),qi),θ
pi(·) (Rn),é fi?1Xe©)

fi(x) =
∞∑

li=−∞

fi(x)χli(x) =
∞∑

li=−∞

fli(x), i = 1, 2, li ∈ Z.

DOI: 10.12677/pm.2023.134097 920 nØêÆ

https://doi.org/10.12677/pm.2023.134097


�1#

Kk

‖BIβ(f1, f2)‖K̇α(·),q),θ
p(·) (Rn)

= sup
ε>0

{
εθ

∞∑
k=−∞

‖2kα(·)BIβ(f1, f2)χk‖q(1+ε)Lp(·)(Rn)

} 1
q(1+ε)

6 C sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
∞∑

l1=−∞

∞∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

= C(V1 + V2 + · · ·+ V9),

Ù¥

V1 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
k−2∑

l1=−∞

k−2∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V2 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
k−2∑

l1=−∞

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V3 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
k−2∑

l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V4 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
k+1∑

l1=k−1

k−2∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V5 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
k+1∑

l1=k−1

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V6 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
k+1∑

l1=k−1

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V7 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
∞∑

l1=k+2

k−2∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V8 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
∞∑

l1=k+2

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

,

V9 = sup
ε>0

{
εθ

∞∑
k=−∞

2kα(·)q(1+ε)

(
∞∑

l1=k+2

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

.

|^ f1 � f2 �é¡5��, V2 ��Oaqu V4 ��O, V3 ��Oaq V7 ��O, V6 ��O

aqu V8��O,¤±�I�O V1, V2, V3, V5, V6Ú V9=�.
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�1#

Äk�O V1. 5¿�� k < 0, x ∈ Ek �, k 2kα(x) ≈ 2kα(0); � k > 0, x ∈ Ek �, k

2kα(x) ≈ 2kα(∞).|^MinkowskiØ�ª,��

V1 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα(0)q(1+ε)

(
k−2∑

l1=−∞

k−2∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−2∑

l1=−∞

k−2∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V11 + V12.

� li 6 k − 2, x ∈ Ek, yi ∈ Eli �,k |x− yi| > |x| − |yi| > 2k−1 − 2li > 2k−2,Ù¥ i = 1, 2.K

|BIβ(fl1 , fl2)(x)| 6
∫
Rn

∫
Rn

|fl1(y1)||fl2(y2)|
(|x− y1|+ |x− y2|)2n−β

dy1dy2

6 C2−k(2n−β)‖fl1‖L1(Rn)‖fl2‖L1(Rn).

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)

− β
2n

.|^ HölderØ�ª9Ún 1-3,��

k−2∑
l1=−∞

k−2∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

6 C

k−2∑
l1=−∞

k−2∑
l2=−∞

2−k(2n−β)‖fl1‖Lp1(·)(Rn)‖χl1‖Lp′1(·)(Rn)‖fl2‖Lp2(·)(Rn)‖χl2‖Lp′2(·)(Rn)‖χk‖Lp(·)(Rn)

6 C

k−2∑
l1=−∞

k−2∑
l2=−∞

2−k(2n−β)2
l1n

p′1(0) 2
l2n

p′2(0) ‖fl1‖Lp1(·)(Rn)‖fl2‖Lp2(·)(Rn)‖χk‖Lr1(·)(Rn)‖χk‖Lr2(·)(Rn)

6 C
k−2∑

l1=−∞

k−2∑
l2=−∞

2−k(2n−β)2
l1n

p′1(0) 2
l2n

p′2(0) 2
kn
r1(0) 2

kn
r2(0) ‖fl1‖Lp1(·)(Rn)‖fl2‖Lp2(·)(Rn)

6 C

(
k−2∑

l1=−∞

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)(
k−2∑

l2=−∞

2(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)
. (5)

|^ HölderØ�ªÚ®�^� 1
q

= 1
q1

+ 1
q2

,�

V11 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
k−2∑

l1=−∞

2kα1(0)+(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ

−1∑
k=−∞

(
k−2∑

l2=−∞

2kα2(0)+(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V111V112.
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�1#

du a1 := α1(0) + n
p1(0)

− n < 0� 2−q1(1+ε) < 2−q1 ,|^ HölderØ�ªÚ Fubini½n,�

V111 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
k−2∑

l1=−∞

2a1(k−l1)
q1(1+ε)

2 2l1α1(0)q1(1+ε)‖fl1‖
q1(1+ε)

Lp1(·)(Rn)

)

×

(
k−2∑

l1=−∞

2a1(k−l1)
q1(1+ε)′

2

) q1(1+ε)

(q1(1+ε))′
} 1

q1(1+ε)

6 C sup
ε>0

(
εθ

−1∑
l1=−∞

2l1α1(0)q1(1+ε)‖fl1‖
q1(1+ε)

Lp1(·)(Rn)

−1∑
k=l1+2

2a1(k−l1)
q1(1+ε)

2

) 1
q1(1+ε)

6 C sup
ε>0

(
εθ

−1∑
l1=−∞

2l1α1(0)q1(1+ε)‖fl1‖
q1(1+ε)

Lp1(·)(Rn)

) 1
q1(1+ε)

6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn).

Ón�� V112 6 C‖f2‖K̇α2(·),q2),θ

p2(·) (Rn),Ïd V11 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

2�Ä V12��O.|^MinkowskiØ�ª,��

V12 6 C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
−1∑

l1=−∞

−1∑
l2=−∞

‖BIα(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−2∑
l1=0

k−2∑
l2=0

‖BIα(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V121 + V122.

aqu V11��O,du pi(0) 6 pi(∞),^ αi(∞)�� αi(0),B��� V122��O.

é V121.aquØ�ª(5),d HölderØ�ª,Ún 1-3Ú pi(0) 6 pi(∞),��

−1∑
l1=−∞

−1∑
l2=−∞

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

6 C
−1∑

l1=−∞

−1∑
l2=−∞

2−k(2n−β)‖fl1‖Lp1(·)(Rn)‖χl1‖Lp′1(·)(Rn)‖fl2‖Lp2(·)(Rn)‖χl2‖Lp′2(·)(Rn)‖χk‖Lp(·)(Rn)

6 C

−1∑
l1=−∞

−1∑
l2=−∞

2−k(2n−β)2
l1n

p′1(0) 2
l2n

p′2(0) 2
kn

r1(∞) 2
kn

r2(∞) ‖fl1‖Lp1(·)(Rn)‖fl2‖Lp2(·)(Rn)

6 C

(
−1∑

l1=−∞

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)(
−1∑

l2=−∞

2(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)
. (6)
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�1#

5¿� 1
q

= 1
q1

+ 1
q2

.|^ HölderØ�ª,�

V121 6 C sup
ε>0

{
εθ
∞∑
k=0

(
−1∑

l1=−∞

2kα1(∞)+(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
−1∑

l2=−∞

2kα2(∞)+(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= D1D2.

d®�^� b1 := α1(0) + n
p1(0)

− n < 0.|^ HölderØ�ªÚ Fubini½n,��

D1 6 C sup
ε>0

{
εθ
∞∑
k=0

(
−1∑

l1=−∞

2b1(k−l1)
q1(1+ε)

2 2l1α1(∞)q1(1+ε)‖fl1‖
q1(1+ε)

Lp1(·)(Rn)

)

×

(
−1∑

l1=−∞

2b1(k−l1)
q1(1+ε)′

2

) q1(1+ε)

(q1(1+ε))′
} 1

q1(1+ε)

6 C sup
ε>0

{
εθ

(
−1∑

k=−∞

2−l1b1
q1(1+ε)

2 2l1α1(∞)q1(1+ε)‖fl1‖
q1(1+ε)

Lp1(·)(Rn)

)(
∞∑
k=0

2kb1
q1(1+ε)

2

)} 1
q1(1+ε)

6 C sup
ε>0

(
εθ

−1∑
l1=−∞

2l1α1(∞)q1(1+ε)‖fl1‖
q1(1+ε)

Lp1(·)(Rn)

) 1
q1(1+ε)

6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn).

aqu D1��O,ØJ�� D2��O.(Ü V11Ú V12��O,k

V1 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

Ùg�O V2.dMinkowskiØ�ª,��

V2 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα(0)q(1+ε)

(
k−2∑

l1=−∞

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−2∑

l1=−∞

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V21 + V22.

� l1 6 k − 2, k − 1 6 l2 6 k + 1, x ∈ Ek, y1 ∈ El1 Ú y2 ∈ El2 �,k

|x− y1|+ |x− y2| > |x− y1| > |x| − |y1| > 2k−2,
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�1#

¤±

|BIβ(fl1 , fl2)(x)| 6 C2−k(2n−β)‖fl1‖L1(Rn)‖fl2‖L1(Rn).

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)
− β

2n
.aquØ�ª(5),|^HölderØ�ª9Ún 1-3,��

k−2∑
l1=−∞

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6C

(
−1∑

l1=−∞

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)

×

(
k+1∑

l2=k−1

2(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)
.

|^ HölderØ�ªÚ 1
q

= 1
q1

+ 1
q2

,�

V21 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
k−2∑

l1=−∞

2kα1(0)+(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ

−1∑
k=−∞

(
k+1∑

l2=k−1

2kα2(0)+(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V211V212.

du V211 = V111,�I�O V212.

V212 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα2(0)q2(1+ε)

(
k+1∑

l2=k−1

2(k−l2)( n
p2(0)

−n)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
k=−∞

2kα2(0)q2(1+ε)‖fl2‖
q2(1+ε)

Lp2(·)(Rn)

) 1
q2(1+ε)

6 C‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

é V22�OXe.dMinkowskiØ�ª,��

V22 6 C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
−1∑

l1=−∞

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−2∑
l1=0

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V221 + V222.
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�1#

aquØ�ª(6)��O,|^ HölderØ�ª, p2(0) 6 p2(∞)9Ún 1-3,��

k−2∑
l1=−∞

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6C

(
−1∑

l1=−∞

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)

×

(
k+1∑

l2=k−1

2(k−l2)( n
p2(∞)

−n)‖fl2‖Lp2(·)(Rn)

)
.

5¿� 1
q

= 1
q1

+ 1
q2

.|^ HölderØ�ª,�

V221 6 C sup
ε>0

{
εθ
∞∑
k=0

(
−1∑

l1=−∞

2kα1(∞)+(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
k+1∑

l2=k−1

2kα2(∞)+(k−l2)( n
p2(∞)

−n)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= E1E2.

du E1 �du D1,�I^ α1(∞)�O α1(0);
 E2 ��O� V212 ��O�q,�I^ α2(∞)Ú

p2(∞)©O�O α2(0)Ú p2(0).

é V222.|^ HölderØ�ª,Ún 1-3Ú pi(0) 6 pi(∞),��

k−2∑
l1=0

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6C

(
k−2∑
l1=0

2(k−l1)( n
p1(∞)

−n)‖fl1‖Lp1(·)(Rn)

)

×

(
k+1∑

l2=k−1

2(k−l2)( n
p2(∞)

−n)‖fl2‖Lp2(·)(Rn)

)
.

d HölderØ�ªÚ 1
q

= 1
q1

+ 1
q2

,�

V222 6 C sup
ε>0

{
εθ
∞∑
k=0

(
k−2∑
l1=0

2kα1(∞)+(k−l1)( n
p1(∞)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
k+1∑

l2=k−1

2kα2(∞)+(k−l2)( n
p2(∞)

−n)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= F1F2.

du F2 = E2,
 F1��O� V212��O�q,Ïd V22�O�..(Ü V21Ú V22��O,�

V2 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).
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�1#

e¡�O V3.

V3 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα(0)q(1+ε)

(
k−2∑

l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−2∑

l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V31 + V32.

� l1 6 k − 2, l2 > k + 2, x ∈ Ek, y1 ∈ El1 9 y2 ∈ El2 �,k

|x− y1| > |x| − |y1| > 2k−2,

Ú

|x− y2| > |y2| − |x| > 2l2−1 − 2k > 2l2−1 − 2l2−2 > 2l2−2,

¤±k

|BIβ(fl1 , fl2)(x)| 6 C2−k(n−
β
2 )‖fl1‖L1(Rn)2

−l2(n− β2 )‖fl2‖L1(Rn).

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)

− β
2n
Ú p2(0) 6 p2(∞).d HölderØ�ª9Ún 1-3,�

k−2∑
l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

6 C
k−2∑

l1=−∞

∞∑
l2=k+2

2−k(n−
β
2 )‖fl1‖L1(Rn)2

−l2(n− β2 )‖fl2‖L1(Rn)‖χk‖Lr1(·)(Rn)‖χk‖Lr2(·)(Rn)

6 C

k−2∑
l1=−∞

∞∑
l2=k+2

2−k(n−
β
2 )2

l1n

p′1(0) 2−l2(n−
β
2 )2

l2n

p′2(∞) 2
kn
r1(0) 2

kn
r2(0) ‖fl1‖Lp1(·)(Rn)‖fl2‖Lp2(·)(Rn)

6 C

(
k−2∑

l1=−∞

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)(
∞∑

l2=k+2

2(k−l2)( n
p2(∞)

− β2 )‖fl2‖Lp2(·)(Rn)

)
. (7)

kw V31.|^ HölderØ�ªÚ 1
q

= 1
q1

+ 1
q2

,�

V31 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
k−2∑

l1=−∞

2kα1(0)+(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ

−1∑
k=−∞

(
∞∑

l2=k+2

2kα2(0)+(k−l2)( n
p2(∞)

− β2 )‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V311V312.
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�1#

du V311 = V111,�I�O V312.

V312 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
−1∑

l2=k+2

2(k−l2)(α2(0)+
n

p2(∞)
− β2 )2l2α2(0)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

+ C sup
ε>0

{
εθ

−1∑
k=−∞

(
∞∑
l2=0

2(k−l2)(α2(0)+
n

p2(∞)
− β2 )2l2α2(0)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= G1 +G2.

d®�^� d2 := α2(0) + n
p2(∞)

− β
2
> 0.|^ HölderØ�ªÚ Fubini½n,��

G1 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
−1∑

l2=k+2

2l2α2(0)q2(1+ε)‖fl2‖
q2(1+ε)

Lp2(·)(Rn)2
(k−l2)d2q2(1+ε)

2

)

×

(
−1∑

l2=k+2

2
(k−l2)d2(q2(1+ε))′

2

) q2(1+ε)

(q2(1+ε))′
} 1

q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
k=−∞

−1∑
l2=k+2

2l2α2(0)2
(k−l2)d2q2(1+ε)

2 ‖fl2‖
q2(1+ε)

Lp2(·)(Rn)

) 1
q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
l2=−∞

2l2α2(0)q2(1+ε)‖fl2‖
q2(1+ε)

Lp2(·)(Rn)

l2−2∑
k=−∞

2
(k−l2)d2

2

) 1
q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
l2=−∞

2l2α2(0)q2(1+ε)‖fl2‖
q2(1+ε)

Lp2(·)(Rn)

) 1
q2(1+ε)

6 C‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

éu G2.5¿� d2 > 0, α2(0) 6 α2(∞).d HölderØ�ªÚ Fubini½n,��

G2 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
∞∑
l2=0

2l2α2(0)q2(1+ε)‖fl2‖
q2(1+ε)

Lp2(·)(Rn)2
(k−l2)d2q2(1+ε)

2

)

×

(
∞∑
l2=0

2
(k−l2)d2(q2(1+ε))′

2

) q2(1+ε)

(q2(1+ε))′
} 1

q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
k=−∞

∞∑
l2=0

2l2α2(0)q2(1+ε)‖fl2‖
q2(1+ε)

Lp2(·)(Rn)2
(k−l2)d2q2(1+ε)

2

) 1
q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
k=−∞

∞∑
l2=0

2
(k−l2)d2q2(1+ε)

2

∞∑
j=l2

2jα2(∞)q2(1+ε)‖f2χj‖q2(1+ε)Lp2(·)(Rn)

) 1
q2(1+ε)

6 C sup
ε>0

(
εθ

−1∑
k=−∞

∞∑
l2=0

2
(k−l2)d2q2(1+ε)

2 ‖f2‖q2(1+ε)
K̇
α2(·),q2),θ

p2(·) (Rn)

) 1
q2(1+ε)

6 C‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).
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�1#

Ïd��
 V312��O.(Ü V311Ú V312��O,��

V31 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

2�O V32.

V32 6 C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
−1∑

l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−2∑
l1=0

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V321 + V322.

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)

− β
2n
Ú p1(0) 6 p1(∞).d HölderØ�ª9Ún 1-3,�

k−2∑
l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6C

(
k−2∑

l1=−∞

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)

×

(
∞∑

l2=k+2

2(k−l2)( n
p2(∞)

− β2 )‖fl2‖Lp2(·)(Rn)

)
.

d HölderØ�ªÚ 1
q

= 1
q1

+ 1
q2

,��

V321 6 C sup
ε>0

{
εθ
∞∑
k=0

(
−1∑

l1=−∞

2
(k−l1)(α1(∞)− n

p′1(0)
)
2l1α1(∞)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
∞∑

l2=k+2

2(k−l2)(α2(∞)+ n
p2(∞)

− β2 )2l2α2(∞)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= H1H2.

Ï� H1 = D1,
 H2��O� V312��O�q,�I^ α2(∞)�O α2(0).

é V322,5¿�
1

p(x)
= 1

r1(x)
+ 1

r2(x)
, 1
ri(x)

= 1
pi(x)

− β
2n

.d HölderØ�ª9Ún 1-3,�

k−2∑
l1=−∞

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6C

(
k−2∑

l1=−∞

2(k−l1)( n
p1(∞)

−n)‖fl1‖Lp1(·)(Rn)

)

×

(
∞∑

l2=k+2

2(k−l2)( n
p2(∞)

− β2 )‖fl2‖Lp2(·)(Rn)

)
.
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d HölderØ�ª, 1
q

= 1
q1

+ 1
q2

,��

V322 6 C sup
ε>0

{
εθ
∞∑
k=0

(
k−2∑
l1=0

2(k−l1)(α1(∞)+ n
p1(∞)

−n)2l1α1(∞)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
∞∑

l2=k+2

2(k−l2)(α2(∞)+ n
p2(∞)

− β2 )2l2α2(∞)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= S1S2.

Ï� S2 = H2, S1 = F1,(Ü V31Ú V32��O,k

V3 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

éu V5.ÏLMinkowskiØ�ª,��

V5 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα(0)q(1+ε)

(
k+1∑

l1=k−1

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−1∑

l1=k+1

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V51 + V52.

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)

− β
2n

.|^Ún 3-4,�

k+1∑
l1=k−1

k+1∑
l2=k−1

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6 C

(
k+1∑

l1=k−1

‖fl1‖Lp1(·)(Rn)

)(
k+1∑

l2=k−1

‖fl2‖Lp2(·)(Rn)

)
.

5¿� 1
q

= 1
q1

+ 1
q2

.|^ HölderØ�ª,�

V51 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
k+1∑

l1=k−1

2kα1(0)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ

−1∑
k=−∞

(
k+1∑

l1=k−1

2kα2(0)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

aqu V51��O,�Iò αi(0)^ αi(∞)�O,·�B��� V52��O,¤±

V5 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).
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25w V6.ÏLMinkowskiØ�ª,��

V6 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα(0)q(1+ε)

(
k+1∑

l1=k−1

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
k−1∑

l1=k+1

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn)

)q(1+ε)} 1
q(1+ε)

:= V61 + V62.

� k−1 6 l1 6 k+ 1, l2 > k+ 2, x ∈ Ek, y1 ∈ El1 9 y2 ∈ El2 �, k |x− y2| > |y2|− |x| > 2l2−2.K

|BIβ(fl1 , fl2)(x)| 6 C2−k(n−
β
2 )‖fl1‖L1(Rn)2

−l2(n− β2 )‖fl2‖L1(Rn).

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)

− β
2n

.d HölderØ�ª,Ún 1-39 p2(0) 6 p2(∞),�

k+1∑
l1=k−1

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6 C

(
k+1∑

l1=k−1

2(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)

×

(
∞∑

l2=k+2

2(k−l2)( n
p2(∞)

− β2 )‖fl2‖Lp2(·)(Rn)

)
.

ÏL HölderØ�ª, 1
q

= 1
q1

+ 1
q2

,��

V61 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
k+1∑

l1=k−1

2kα1(0)+(k−l1)( n
p1(0)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ

−1∑
k=−∞

(
∞∑

l2=k+2

2(k−l2)(α2(0)+
n

p2(∞)
− β2 )2l2α2(0)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V611V612.

5¿� V611 ��O� V212 ��O�q, V612 ��O� V312 ��O�q,Ïd·�B�¤
 V61 ��

O.

é V62.Ón^ αi(∞)�O αi(0),^ p1(∞)�O p1(0),��

V62 6 C sup
ε>0

{
εθ
∞∑
k=0

(
k+1∑

l2=k−1

2kα1(∞)+(k−l1)( n
p1(∞)

−n)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
∞∑

l2=k+2

2(k−l2)(α2(∞)+ n
p2(∞)

− β2 )2l2α2(∞)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V621V622.
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Ï� V621��O� F1��O�q, V622��O� S2��O�q,¤±

V6 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

���O V9.ÏLMinkowskiØ�ª,��

V9 6 C sup
ε>0

{
εθ

−1∑
k=−∞

2kα(0)q(1+ε)

(
∞∑

l1=k+2

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖q(1+ε)Lp(·)(Rn)

)} 1
q(1+ε)

+ C sup
ε>0

{
εθ
∞∑
k=0

2kα(∞)q(1+ε)

(
∞∑

l1=k+2

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖q(1+ε)Lp(·)(Rn)

)} 1
q(1+ε)

:= V91 + V92.

� li > k + 2, x ∈ Ek, yi ∈ Eli �, k |x− yi| > |yi| − |x| > C2li ,Ù¥ i = 1, 2.K

|BIβ(f1, f2)(x)| 6 C2−l1(n−
β
2 )‖fl1‖L1(Rn)2

−l2(n− β2 )‖fl2‖L1(Rn).

5¿� 1
p(x)

= 1
r1(x)

+ 1
r2(x)

, 1
ri(x)

= 1
pi(x)

− β
2n
Ú pi(0) 6 pi(∞).d HölderØ�ªÚÚn 1-3,�

∞∑
l1=k+2

∞∑
l2=k+2

‖BIβ(fl1 , fl2)χk‖Lp(·)(Rn) 6C

(
∞∑

l1=k+2

2(k−l1)( n
p1(∞)

− β2 )‖fl1‖Lp1(·)(Rn)

)

×

(
∞∑

l2=k+2

2(k−l2)( n
p2(∞)

− β2 )‖fl2‖Lp2(·)(Rn)

)
.

|^ HölderØ�ªÚ 1
q

= 1
q1

+ 1
q2

,��

V91 6 C sup
ε>0

{
εθ

−1∑
k=−∞

(
∞∑

l1=k+2

2(k−l1)(α1(0)+
n

p1(∞)
− β2 )2l1α1(0)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ

−1∑
k=−∞

(
∞∑

l2=k+2

2(k−l2)(α2(0)+
n

p2(∞)
− β2 )2l2α2(0)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V911V912.

aqu V312��O,ØJ�� V911Ú V912��O.

e¡�O V92.

V92 6 C sup
ε>0

{
εθ
∞∑
k=0

(
∞∑

l1=k+2

2(k−l1)(α1(∞)+ n
p1(∞)

− β2 )2l1α1(∞)‖fl1‖Lp1(·)(Rn)

)q1(1+ε)} 1
q1(1+ε)

× sup
ε>0

{
εθ
∞∑
k=0

(
∞∑

l2=k+2

2(k−l2)(α2(∞)+ n
p2(∞)

− β2 )2l2α2(∞)‖fl2‖Lp2(·)(Rn)

)q2(1+ε)} 1
q2(1+ε)

:= V921V922.
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aqu V322��O,B��� V921Ú V922��O,¤±

V9 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).

(Üþãé Vi(i = 1, 2, · · · , 9)��O,k

‖BIβ(f1, f2)‖K̇α(·),q),θ
p(·) (Rn) 6 C‖f1‖K̇α1(·),q1),θ

p1(·) (Rn)‖f2‖K̇α2(·),q2),θ

p2(·) (Rn).
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