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Abstract

The lower dimensional Busemann-Petty (LDBP) problem for arbitrary measures asks:

For a given Borel measure µ with appropriate density and two origin-symmetric convex

bodies K and L, does the assumption that µ(K ∩ ξ⊥) ≤ µ(L ∩ ξ⊥) holds for any ξ ∈
G(n, i)(1 ≤ i < n) imply that µ(K) ≤ µ(L)? It was proved that the problem has the same

answer as Rubin and Zhang’s solutions to the LDBP problem for volumes. In this

paper we show an isomorphic version of this result. Namely, if the above conditions

hold, then µ(K) ≤ ni/2µ(L) for any 1 ≤ i ≤ n.
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1. Úó

3n-�î¼�mRn¥, �G(n, i)(1 ≤ i < n)´i-�Grassmann6/, L1,loc(R
n) L«ÛÜ�È¼

ê8, µL«BorelÿÝ, Ù�Ý¼êf ∈ L1,loc(R
n)´�K�ó¼ê. éz��i- �f�mξ
ó, ξ⊥

Ò´ξ�¥%��Ö�m, @o3ξ⊥ þ§�K�ó¼êf ∈ L1,loc(R
n)�´ÛÜ�È�, K�3��

ýéëY�ÿÝµ, é?¿�;�Borel8K ⊂ ξ⊥(½ö, K ⊂ Rn), k

µ(K) =

∫
K

f(x)dx, (1)

Ù¥dxL«�mξ⊥þ�(n− i)-�LebesgueÿÝ(½ö, �mRnþn-�LebesgueÿÝ).

$�Busemann-PettyÿÝ¯K´�: �n ≥ 2�, KÚL´Rnþ�ü�¥%é¡àN(=k��

SÜ�;�àf8), éRn¥?¿n-i–��5�mξ⊥, b�

µ(K ∩ ξ⊥) ≤ µ(L ∩ ξ⊥)
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¤á§@oeª

µ(K) ≤ µ(L)?

´Ä¤áº

Zvavitch [1]ïÄ
þã¯K¥i = 1��¹, �ASN��w©z [2–4], 3f��î���

�Ý¼ê�§�Ñ
n ≤ 4�(Ø¤á§
n ≥ 5�(ØØ¤á. �n ≥ 59i = n − 2½n − 3

�, l©z( [5]½n5.1)¥I�é¥¡þRadonC�����=úª?1���nE,�?Ø§

â�Ñ(J. ©z [6]�Ä
ü�ØÓ\�����¹§lÚn4.1¼�
þã¯K�(Ø´

�Rubin9ZhangïÄ�'un-�NÈ/ª�$�Busemann-Petty¯K����. é?¿x ∈ Rn,
Ùf(x) ≡ 1�, @oþã¯KÒdZhang [7](½ö [5, 8–10])JÑ, ¿�Ñ33 < n − i < n�, (ØØ

¤á, 3i = n − 2, n − 3�n ≥ 5�, E,�). �f(x) ≡ 1�i = 1 �, Ù¯KÒ´©z [11]¥Í¶

�Busemann-Petty ¯K, ®²k�.��Y, n ≤ 4 (Ø�½§n ≥ 5(ØÄ½. 
)Ù)�L§�

ë�©z [1, 12–22], 
)§��«í2��Ö©z [3, 4, 6–8,23–27].

lù
Ø©(J��, $�Busemann-PettyÿÝ¯K3ý�Ü©�êe´Ø¤á�, ÏdJÑ

§�ÓÔ/ªXe.

$�Busemann-PettyÿÝ¯K�ÓÔ/ª´�: µ´�?¿ÿÝ, Ù�Ý¼êf´ó��KëY

�, K ÚL´Rn þ�ü�¥%é¡àN, e

µ(K ∩ ξ⊥) ≤ µ(L ∩ ξ⊥), ∀ξ ∈ G(n, i), 1 ≤ i < n

¤á, ´Ä�3���Û~êL¦�

µ(K) ≤ Lµ(L)?

¤á?

3Ø©¥·��Ñ
��(J, �ÿÝµÃ', ��¤ÀàNKÚLÃ', =��m�êk'�

~êL = ni/2.

2. ~êL = ni/2�$�Busemann-PettyÿÝ¯K�ÓÔ/ª

�Ø©ò|^¥¡RadonC�Ú§�éóC��Vg9�'(Ø, �ë�±e©z [7, 8, 10, 13,

22,28–30].

ÎÒC(Sn−1)L«½Â3ü ¥¡Sn−1þ�¤këY¼ê�¤��m, 
Ce(S
n−1)´

C(Sn−1) ¥¤kó�ëY¼ê�¤�f�m, C∞e (Sn−1)K�LCe(S
n−1)¥Ã¡��¼ê�¤�f

8, aq/, C(G(n, i))L«G(n, i) þ�ëY¼ê�m. �f ∈ C(Sn−1), g ∈ C(G(n, i))(1 ≤ i ≤
n− 1)�, ½Âi-�¥¡RadonC�RifÚ§�éóC�R

t
igXeµ

(Rif)(ξ) =

∫
Sn−1∩ξ

f(u)dσi(u); (2)
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(Rtig)(u) =

∫
ξ∈G(n,i)

g(ξ)dυi(ξ), (3)

Ù¥σi´S
i−1þ�HaarVÇÿÝ(ùpSi−1Ù¢Ò´Sn−1 ∩ ξ), υi L«à5�m{ξ ∈ G(n, i) : u ∈

ξ}þ�Haar VÇÿÝ.

3RifÚR
t
ig�m�3Xp�'é�éó5( [29–31]):∫

G(n,i)

(Rif)(ξ)g(ξ)dξ =

∫
Sn−1

f(u)(Rtig)(u)du. (4)

Ï�ù«éó5, �µÚν©O´Sn−1ÚG(n, i)�k�BorelÿÝ�, Ò�±rþ¡�½ÂÿÐ�ÿÝ

�i-�¥¡Radon C�RiµÚ§�éóC�R
t
iν,∫

G(n,i)

(Riµ)(ξ)g(ξ)dξ =

∫
Sn−1

(Rtig)(u)dµ(u), g ∈ C(G(n, i)); (5)

∫
Sn−1

(Rtiν)(u)f(u)du =

∫
G(n,i)

(Rif)(ξ)dν(ξ), f ∈ C(Sn−1). (6)

Ï~r(5)9(6){z�eª,

(Riµ, g) = (µ,Rtig) = µ(Rtig);

(Rtiν, f) = (ν,Rif) = ν(Rif).

eK´Rn¥�'u�:�(N, =?¿�^²L�:����Rn¥�;�f8K�>.��,

k�=kÉu�:�ü��:, K½ÂK�»�¼êρK = ρ(K, ·)�

ρK(x) = max{λ > 0 : λx ∈ K}, x ∈ Rn\{0}.

Ún2.1 b�ÿÝµ��Ý¼êf ∈ L
1,loc(ξ

⊥), ξ⊥´ξ ∈ G(n, i)���Ö, @oé?¿à

NL ⊂ Rnk,

µ(L ∩ ξ⊥) = (n− i)ωn−iRn−i
(∫ ρL

0

f(r·)rn−i−1dr
)
(ξ⊥), (7)

Ù¥ωjL«R
j¥j-ü ¥�NÈ.

y² �â4�IúªÚ½Â(2), k

µ(L ∩ ξ⊥) =

∫
L∩ξ⊥

f(x)dx

=

∫
Sn−1∩ξ⊥

∫ ρL(u)

0

f(ru)rn−i−1drdu

= (n− i)ωn−i
∫
Sn−1∩ξ⊥

∫ ρL(u)

0

f(ru)rn−i−1drdσi(u)

= (n− i)ωn−iRn−i
(∫ ρL

0

f(r·)rn−i−1dr
)
(ξ⊥),
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3(7)¥, �f = 1, Kk

voln−i(L ∩ ξ⊥) = ωn−i(Rn−iρ
n−i
L )(ξ⊥). (8)

Rn¥����:é¡(NK¡�´(n − i)-�¡N( [7, 28]), XJ3G(n, n − i)þ�3�K

�BorelÿÝµ, kXe�ª¤á,∫
Sn−1

ρiK(u)f(u)du = (Rn−if, µ) = µ(Rn−if), ∀f ∈ C(Sn−1). (9)

þª��du

ρiK = Rtn−iµ.

^ÎÒInn−iL«¤k(n − i)-�¡N�¤�8Üa, 3i = 1�, Inn−1Ò´Lutwak [19] ½Â��¡N

Vg, ��^ÎÒInL«.

�Ø©Ì�(Ø�y²I�Milman [10]ïá�'uþãVg���S�5�.

Ún2.2 eK1 ∈ Inn−i1 , K2 ∈ Inn−i2(i1, i2 < n), �÷vi3 = i1 + i2 < n, @o�â�ªρi3K3
=

ρi1K1
ρi2K2
(½��:é¡(NK3�½´��(n− i3)- �¡N, =K3 ∈ Inn−i3 .

·��I�e¡�Ä�Ø�ª, i = 1��¹3Ø© [1, 3]¥®²y².

Ún2.3 ��êi÷v1 ≤ i ≤ n− 1, ω, a, b ∈ (0,∞)´?¿�¢ê, 9α : R+ → R+´�ÿ¼ê,

@ok(Ø

ω

ai

∫ a

0

tn−1α(t)dt− ω
∫ a

0

tn−i−1α(t)dt ≤ ω

ai

∫ b

0

tn−1α(t)dt− ω
∫ b

0

tn−i−1α(t)dt, (10)

b�þª�9��È©Ñ�3. XJ,	�K¼êα(t)Ø�R+¥,��ê:8	, α(t) > 0¤á, @

o��=�a = b�(10)ª´��ð�ª.

y² �a 6= b�, �y²�Ø�ª(10)�du

ai
∫ b

0

tn−i−1α(t)dt− ai
∫ a

0

tn−i−1α(t)dt ≤
∫ a

0

tn−1α(t)dt−
∫ b

0

tn−1α(t)dt.

�Ò´ ∫ b

a

(a
t

)i
tn−1α(t)dt ≤

∫ b

a

tn−1α(t)dt. (11)

Ï�α ≥ 0,�3(11)¥N´��e0 < a < bKka/t ≤ 1,ea > b > 0Kka/t ≥ 1,¤±ÃØa < b�

´a > b, Ø�ª(11)w,¤á.

�a = b�, (10)ªá=C¤
��ð�ª. ��, b�

∫ a

0

tn−1α(t)dt− ai
∫ a

0

tn−i−1α(t)dt =

∫ b

0

tn−1α(t)dt− ai
∫ b

0

tn−i−1α(t)dt.
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=´ ∫ a

0

tn−1α(t)dt+ ai
∫ b

0

tn−i−1α(t)dt =

∫ b

0

tn−1α(t)dt+ ai
∫ a

0

tn−i−1α(t)dt,

du¼ê
∫ s
0 t

n−1α(t)dtÚai
∫ s
0 t

n−i−1α(t)dt 3s > 0��üN5(Ï��K¼êα(t)Ø�t ∈ R+¥,

��ê:8	, kα(t) 6= 0), ¤±a = b.

eKÚL´Rn¥�ü��:é¡àN, K½Â§��m�Banach-Mazurål�

dBM (K,L) = inf{d > 0 : ∃T ∈ GL(n) : K ⊂ TL ⊂ dK},

�P

dIK = min{dBM (K,L) : L��¡N}.

½n2.4 �f ∈ L1,loc(R
n)´��ó��KëY¼ê, µ´�Ý¼ê�f�k�BorelÿÝ,

�K,L ⊂ Rn´ü��:é¡àN, ÷v^�

µ(K ∩ ξ⊥) ≤ µ(L ∩ ξ⊥), ξ ∈ G(n, i), 1 ≤ i ≤ n− 1, (12)

@ok

µ(K) ≤ diI(K)µ(L).

y² �â(7)ª­�(12)�

Rn−i

(∫ ρK(·)

0

f(t·)tn−i−1dt
)
(ξ⊥) ≤ Rn−i

(∫ ρL(·)

0

f(t·)tn−i−1dt
)
(ξ⊥). (13)

ÏL*	, ��¡, é÷vQ ⊂ K ⊂ dI(K)Q(du�¡N��5C��E,´���¡N)�

�¡NQ ∈ In, ëY/|^Ún2.2, KQ ∈ Inn−i. 23G(n, n − i)þ'uÿÝµ é(13)ªÈ©(éA

u(n− i)-�¡NQ), |^(6), (9), ��

∫
Sn−1

ρiQ(u)

∫ ρK(u)

0

f(tu)tn−i−1dtdu ≤
∫
Sn−1

ρiQ(u)

∫ ρL(u)

0

f(tu)tn−i−1dtdu; (14)

,��¡, 3Ún2.3¥, �ω = ρiQ(u), a = ρK(u), b = ρL(u)Úα(t) = f(tu), �Ñeª

ρiQ(u)

ρiK(u)

∫ ρK(u)

0

tn−1f(tu)dt− ρiQ(u)
∫ ρK(u)

0

tn−i−1f(tu)dt

≤
ρiQ(u)

ρiK(u)

∫ ρL(u)

0

tn−1f(tu)dt− ρiQ(u)
∫ ρL(u)

0

tn−i−1f(tu)dt (15)

é(15)3Sn−1þÈ©, �â(14)ÚQ ⊂ K ⊂ dI(K)Q, ·�¼�


∫
Sn−1

ρiQ(u)

ρiK(u)

∫ ρK(u)

0

tn−1f(tu)dtdu ≤
∫
Sn−1

ρiQ(u)

ρiK(u)

∫ ρL(u)

0

tn−1f(tu)dtdu,
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=
1

diI(K)

∫
Sn−1

∫ ρK(u)

0

tn−1f(tu)dtdu ≤
∫
Sn−1

∫ ρL(u)

0

tn−1f(tu)dtdu. (16)

ù�Ø�ªÙ¢Ò´eª�4�I/ª

µ(K) ≤ diI(K)µ(L).

w,/,î¼ü ¥Bn
2´��¡N,�âJohn½n,9é?¿��:é¡àNK ⊂ RnkdBM (K,Bn

2 ) ≤√
n¤á�¯¢, �½n2.4���±�ïXeíØ.

íØ2.5 �f ∈ L1,loc(R
n)´�ó��KëY¼ê, µ´k�Ý¼ê�f�k��BorelÿÝ,

KÚL ´Rn ¥ü��:é¡àN§XJ÷veª

µ(K ∩ ξ⊥) ≤ µ(L ∩ ξ⊥), ξ ∈ G(n, i), 1 ≤ i ≤ n− 1,

@ok

µ(K) ≤ ni/2µ(L).

5µ½n2.4ÚíØ2.5¥i = 1��/3©z [3]¥®²y².
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