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Abstract

The copositive tensors is an important structural tensors, which has been widely used in many
fields and has become an emerging research topic in recent years. Previous studies have shown
that a symmetric tensor is strictly copositive if and only if each of its Pareto-H eigenvalue is posi-
tive, and the Pareto-H eigenvalue have a certain relationship with the H**-eigenvalue. In addition,
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the study of computing tensor eigenvalues is an important part of tensors theory. Therefore, it is
necessary to find the precise expressions of the eigenvalues of the symmetric tensors. In this pa-
per, we mainly introduce some direct methods for calculating several classes of eigenvalues of 3rd
order symmetric tensors. First of all, we in this paper propose a direct method for calculating all
H+-eigenvalue of 3rd order 2 dimensional symmetric tensors, and the expressions of the
H+-eigenvalue, the H**-eigenvalue and the Pareto H-eigenvalue of such tensors are established.
Then, using the relationship between the Pareto H-eigenvalue and copositivity of tensors, we ob-
tain analytically sufficient conditions for determining copositivity of 3rd order 2 dimensional
symmetric tensors.
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(Axm’l)i =Ax"t Vie[n]
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1 Pareto-H RFAFAE IR AT DASR AR I R 155 7 22 103X 2 AL AK 1) 23

1952 £, Motzkin [10]5| N\ T BrIEF X —M & . 2013 4, Qi [11]%5 — VAP IEA X — &9
FPpEsKE, PhiEkERE —-FMEREERSHKE, SRR REM[12] [13] [14]. 23] & K g
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T 3 W 2 4EXFHRIK B HY-HRAEAE . HT 45 AEAE LA % Pareto H-HRE(E i Bt s, 765 ik, ATFIH
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Ax"™ = Zn: A, i X X, X 20,
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EH L WA 3P 2 4EXFRIKE, OCTH H-HRHEE SO LK) HE-RRAE Ry, FRATTA R 4525

Py, =0, M A=a,, & AR—A H-HRHIEAE, R HE-FHEA R x = (v,0)" ,ve R, - ¥ a,, =0,
W A = 8y, 2 A BI—A H-HEEA, SR H R x = (0,v) Ve R, , .

%azn iO’ a212 ¢O ’ NT&UE*%E@{E%#E@;*E u:

a211u4 + 23-212”3 + (azzz - a111)u2 - ?-3-211u —8y, = 0, (3)
A =a,,u% +2a,,U+a,,
e AR R HHHE IR x = (u,1)" A HEAE(E
HER 4 (A, ) A A ) HBERE, ()30 BT

2 2 2
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a211X12 =0
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X X
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4 3 2
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4 3 2
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DOI: 10.12677/pm.2023.1312368 3540 S H


https://doi.org/10.12677/pm.2023.1312368

A3 ER

4. 3 i 2 HEXFFRIKEREY Pareto H-$5E{E

MGEEE L AT LAE H, A 7THREIFTA I H-RHEE A G HY-RHE R &, FRAT7R 2R — A~ —
TEIRTTAE . I B) TSR A, FRATAT LA 25 B 1 (i) i) B AR A 5

EH2 &A= (aijk) 3 2 4EXFRIKE, a,,#0, ay,#0,

M8y, = By, By = By, B U >0, T A = 8,,U7 +28,,,U; + 8y, & AXTRIT x = (u,1)" HI—A H'-HF
fEE, ie[2],

, 22D 9E 22,03
4a,,,D 4a,,,D
ME=F=0,D>0MH,#u>0, 1| 1 =a,,u +2a,,U +a,, & AXRF x = (u,1)" F{—A H*-4FHELH,
ie [2] )
~ —2a,,+VD
vz 4a,,, ’
4 ABC#0,A=0HF, #B<0, 4;>0, M A=a,,u?+2a,,U; +a,, & AX M T x=(u,,1) II—4 H"
FHE(E, #B>0, U >0, M A=a,,u?+28,,u +a,, & A X RiT x = (u,1)" M—A H-F1EE, ie[3],

2AE 2B 2AE
—28,, + B t N —28y), —
U, = » W3 = i
’ 42, 42,

A0, #Hu >0, WA =a,,uf +2a,,u; +ay,, & AXMT x=(u,1)" l—A H-RHEE, ie[2],

", /D+f I \/ZD—(Q/Z+3%/Z)+2JE

u =

4a211
~2a,,, +sgn(E ‘fD+\/7 3z, \/ZD_(%/Z_“L;/Z)J“N;
uz ) 4a211

M A<0,D>0,F>0H,
FHE=0, U >0, M A=a,,u?+28,,u +a,, & AXRF x = (u,1)" F—A H-RFEH, ie[4],

—2a,, VD +2F _ —2a,,+\/D-2JF

12 = ’ 34 — 5
4'a211 4a211

FHE=0, U >0, M A=a,,u?+28,,u +a,, & AX BT x = (u,1)" F—A H-RFEH, ie[4],

~2a,,, +5gn (E)+[y, % (\/72 \/yj)

12 =

4"3‘211
W = _2a212 Sgn \/7 (\/)72 \/)73)
o 4a211

F

D= 1232212 _83-211 (azzz - 3111)' E= _8a§12 + 8a211a212 (azzz - a111) +16a§11

2
F= 483312 +16a2211 (azzz - am) - 64a21132212 (azzz - am)
A=D?-3F, B=DF —-9E?, C=F2?-3DE?, A=B?-4AC
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0, E=0 _ 9
3B_2AD D 2«/Kc033
sgn(E)=<1, E>0, @=arccos AdA y, = 3
-1, E<O
D+\/Z(cos§+\/§sin§j D+\/K(cos§—\/§sin§j
Y, = 3 » Y3 = 3
WEBH B, 4
f (u) = a211“4 + 2751212“3 + (azzz _a111)u2 —2ay,U+a,,. %)

KOG HES A

f(u)=au’+bu’+cu’+du+e,

Hr,
a=a211,b:2a212,c:(a222 _3111)’d :_23112!923122

d :—2a,e:—1b
2

HHHR A=B?>-4AC .
KAu= Rl FESH FTRAE T ORBATRAE  (u) =0 A SRS

X
HRHT AL, 4
D =3b* —8ac =12a;,, —8a,,, (8, — ;)
E =-b®+4abc—8a’d = —b° + 4abc +16a° = —8a,, +8a,;,a,,, (8,5, — ;) +1685,
F =3b* +16a’°c® —16ab’c +16a°bd —64a’e = 3b* +16a°c* —16ab’c
=488, +1682, (8y, — 8y, )’ —648,,8%, (8, — 811
A=D?-3F =16a%, (2, 2y, )’
B=DF -9E?
= —2304a,, +2304a’,,a%, ~128a%;, (8, — a1y, )’
+128a%,82%, (8, — a1y, )° —23048%1,8,1, (B9 — 811y )
C = F?-3DE?
= -9216a,,8%, +9216a7,,85;, + 25685, (0, — 1y, ) +1536a%,82, (85 — 81y )
179368285, (8, — 841, ) +614405,,8,,, (850 — 81y )’
—2048a3,,a,, (y, — a1, ) —1536085,,35;, (8, — &1y ) +6144a,,, (,y, — 2y, )
UD=E=F=0, f(u)=0H—AIIELR.

{D =30 -8ac=0

- b = 0 ’
F =3b* +16a%c?* —16ab’*c =0

ﬁﬁbZZ&zu 7&07 %Eo
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X DEF #0,A=B=C=0H,

’

A=0
B:O:{am =ap,

8y =8y,

jl:aiN)

D=12a2, #0
E=8a,,#0 .
F =48a;, #0

, - bD+9E _-2a,,D+9E _ -bD-3E -2a,,D-3E
' 4aD 4a, D "2 ° ' 4aD 4a,,,D

Fu >0, M A =a,,u +2a,,,U; +8,, & AX T x = (u,1)" l—A H-HEE, ie[2]-
KE=F=0,D>0H, f(u)=0FPx ~HEHEIR,

B ~b+~/D _ —2a212+\/5 U

4a 4a,,,

5D _-2a,,-\D

4a 4a,,,

u1,3 2.4 ’

Fu >0, WA = a,,uf +2a,,U; +ay, & AX M T x = (u,1)" l—A H-R1EE, ie[2]-
2 ABC#0,A=0Mf, f(u)=0H X _ELMHu,. u,, & AB>0, WIHARMR U, . u, WA,

2AE 2B 2AE 2B
b+=——+,— 2a,,+—+,[—
u = = A
! 4a da,,,
2AE 2B 2AE 2B
b+—-— -28,,+———,—
0 = B A _ B A
2 4a 4a,,,
Ly 2AE L, 2AE
3 4
4a 4a,,,

A A=1682, (8, —2y,) >0, ITLL AB<0 BB <0, f(u)=0% %My, u,, AB>0ERIB >0,

f(u)=0AEMu+ U+ U;v Uy

BI24 ABC #0,A=01, #B<0, U >0, M A=a,,ul+2a,,u,+a,, & AKX F x =(u,1) H—4
H*-HRHE(E, #7 B >0, U >0, WA = a,,u7 +28,,U; + ayy, /& AXT R x = (u;,1)" 19— H-HRHEE, i €[3] .

HA>0l, f(u)=0HPIMAELMR.
A

<
zleD+3[-B+— JBZMCJA“(WJ
7= D2—D(3/Z+$/Z)+(€/Z+§/Z)2—3A

ny
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2D—(3 3 2
—2a212+sgn(E)4/D+%/€+3/Z +\/ (\/?1+3\/Z)+ V2

4a211

2D— 3 3 2
_2a212+sgn(E)W_\/ (\/2_1""3\/2)4- Jz

u, =
2
4a,,,

U =

o,
0, E=0
sgn(E)=<1, E>O0.
-1, E<O

B2 A >0, 25U >0, M A = a,,,U? +2a,,,U; + 8y, & A XN T x = (u;,1)" II—A H-RFEE, i [2] -
$A<0,D>0,F >0/, f(u)=0MM"MAEER.
HE=0, JPUHRA

_—b+yD+2JF -2a,,+VD+2JF ! _ —b+yD-2JF -2a,,+VD-2JF

L2 4a 4a,,, PR 4a 4a,,,

’

U >0, M A = a,,u +28,,U; + 8y, & AST T x = (u;,1)" I—A H-REE, ie[4] .

HE=0, &
o
3B_2AD D—Zﬁcosg
f=arccos—————, yy=—_-—
2AJA 3
0 .0 0 .0
D++vJA cos§+\/§sm§ D+vJA cosg—\/§sm§
Y, = 3 v Y= 3
| PUAR g
D s (E)(B T) 2o (EW (%)
v 4a211 P 4a211 .

Fu >0, M A= a,,u? +2a,,U; + 8y, & AXNT x = (u,1)" I—A H-RHEE, ie[4]. UEEE

1€ X1 AT AL, RELE AT H-RAAE AR E B R A SRAFAE A B x > 0, b AT DAAS B HT -4 n A e 2
1M EHE 2 FRFAE KT 0, BrLheE#E 2 W] US RRA [ B4R e 2 R .

EHE3 B A= (ay ) R 3B 2 A0 FRIKEL, a,,#0, a,,#0,

Hi Ay =y, Bpyy =8y, I U >0, U A = a,,U7 +28,,,U; +8,, R AKX T x = (u !1)T =4~ H™-
BHER, ie[2],

-2a,,,D+9E -2a,,,D-3E
Ul = s U2 = .
4a,,,D 4a,,,D
ME=F=0,D>0H, #u >0, M A=a,,u?+2a,,u +a,, &AM T x =(u,1)" f—4 H*4FE
{Ey ie [2] )
_ =28y, i\/B .

u1 2
4a211
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4 ABC #0,A=0F, #B<0, U;>0, M A=a,,u? +2a,,U; +a,, & A XM T x = (u,1) lI—4 H™-
FEHEME, 7B >0, U >0, 2 =a,,u7 +28,,U, +a,, & A X RT x = (u,1)" M—4 H*-HR-EHE, ie[3],

2AE |, |2B 2AE
—2a,,, +—B * N —2a,,, —
U, = , Uy =
. 4a211 : 4a211

A0, #u >0, WA =a,,u? +28,,U, +a,, & A XN T x = (u,1)" FI—A H*-5HEE, ie[2],

2D —(3/z, +3 2\z
—2a212+sgn(E)\/D+g/g+g/Z+\/ (\/ZTJ;\/Z)JF :

e 4ay,
2D (3 3 2
—2a212+sgn(E) D+€/€+%/Z_\/ (‘/;1+3‘/Z)+ V2
= 4ay,

24 A<0,D>0,F>0Hf,
FHE=0, U >0, M A=a,,u?+2a,,u +a,, & AXMF x=(u,1) A H™-RHEH, ie[4],

_ —2a,,+yD+2JF . _ 28, +YD-2F

1,2 y Y34
4a211 4a211

FE=0, U >0, M A=a,,u?+28,,u +a,, & AXMF x=(u,1) —A H"-RHEH, ie[4],

= —28,,, +sgn(E)\/y»li(\/y>z+\/y>3)

1,2

4'a'le
28y, —sgn(E)JyTi(Jyj+Jy7)
o 4a211

Hep, A B, C. Dy Ev Fu Ay 2,0 2o SON(E)s 65 Yin Yoo Y, HIEFE 2 4511
HoIE 2, B, Hn=2Wf, 5KEMN Pareto H-FHIE(E S H™-RAE(EZ NN, BTLA T 3 B 2 4EX%
PRk, AT LI EHE 3 B A H B Pareto H-RHE(E ik 2.
EHE 4 B A= (ay ) R 3B 2 A0 FRIKEL, a,,#0, a,,#0,
May, =ay,, Ay, =8, 1, #u >0, W A=a,,u?+2a,,u +a,, & AXNT x=(u,1)" 1—4 Pareto
H-FHEME, ie[2],
L = —2a,,D +9E U= —2a,,,D-3E ;
4a,,,D 4a,,,D

ME=F=0D>0, #%u >0, M A=a,,u+2a,,u +a,, & AXNT x=(u,1)" iI—4 Pareto H-

_ =28y, i\/B .

12
4a211

4 ABC #0,A=0HF, # B<0, U >0, M A =a,,u? +28,,U, +ay, & A XN T x = (u,,1)" iI—4 Pareto
H-RHEE, #B>0, U >0, M A=a,,u? +2a,,u +a,, & AFMT x=(u,1)" iI—1" Pareto H-K#fE(H,
i S [3] ’
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—28y, + B + A —28y, - B
u., = ,u, =
- 42, ’ 48y,

Mas>olt, #Fu>0, W A=a,,u?+2a,,u +ay,, & AR F x=(u,1) lI—4 Pareto H-FFfEAH,

i€[2]’
2D -3 3 2
—28212+Sgn(E)\,D+%/ZE,+§/Z+\/ (\/Z+3\/Z)+ V2
UI: 4a211
2D (3 3 2
~2a,,, +sgn(E) /DHE*%/Z_\/ (‘/Z;\/Z)* V2
u2: 4a‘211

*A<0,D>0,F >0H,
FHE=0, U >0, N 2 =a,,u% +28a,,U, +a,, & A X R T x = (u,1)" f1—/ Pareto H-E(E, i[4],

_ —28,, +\D+2JF y _ —2a,,+yD-2JF

1,2 v Y34 ’
4a211 4a’211

FHE#0, U >0, M2 =a,,u% +28,,U, +a,, & A MR T x = (u,1)" f1—/ Pareto H-45E{E, i[4],

=28, +500 (E)\/s £ (VY: +/%:)

12 —

4a21l
2y, s (E)fy: £ (VY2 +/¥s)
o 4a211

Hep, A B, C. Dy E. Fu Al 2,0 20 SON(E)s 65 Vv Yoo Y, HIEFE 2 4511,
NS AN AR
Bl A=(ay )R 30 2 dexiFrik i, Hoh,

" = {am =2 Ay, =1 a,=1 a,=1
ijk — . . .
! Ay = 2, ;=1 a,,=1 a,=1

piiBuRA IR
D =12a’, - 8a,, (azzz - alll) =12
E= —83212 +8a,,8,,, (azzz - aill) + 163211 =8
2
F =48a;,, +16a;, (a,, —a,;) — 648,85, (8, — ;) =48
A:07 B:O,C:O,AZO
e B 4,
o= 22mDHOE ) o 22D 3E_
4a,,,D 4a,,D

2
A= Uy + 2a211u1 +8y, =9

JiTEL A [¥) Pareto H-HFAE(E 2 =5, %R Pareto H-RFHAIE i x = (1,1)"

DOI: 10.12677/pm.2023.1312368 3546 S H


https://doi.org/10.12677/pm.2023.1312368

A3 ER

5. XFRKE R IEM
R 4 K| 2 v, AFREE
AR R B I UM E P T2 26
EHLS BT = (7, ) A 3Hr 2 ERIFRIKIE, 7,20, 7, 20,
A Vi1 = Voops Your = Yoy » Uy > 0B,
Vol + 27U + 7200 20, T €[2]
= —2y,,D+9E U= ~2y,,D—3E
47,,,D

47,1,D
HE=F=0D>0, u>0H,
Yol + 27yl + 720 20, i € [2]

_ —2Y15 +/D )

U,
4y,

M ABC#0,A=0H/, #B<0, U >0,

7211ui2 275U + 729205 6[3] ’

2y +

2AE 2B 2AE
T S R

U, = , Uy =

47 47,1,
M Asoff, #u >0, M

Vol + 270U + 725, 20, i € [2]

2 e
Vo11Us +2¥515Us + ¥00y 205 A5 B>0, U, >0,

Y N 2D - ,3[ 3/ 2
~2/21, +59n (E) D+3Z§+322 +\/ ( Zl+3 ZZ)+ Jz
ul:

4y

2}/212 gl(E) D 3 1 R 2 —\/ ( ! 2)+ ‘\/—
u2 = 3 3

4y,
24A<0,D>0,F >0,
%E:07 Ui>0,

Yori + 270U + 750 20, i € [4]

~2,, ¥ND+2F 2y, +\D-2JF

tho = 1 Uz =

4y 47,1
% E+-0, Ui > 0 ’
YouiUf + 275050 + 750 20, 1 €[4]

~27,1, +50N(E )4y, (\/72 \/7>

Ay

27515 —SIN(E)N/Y, £ (\/72 Jv:)

4y

12

H

ke HE 4 AT Pareto H-FFEE A >0, IRAEZHAT AR E] 3 Fi 2

DOI: 10.12677/pm.2023.1312368 3547

LN


https://doi.org/10.12677/pm.2023.1312368

KSR

e, TRPMER. Hif, A B, C. Dy Ev Fu Al 7,0 2 sgn(E). 6 Y Voo Y, HUEEE 2 45

6. &it

ARG T 3 B 2 4EXTARIK R 9 H-RR LA A AR50, 0 AL 1 3 B 2 4EXS FREK B K-

AEAE  H* -84 LA J% Pareto H-HEE 8 0 EL AT 28 IR Pareto H-RH AL S5 3 R W IE P22 IO 96
ST HIE 3 B 2 AR MRS A . T A B OB Se, LR R T R T A 4
W 2 GETRRACRE B IE PRI 7 40 56, H0 AT AREETT T 3 RS T 1) Pareto H-AHHEME k5 55 0 IEME S 1,
AR A5 T S 7 A A 2 i

S Hk
[1] Qi, L. (2005) Eigenvalues of a Real Supersymmetric Tensor. Journal of Symbolic Computation, 40, 1302-1324.
https://doi.org/10.1016/j.jsc.2005.05.007
[2] Lim, L.H. (2005) Singular Values and Eigenvalues of Tensors: A Variational Approach. Proceedings of the First IEEE
International Workshop on Computational Advances of Multi-Sensor Adaptive Processing, Puerto Vallarta, 13-15 De-
cember 2005, 129-132.
[3] Song, Y. and Qi, L. (2016) Eigenvalue Analysis of Constrained Minimization Problem for Homogeneous Polynomial.
Journal of Global Optimization, 64, 563-575. https://doi.org/10.1007/s10898-015-0343-y
[4] Seeger, A. (1999) Eigenvalue Analysis of Equilibrium Processes Defined by Linear Complementarity Conditions. Li-
near Algebra and Its Applications, 292, 1-14. https://doi.org/10.1016/S0024-3795(99)00004-X
[5] Ling, C., He, H. and Qi, L. (2016) On the Cone Eigenvalue Complementarity Problem for Higher-Order Tensors.
Computational Optimization and Applications, 63, 143-168. https://doi.org/10.1007/s10589-015-9767-z
[6] Song, Y.and Yu, G. (2016) Properties of Solution Set of Tensor Complementarity Problem. Journal of Optimization
Theory and Applications, 170, 85-96. https://doi.org/10.1007/s10957-016-0907-0
[71 Xu, Y.and Huang, Z. (2021) Pareto Eigenvalue Inclusion Intervals for Tensors. Journal of Industrial and Management
Optimization, 19, 2123-2139. https://doi.org/10.3934/jim0.2022035
[8] Li, C., Chen, Z. and Li, Y. (2015) A New Eigenvalue Inclusion Set for Tensors and Its Applications. Linear Algebra
and Its Applications, 481, 36-53. https://doi.org/10.1016/j.1aa.2015.04.023
[9] Li, C., Li, Y.and Kong, X. (2014) New Eigenvalue Inclusion Sets for Tensors. Numerical Linear Algebra with Appli-
cations, 21, 39-50. https://doi.org/10.1002/nla.1858
[10] Motzkin, T. (1952) Copositive Quadratic Forms. National Standard Report, 1818, 11-12.
[11] Qi, L. (2013) Symmetric Nonnegative Tensors and Copositive Tensors. Linear Algebra and Its Applications, 439,
228-238. https://doi.org/10.1016/j.1aa.2013.03.015
[12] Kannike, K. (2016) Vacuum Stability of a General Scalar Potential of a Few Fields. European Physical Journal C, 76,
Article No. 324. https://doi.org/10.1140/epjc/s10052-016-4160-3
[13] Kannike, K. (2018) Erratum to: Vacuum Stability of a General Scalar Potential of a Few Fields. European Physical
Journal C, 78, Article No. 355. https://doi.org/10.1140/epjc/s10052-018-5837-6
[14] Kannike, K. (2012) Vacuum Stability Conditions from Copositivity Criteria. European Physical Journal C, 72, Article
No. 2093. https://doi.org/10.1140/epjc/s10052-012-2093-z
[15] Qi, L. and Luo, Z. (2017) Tensor Analysis: Spectral Theory and Special Tensors. SIAM, Philadelpia.
https://doi.org/10.1137/1.9781611974751
[16] Ling, C., He, H. and Qi, L. (2016) Higher-Degree Eigenvalue Complementarity Problems for Tensors. Computational
Optimization and Applications, 64, 149-176. https://doi.org/10.1007/s10589-015-9805-x
[17] Huang, Z. and Qi, L. (2017) Formulating an n-Person Noncooperative Game as a Tensor Complementarity Problem.
Computational Optimization and Applications, 66, 557-576. https://doi.org/10.1007/s10589-016-9872-7
[18] Song, Y. and Qi, L. (2015) Necessary and Sufficient Conditions of Copositive Tensors. Linear Multilinear Algebra, 63,

120-131. https://doi.org/10.1080/03081087.2013.851198

DOI: 10.12677/pm.2023.1312368 3548 FB AL

»

k

y

%


https://doi.org/10.12677/pm.2023.1312368
https://doi.org/10.1016/j.jsc.2005.05.007
https://doi.org/10.1007/s10898-015-0343-y
https://doi.org/10.1016/S0024-3795(99)00004-X
https://doi.org/10.1007/s10589-015-9767-z
https://doi.org/10.1007/s10957-016-0907-0
https://doi.org/10.3934/jimo.2022035
https://doi.org/10.1016/j.laa.2015.04.023
https://doi.org/10.1002/nla.1858
https://doi.org/10.1016/j.laa.2013.03.015
https://doi.org/10.1140/epjc/s10052-016-4160-3
https://doi.org/10.1140/epjc/s10052-018-5837-6
https://doi.org/10.1140/epjc/s10052-012-2093-z
https://doi.org/10.1137/1.9781611974751
https://doi.org/10.1007/s10589-015-9805-x
https://doi.org/10.1007/s10589-016-9872-7
https://doi.org/10.1080/03081087.2013.851198

	计算几类3阶对称张量特征值的直接方法
	摘  要
	关键词
	Direct Methods for Calculating Several Classes of Eigenvalues of 3rd Order Symmetric Tensors
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	3. 3阶2维对称张量的H+-特征值
	4. 3阶2维对称张量的Pareto H-特征值
	5. 对称张量的协正性
	6. 结论
	参考文献

