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Abstract

In this paper we study large time behaviors toward shock waves and rarefaction waves

under periodic perturbations for inhomogeneous Burgers equation. We show that for

shock waves, after a finite time, the perturbed shock actually consists of two periodic

functions contacting each other at a shock, and this shock curve oscillates on both

sides of the background shock curve. Both of perturbed shock waves and perturbed

rarefaction waves tend to zero in the L∞ norm.
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1. Úó

�©ïÄXeÐ�¯K���m1�

ut + (
u2

2
)x = −u, x ∈ (−∞,+∞), t > 0, (1.1)

u(x, 0) =

 ūl + ω0(x), x < 0,

ūr + ω0(x), x > 0,
(1.2)

Ù¥ ūl, ūr �~ê, ω0(x)´±Ï� p(> 0) �¼ê.�
�BO�,·�-

1

p

∫ p

0

ω0(x)dx ≡ 0.
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Üî�§o�

�§ (1.1)´Xe�àgÅðÆ�§�AÏ�¹

ut + f(u)x = g(u), x ∈ (−∞,+∞), t > 0, (1.3)

Ù¥ f(u) ∈ C2(R)� f ′′(u) > 0, g : R→ R�1w¼ê.

éu���Ð�

u(x, 0) = u0(x), (1.4)

·���¯K (1.3)(1.4)=BÐ�1w,Ù)��UduA�3k��mS��
�».Ïd3Ï

~�¹e (1.3)(1.4)�1w)´Ø�3�.�·��Ä (1.3)(1.4)�f).XJ¼ê u(x, t)´¯K

(1.3)(1.4)�f),¿�éA�¤k� t > 0, u(x, t)÷ve¡��^�

u(x−, t) ≥ u(x+, t), (1.5)

@o·�¡ u(x, t)´¯K (1.3)(1.4)��).

,	éu¯K (1.3)(1.4), Kruzkov3 [1]¥|^Ê5��{y²
éu?¿ÛÜk.C��Ð

�,¯K (1.3)(1.4)�3����NN�N).AO/,�
�Ø�L�5O��,é?¿�ÛÜk.

C�Ð� u0,¯K (1.3)(1.4)3BV�m¥k����NN�N).

� g(u) = 0�,¯K (1.3)(1.4))�ìC/�®²�2�/ïÄ.~X,� u0(x) ∈ L∞ ∩ L1 �,

�)3 L∞ �ê�¿Âe± t−1 ��ÇP~�0.� u0(x) k.¿äk;|8�,�)3 L1 �ê�

¿Âe± t−1/2 ��Çªu N− Å,� [2] [3].�Ð�äk±Ï5�, GlimmÚ Lax [4]y²
�)

± t−1 ��ÇP~�Ð�3��±Ïþ�²þ.éuiù¯K,"� [5]y²
�iùÐ�±Ï6Ä,

-Å)6Ä�± t−1 �Çªu�-Å),DÕÅ)6Ä�3 L∞ �ê�¿Âe± t−1/2 �Çªu�

DÕÅ).3"�Ä:þ,�� [6] �iùÐ�ØÓ�±Ï6Ä,¿y²
-Å6Ä��éu�-Å

�) £.DÕÅ)6Ä�3 L∞�ê�¿Âe± t−1/2 ��Çªu�DÕÅ).

� g(u) 6= 0�,�àg¯K (1.3)(1.4)�kX�þ�ïÄ. Lyberopoulos [7]y²
3 g(u) = u�

�¹e,eÐ�´ëY�±Ï¼ê,3��±Ïþþ��",¿� f(0) = f ′(0) = 0, uf ′(u) > 0, u 6=
0,@o¯K (1.3)(1.4)�)ªu1Å)�Å��". Fan [8]ïÄ
�\���
�,3 g(u)äkk

��":��3~êM0 > 0,¦�é?¿� |u| > M0 Ñk ug(u) < 0 �b�^�e,eÐ�´Û

Ü�C�k.�±Ï¼ê,@o¯K (1.3)(1.4)�)�oÂñu g(u) �,�":,�oÂñuÅ�

� f ′(a2n+1)�1Å),Ù¥ a2n+1 L« g(u)�1 2n+ 1�":.² [9]3dÄ:þé
���¦?

1~f,�Ä
 g(u) ∈ C(R)äkk��":¿�3 a2n+1NCØ�L�5O�,y²
eÐ�´Û

Ü�C�k.�±Ï¼ê¿�þ��u a2n+1,@o¯K (1.3)(1.4)�)ªuÅ�� f ′(a2n+1)�1

Å).

�6Ä ω0(x) = 0�,¯K (1.1)(1.2)�iù¯K. Mascia [10] ��
:

� ūl > ūr�, (1.1)(1.2)�)�-Å){¡�µ-Å),LãXe.

uS(x, t) =

 ūle
−t, x < S(t),

ūre
−t, x > S(t),

(1.6)

Ù¥-Å­� S(t) = (1− e−t)(ūl + ūr)/2.
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Üî�§o�

� ūl < ūr�, (1.1)(1.2)�)�DÕÅ){¡�µDÕÅ),LãXe,

uR(x, t) =


ūle
−t, x < (1− e−t)ūl,

ũ(x, t), (1− e−t)ūl < x < (1− e−t)ūr,

ūre
−t, x > (1− e−t)ūr,

(1.7)

Ù¥ ũ(x, t)d [10]¥�½Â 2.4�Ñ.

·�uy� t → ∞ �, �µ-Å)��müà± e−t �ÇP~�0, �µ-Å­�ªu�

� x = (ūl + ūr)/2.�µDÕÅ)üà± e−t�ÇP~�0,�´¥mÜ© ũ(x, t)vkw«�L�ª,

�Ã{�ä)�ìC5.

®k�(JL², ü�ý���5ÅðÆ�§|±ÏÐ�¯K)¬ªu~�, iùÐ�±

Ï6Ä�)ªu�µ);
éu²ïÆ�§,±ÏÐ�¯K�)ªu~�½ö1Å),ùL²
�é

¯Kk��K�.�©�Ä²ïÆ�§iùÐ��±Ï6Ä¯K)���m5�,ïÄÙ)��µ

)�m�'X,&¢
�é)�(��K�.éu Cauchy¯K (1.1)(1.2),��:

½n 1.1 éu ūl > ūr, XJ±Ï¼ê ω0(x) 3��±Ï (0, p] þ�C�k., ¿��3���

: a ∈ (0, p],¦� ω0(a−) ≤ 0 ≤ ω0(a+),@o�3k��m Ts Ú��­� X(t) ∈ Lip(0,+∞),¦

�é?Û t > Ts, Cauchy¯K (1.1)(1.2)��)÷v

u(x, t) =

ul(x, t), x < X(t),

ur(x, t), x > X(t).
(1.8)

� t→ +∞�, sup
x<X(t)

|u(x, t)|+ sup
x>X(t)

|u(x, t)| → 0.

AO/,� (ūl − ūr)(1 − e−t)/p´��ê�,6Ä��-Å��µ-Å��,= X(t) = S(t).

�:��ê�Ð��',� (ūl − ūr) = Np, N ���ê�,6Ä��-Åªu�µ-Å.� Np <

(ūl − ūr) < (N + 1)p�,§��3 N ��:.� (ūl − ūr) < p�,§�Ø�3�:.

½n 1.2 éu ūl < ūr, XJ±Ï¼ê ω0(x) 3��±Ï (0, p] þ�C�k., ¿��3���

: a ∈ (0, p], ¦� ω0(a−) ≤ 0 ≤ ω0(a+). @o� t → +∞ �, Cauchy ¯K (1.1)(1.2) ��

) u(x, t)3 L∞ �ê�¿ÂeP~�0.

2. 2ÂA�nØ

Äk·�0��e2ÂA��nØ,ù
Ñ�±3 [8] [9] [11]¥é�.3«m [a, b] þ��^

Lipschitz­�¡�'u (1.1)�) u(x, t)�A��,XJéA�¤k t ∈ [a, b],k

ξ̇(t) ∈ [f ′(u(ξ(t)+, t)), f ′(u(ξ(t)−, t))].

é?¿ (x̄, t̄) ∈ (R(0,+∞)), ���3��½Â3 0 ≤ s ≤ t̄ þ���2ÂA� ξ(t; x̄, t̄), ¦
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� ξ(t̄; x̄, t̄) = x̄.²¡þ¤k²L: (x̄, t̄)���A�Ñ��3��Ú����2ÂA�¤Ü¤�Ï

�¥.·�^ ξ−(t; x̄, t̄), ξ+(t; x̄, t̄)©OL«��Ú����2ÂA�.� t > t̄ ��3���c�

A�,Xã 1¤«.

½Â3 [a, b]þ�A� ξ(·),eéA�¤k t ∈ [a, b]Ñ÷v u(ξ−(t), t) = u(ξ+(t), t),K¡�ý�

�A�.

'u�§ (1.3)�2ÂA�,·�k±en�5�,�õ[!�±ë� [11].

Figure 1. Forward/backward characteristic

ã 1. c�/��2ÂA�

Ún 2.1 XJ ξ : [a, b]→ R´�^A�,@oéuA�¤k t ∈ [a, b],Ñk

ξ̇(t) = f ′(u(ξ(t)±, t)), �u(ξ(t)+, t) = u(ξ(t)−, t)�,

ξ̇(t) =
f(u(ξ(t)+, t))− f(u(ξ(t)−, t))

u(ξ(t)+, t)− u(ξ(t)−, t)
, �u(ξ(t)+, t) < u(ξ(t)−, t)�.

(2.1)

Ún 2.2 e ξ : [a, b]→ R´�^ý��A�,@o�3��¼ê v : [a, b]→ R÷v ξ̇(t) = f ′(v(t)),

v̇(t) = g(v(t)),
(2.2)

¿�éuA�¤k� t ∈ (a, b),Ñk

v(t) = u(ξ(t)+, t) = u(ξ(t)−, t).

Ún 2.3 4�Ú4���A� ξ−(t)Ú ξ+(t)Ñ´´ý��A�.§�©OÏL¦) (2.2) 3 t =

t̄��± (x̄, u(x̄−, t̄))Ú (x̄, u(x̄+, t̄))�Ð����¯K��,� u3à:?÷v,

u(ξ−(0)−, 0) ≤ u(ξ−(0)+, 0), u(ξ−(t̄)−, t̄) ≥ u(ξ−(t̄)+, t̄),

u(ξ+(0)−, 0) ≤ u(ξ+(0)+, 0), u(ξ+(t̄)−, t̄) ≥ u(ξ+(t̄)+, t̄).

íØ 2.1 (1)eü^ØÓ�ý�A���,Kd��)-Å,@oT�:7´ùü^ý�A��ª

:.

(2)� t̄ > 0�,4���A� ξ−(t)Ú4���A� ξ+(t) ­Ü��=� u(x̄−, t̄) = u(x̄+, t̄).

(3)é?¿ü^l x¶Ñu�4�c�A� ξ−(t)Ú4�c�A� ξ+(t),XJ§�3,��

� t0 > 0 ��,@o§�3 t > t0 ­Ü.
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Üî�§o�

Ún 2.4 - ξ(t)Ú ξ̃(t)�©O� (1.1)�kÛÜ�C�k.Ð� u(x, 0) Ú ũ(x, 0) ��) u(x, t)

Ú ũ(x, t)�'�ü^4���A�,Xã 2¤«,§�l½: (x̄, t̄) ∈ R(0,+∞) Ñu.e ξ̃(0) < ξ(0),

@o¤áXe�ª

Figure 2. Minimal backward characteristic

ã 2. ����A�

∫ ξ(0)

ξ̃(0)

(u(x, 0)− ũ(x, 0))dx

=

∫ t̄

0

(−et[u(ξ(t), t)− ũ(ξ(t), t)]ξ̇(t) + et[f(u(ξ(t), t))− f(ũ(ξ(t), t)))])dt

+

∫ t̄

0

(et[u(ξ̃(t), t)− ũ(ξ̃(t), t)]
˙̃
ξ(t)− et[f(u(ξ̃(t), t))− f(ũ(ξ̃(t), t)))])dt.

(2.3)

y ½Â«� Ω := (x, t)|0 ≤ t ≤ t̄, ξ̃(t) ≤ x ≤ ξ(t).Äkò (1.1)=��

(etu)t + (etf(u))x = 0. (2.4)

- u = u(x, t)− ũ(x, t),¿òÙ3 ΩþÈ©,$^ Greenúª´� (2.3).

Ún 2.5 eÐ� u0 3 [0, p]þ�C�k.¿�± p�±Ï,- u´¯K (1.1)(1.4) ��).@o

(1)éu?¿ t > 0, u(·, t)´± p�±Ï�¼ê.

(2)éuz��½� T > 0,

1

p

∫ p

0

u(x, T )dx =
e−T

p

∫ p

0

u0(x)dx. (2.5)

y (1)½Â v(x, t) = u(x+ p, t).éuz� φ ∈ C1
0 (R× (0,+∞)),XJ φ̃(x, t) = φ(x− p, t),@

o ∫∫
t>0

vφt + f(v)φx + vφdxdt+

∫
t=0

u0φdx

=

∫∫
t>0

u(x+ p, t)φt + f(u(x+ p, t))φx + u(x+ p, t)φdxdt

=

∫∫
t>0

u(x, t)φ̃t + f(u(x, t))φ̃x + u(x, t)φ̃dxdt

=0.
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Ïd, v�´T¯K�).u´d)��3��5� u(x, t) ≡ v(x, t).

(2)½ÂÝ/«� Ω = {(x, t)|0 ≤ x ≤ p, 0 ≤ t ≤ t̄}.ò (2.4)3 ΩþÈ©.$^ GreenúªÚ

(1)�

0 =

∫∫
Ω

(etu(x, t))t + (etf(u(x, t)))xdxdt

=

∮
−etu(x, t)dx+ etf(u(x, t))dt

=

∫ p

0

−u(x, 0)dx+

∫ T

0

etf(u(p, t))dt+

∫ p

0

eTu(x, T )dx−
∫ T

0

etf(u(0, t))dt

=

∫ p

0

−u(x, 0)dx+

∫ p

0

eTu(x, T )dx.

y..

-R(u(·, t)) = {u(x±, t) : x ∈ R, t > 0},Ù¥ u ÷vÚn 2.5�^�.'uR(u(·, t))·�kX
eü�5�,Ùy²�±3 [8]¥é�.

Ún 2.6 R(u(·, t))´��4«m.

Ún 2.7 e R(u(·, t)) = [α(t), β(t)], @oé?¿ γ ∈ (α(t), β(t)), �3��ëY: x0 ∈ R ¦
� u(x0, t) = γ.

·�P ul(x, t), ur(x, t), u(x, t)�(1.1)©O�kXeÐ���):

ul(x, 0) = ūl + ω0(x), x ∈ R,

ur(x, 0) = ūr + ω0(x), x ∈ R,

u(x, 0) =

 ūl + ω0(x), x < 0,

ūr + ω0(x), x > 0.

d Fan [8]¥�½n 1.1��,� t→ +∞�,

|ul(x, t)| → 0, |ur(x, t)| → 0. (2.6)

e ω0(x)÷v"þ�^�,@odÚn 2.5(2)�,3�½� T > 0 ��k

1

p

∫ p

0

ul(x, T )dx =
e−T

p

∫ p

0

ul(x, 0)dx = ūle
−T .

qdÚn 2.6�, R(u(·, T ))´��4«m.Ïd ūle
−T 3T«mS.|^ u(·, T )�±Ï5ÚÚn

2.7,·�íä�3ëY: x0 ∈ (0, p],¦� u(x0, T ) = ūle
−T .

Ún 2.8 b�: (x̄, t̄) ∈ R× (0,+∞)÷v ul(x̄, t̄) = ūle
−t̄,lT:Ñu�4���A� ξ(t).u´

� t > t̄ �, ξ(t)�´k½Â�,¿�÷v ul(ξ(t), t) = ūle
−t.
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y æ^�y{. �¿©�� ε > 0, b�3 t = t̄ + ε ��, u(ξ(t), t) 6= ūle
−t. �´�

3 x0 ∈ (ξ(t)− p/2, ξ(t) + p/2),¦� u(x0, t) = ūle
−t.lT:Ñu�4���A� η(t),Xã 3¤«.

du ξ(t), η(t) ´÷vÚn 2.2�,Ïd

ξ(t) = ξ(0) + ūl(1− e−t), t ∈ (0, t̄],

η(t) = η(0) + ūl(1− e−t), t ∈ (0, t̄+ ε],

�÷X ξ(t)k u(ξ(t), t) = ūle
−t,÷X η(t)k u(η(t), t) = ūle

−t.

Figure 3. Special characteristic

ã 3. AÏ�A�

y3·��I�y² ξ(0) = η(0)=�.du3 (0, p]S�k���: a ÷v

ω0(a−) ≤ 0 ≤ ω0(a+),

�dÚn 2.3�

ūl + ω0(ξ(0)−) = u(ξ(0)−, 0) ≤ ūl ≤ u(ξ(0)+, 0) = ūl + ω0(ξ(0)+),

ūl + ω0(η(0)−) = u(η(0)−, 0) ≤ ūl ≤ u(η(0)+, 0) = ūl + ω0(η(0)+),

� η(0) = ξ(0) + Np, Ù¥ N ��ê. w,� t ∈ (0, t̄) �, ξ(t) ²1u η(t), = η(t̄) = ξ(t̄) + Np.

- ε → 0, dA�� Lipschitz ëY5� η(t̄ + ε) → η(t̄). du η(t̄) ∈ (ξ(t̄) − p/2, ξ(t̄) + p/2), Ï

d N = 0,= η(0) = ξ(0).y..

Ún 2.9 � ūl > ūr �,

u(x, t) =

ul(x, t), x < X+(t),

ur(x, t), x > X−(t),
(2.7)

Ù¥ X−(t)�l�:Ñu'u u�4�c�A�, X+(t)�l�:Ñu'u u�4�c�A�.

y Ø���5,·�y² x < X+(t)��¹.

éu?Û�½� (x̄, t̄)� x̄ < X+(t̄), t̄ > 0.·�Äky² u(x̄+, t̄) = ul(x̄+, t̄).L: (x̄+, t̄) ©

O�'u�) u, ul �4���A� ξ+(t)Ú η+(t),Xã 4¤«.Ï�4���A�´ý��A�,
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Figure 4. Perturbed shock wave

ã 4. 6Ä��-Å)

� ξ+(t)Ú η+(t)3 [0, t̄] þ÷vXe'Xª ξ̇+(t) = f ′(v(t)),

v̇(t) = −v(t),
Ú

 ˙η+(t) = f ′(ṽ(t)),

˙̃v(t) = −ṽ(t),

¿�éuA�¤k t ∈ (0, t̄),Ñk

v(t) = u(ξ+(t)+, t) = u(ξ+(t)−, t), ṽ(t) = ul(η+(t)+, t) = ul(η+(t)−, t).

du� t > 0�,l?¿:Ñu�c�A�´���,� ξ+(t)� X(t)Ø��,= ξ+(0) < 0.

e¡æ^�y{:e u(x̄+, t̄) > ul(x̄+, t̄),= v(t̄) > ṽ(t̄).du v(t) = v(t̄)e−(t̄−t),

ṽ(t) = ṽ(t̄)e−(t̄−t),

� v(t) > ṽ(t).d f �à5´�

ξ̇+(t) = f ′(v(t)) > f ′(ṽ(t)) = η̇+(t). (2.8)

�Ä�ùü^4���A�Ñ´l (x̄, t̄)Ñu�,Ïd ξ+(0) < η+(0).|^Ún 2.4´�∫ t̄

0

et[ul(ξ+(t), t)− u(ξ+(t), t)]ξ̇+(t)− et[f(ul(ξ+(t), t)))− f(u(ξ+(t), t))]dt

−
∫ t̄

0

et[ul(η+(t), t)− u(η+(t), t)]η̇+(t)− et[f(ul(η+(t), t)))− f(u(η+(t), t))]dt

=

∫ η+(0)

ξ+(0)

ul(x, 0)− u(x, 0)dx.

(2.9)

� η+(0) ≤ 0�, (2.9)�mý�u0;� η+(0) > 0�, (2.9)�mý�u
∫ η+(0)

0
(ūl − ūr)dx > 0.|

^ f �à5ØJuy, (2.8)��ý´���,Ïd η+(0) ≤ 0,�Ò´`éu?¿�t ∈ (0, t̄),Ñk

ul(ξ+(t), t) = u(ξ+(t), t) = v(t),

ul(η+(t), t) = u(η+(t), t) = ṽ(t).
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d� η+(t) �´� u k'���A�. �´ ξ+(t) ´l (x̄, t̄) Ñu�'u u �4���A�, ù

� ξ+(0) < η+(0) w,gñ.Ïd u(x̄+, t̄) ≤ ul(x̄+, t̄).

Ón,b� u(x̄+, t̄) < ul(x̄+, t̄)�´Ø¤á�.Ïd u(x̄+, t̄) = ul(x̄+, t̄).d (x̄, t̄)�?¿5,=

y�� x < X+(t)�, u(x̄+, t̄) = ul(x̄+, t̄).

aq�,l (x̄, t̄)Ñu©O�Ú�)u, ulk'4���A� ξ−(t)Ú η−(t),u´�y�u(x̄−, t̄) =

ul(x̄−, t̄).
(Üþã?Ø,·���
� x < X+(t)�,é?¿� t > 0,Ñk u(x, t) = ul(x, t).

y..

íØ 2.2 e ūl < ūr,@o

u(x, t) =

ul(x, t), x < Xl+(t),

ur(x, t), x > Xr−(t),
(2.10)

Ù¥Xr−(t)�l�:Ñu�'u ur �4�c�A�, Xl+(t)�l�:Ñu�'u ul�4�c�A

�.

y -

ul(x, t = 0) =

u(x, t = 0), x < 0,

ūl − ūr + u(x, t = 0), x > 0,

ur(x, t = 0) =

 ūr − ūl + u(x, t = 0), x < 0,

u(x, t = 0), x > 0.

òÙ�\Ún 2.9=�y.

3. y²½n1.1

Äky²-Å­����5:

eé?¿� t ∈ [0,+∞)Ñk X−(t) ≡ X+(t),dÚn 2.9,�á=¦� (1.8).

eé?¿� t ∈ [0,+∞) Ñk X−(t) < X+(t), @o3 X−(t) < x < X+(t) þðk ul(x, t) =

ur(x, t).ùp�¦ X+(t) −X−(t) < p,ÄKe�3 t0 > 0¦��ª¤á,u´dÚn 2.5(2)á��

Ñgñ.�½ t̄ > 0,?� x̄ ∈ (X−(t̄), X+(t̄)).l (x̄, t̄)Ñu�'u ul(x, t) �4���A� ξ(t).d

Ún 2.3�, ξ(t)3 t ∈ [0, t̄]þ´ý��A�,� ξ̇(t) = f ′(v(t)),

v̇(t) = g(v(t)),

�

v(t̄) = ul(x̄−, t̄).
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?�Ú,éuA�¤k� t ∈ (0, t̄),Ñk

v(t) = ul(ξ(t)+, t) = ul(ξ(t)−, t),

� ul(ξ(0)−, 0) ≤ ul(ξ(0)+, 0). b� ξ(t) � X−(t) �u: (X−(τ), τ), τ > 0 (� X+(t) ����

¹aq). u´ ξ(t) 3 (τ, t̄) þ�´'u ur �ý��A�. - t0 = (τ + t̄)/2, x0 = ξ(t0), ØJu

y, ul(x0−, t0) = ul(x0+, t0).u´l: (x0, t0) Ñu�'u ur �4���A� η(t).e¡ò©�¹

?Ø:

(1)e ξ(t)Ú η(t)3 [0, t0]þØ­Ü,@oùw,�íØ 2.1gñ.

(2)e ξ(t)Ú η(t)3 [0, τ)þØ­Ü,�3 [τ, t0] þ­Ü.du3 [0, t0]þ, ξ(t) �: (x0, t0)Ñu

'u ul�4���A�, η(t) ´l: (x0, t0)Ñu'u ur �4���A�.
 ul(x0, t0) = ur(x0, t0),

ù�Ún 2.2gñ.

(3)e ξ(t)Ú η(t)3 [0, t0]þ­Ü,ù`²3 [0, t0]þ ξ(t) Q´'u ul(x, t) �4���A�,

�´'u ur(x, t)�ý����A�.Ïd, ω0(ξ(0))7�mä:.ÄK,

ūl + ω0(ξ(0)) = ul(ξ(0), 0) = ur(ξ(0), 0) = ūr + ω0(ξ(0)),

w,gñ.q3 (X−(t), X+(t))þkØ���:,lù
:Ñu©O�4���A�,§�� x¶�

uØ���:�þ3��±ÏS.duù
:þ�mä:,w,� ω0(x)3 [0, p]þ�C�k.gñ.

nÜþã©Û,7½�3,�¿©�� Ts > 0,¦� t > Ts �ðk X−(t) = X+(t).u´·�y

²
 (1.8).

�e5´'u6Ä��-Å­� X(t)Ú�µ-Å­� S(t)�m�'X�(Ø:

5¿�Ð� ul(x, 0) = ūl + ω0(x)Ú ω̄ = 0,|^Ún 2.5��,é?¿� t > 0,

1

p

∫ p

0

ul(x, t)dx =
e−t

p

∫ p

0

ul(x, 0)dx = ūle
−t.

dÚn 2.6 ÚÚn 2.7 ´�, �3 x′ ∈ (−∞, X−(T )) Ú x′′ ∈ (X+(T ),+∞), ¦� u(x′, T ) =

ūle
−T , u(x′′, T ) = ūre

−T .l (x′, T )Ú (x′′, T ) Ñu©O�'u u �4���A� ξ(t) Ú η(t),Xã

5¤«,§�÷v

Figure 5. Perturbed shock curve

ã 5. 6Ä��-Å­�
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ξ(t) < X−(t), η(t) > X+(t).

|^ (2.2)��  ξ(t) = ξ(0) + ūl(1− e−t), t ∈ [0, T ],

η(t) = η(0) + ūr(1− e−t), t ∈ [0, T ],
(3.1)

Ù¥ u(ξ(0)−, 0) ≤ ūl ≤ u(ξ(0)+, 0)Ú u(η(0)−, 0) ≤ ūr ≤ u(η(0)+, 0).d ω0(x) �b�^�,-

ξ(0) = a−N1p, N1���ê,

η(0) = a+N2p, N2��K�ê.
. (3.2)

½ÂF/«�:

Ω(T ) , {(x, t) : 0 ≤ t ≤ T, ξ(t) ≤ x ≤ η(t)}. (3.3)

3 Ω(T )¥,d��úª��

0 =

∫∫
Ω

(etu(x, t))t + (etf(u(x, t)))xdxdt

=

∫ η(0)

ξ(0)

−u(x, 0)dx+

∫ η(T )

ξ(T )

eTu(x, T )dx+

∫ T

0

−etu(η(t), t)η̇(t) + etf(u(η(t), t))dt

+

∫ T

0

etu(ξ(t), t)ξ̇(t)− etf(u(ξ(t), t))dt , I1 + I2 + I3 + I4.

|^ |η(0)− ξ(0)|�±Ï��ê,´�

I1 =

∫ 0

η(0)

(ūr + ω0(x))dx+

∫ ξ(0)

0

(ūl + ω0(x))dx = ξ(0)ūl − η(0)ūr. (3.4)

�³|ÑC�
t′ = t, x′ = x− ūl(1− e−t),

u′(x′, t′) = u(x− ūl(1− e−t), t)− ūle−t.

N´�y u′(x′, t′)E÷v�§ (1.1),�Ù�´T�§�),�éu?¿�½� t′ > 0

1

p

∫ p

0

u′(x′, t′)dx′ =
1

p

∫ p

0

u(x′, t′)− ūle−t
′
dx′ = 0.

Ón,- x′ = x− ūr(1− e−t)��kaq�(Ø.Ïd,1��U��

I2 =

∫ X(T )

ξ(T )

eTul(x, T )dx+

∫ η(T )

X(T )

eTur(x, T )dx

=

∫ X(T )

ξ(T )

eT [u′(x− ūl(1− e−T ), T ) + ūle
−T ]dx+

∫ η(T )

X(T )

eT [u′(x− ūr(1− e−T ), T ) + ūre
−T ]dx

= X(T )(ūl − ūr)− ūlξ(T ) + ūrη(T ) + eT
∫ X(T )−ūl(1−e−T )

X(T )−ūr(1−e−T )

u′(y, T )dy.

.

(3.5)
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�X

I3 + I4 =

∫ T

0

−etu(η(t), t)η̇(t) + etf(u(η(t), t))dt+

∫ T

0

etu(ξ(t), t)ξ̇(t)− etf(u(ξ(t), t))dt

=

∫ T

0

−etūre−tf ′(ūre−t)dt+

∫ T

0

etūle
−tf ′(ūle

−t)dt−
∫ T

0

et[f(ūle
−t)− f(ūre

−t)]dt

=

∫ T

0

ūrf
′(ūre

−t)dt+

∫ T

0

ūlf
′(ūle

−t)dt−
∫ T

0

et[f(ūle
−t)− f(ūre

−t)]dt.

.

(3.6)

5¿� ξ(t) = ξ(0) + ūl(1− e−t), η(t) = η(0) + ūr(1− e−t),(Ü (3.4)(3.5)(3.6)��

X(T )− S(T ) =
eT

ūl − ūr

∫ X(T )−ūr(1−e−T )

X(T )−ūl(1−e−T )

u′(y, T )dy.

éu?Û��ê N ,e (ūl − ūr)(1− e−T ) = Np,@o X(T ) = S(T ).��Xe(Ø

(1)� (ūl − ūr) = Np, N ���ê�,6Ä��-Åªu�µ-Å.

(2)� Np < (ūl − ūr) < (N + 1)p�,6Ä��-Å��µ-Å�3 N ��:.

(3)� (ūl − ūr) < p�,6Ä��-Å��µ-ÅØ�3�:.

4. y²½n1.2

- Xr−(t)�l�:Ñu'u ur �4�c�A�,dÚn 2.8�,�3ü^� ur �'�A�,¦

�

a− p+ ūr(1− e−t) ≤ Xr−(t) ≤ a+ ūr(1− e−t), ∀t > 0.

Ón�3ü^� ul �'�A�,¦�

a− p+ ūl(1− e−t) ≤ Xl+(t) ≤ a+ ūl(1− e−t), ∀t > 0.

- ξ(t) = a−p+ūl(1−e−t), η(t) = a+ūr(1−e−t).díØ 2.2�,� x < ξ(t)�, u(x, t) = ul(x, t),

x > η(t) �, u(x, t) = ur(x, t).¤±é?¿� t > 0, x ∈ (ξ(t), η(t)),l (x, t) Ñu�4���A

�� ξ(t), η(t) Ã�:. ¯¢þ, u(ξ(t), t) = ul(ξ(t), t) ≡ ūle
−t. XJ�3 (ξ(t), η(t)) �m��

: (x̄, t̄),¦�lT:Ñu�'u u�4���A� γ−(t)� ξ(t) ��u: (ξ(τ), τ),Ù¥ τ > 0,

u´ f ′(u(ξ(τ)+, τ)) > f ′(ūle
−τ ),d f �à5�, u(ξ(τ)+, τ) > ūle

−t.w,gñ.Ón�y, é?

¿ t > 0,l (x, t)Ñu�4���A� γ+(t) � η(t)Ã�:.Xã 6¤«.

�Ä� γ±(t)´ý��A�,|^ (2.2)�� γ±(t) = γ±(0) + C(1 − e−t), t ∈ [0, t̄],Ù¥ C ´

� u(x̄±, t̄)k'�~ê.¿�3 t ∈ (0, t̄)þ,k u(γ±(t), t) = v(t) = Ce−t.

A^þã(Ø,é?¿�½� t > 0·�k
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Figure 6. Perturbed rarefaction wave

ã 6. 6Ä��DÕÅ)

(1)e x < ξ(t),@od (1.7)(2.6)��,� t¿©��

|u(x, t)− uR(x, t)| = |ul(x, t)− ūle−t| → 0.

(2)e ξ(t) < x < ūl(1− e−t),du γ±(t)� ξ(t) Ã�:,·���

a− p+ ūl(1− e−t) ≤ γ±(0) + C(1− e−t) ≤ ūl(1− e−t).

du γ±(0) ∈ (a− p, p),�þª�U�¤

−p+ ūl(1− e−t) ≤ C(1− e−t) ≤ p− a+ ūl(1− e−t).

Ø�ªüýÓØ± (1− e−t),2~� ūl,�

− p

1− e−t
≤ C − ūl ≤

p− a
1− e−t

.

Ø�ªüýÓ¦ e−t,du÷XA��ðk v(t) = Ce−t,��

− p

et − 1
≤ v(t)− ūle−t ≤

p− a
et − 1

.

d (x̄, t̄)�?¿5,·���

|u(x, t)− uR(x, t)| ≤ p

et − 1
.

(3)e ūl(1− e−t) < x < ūr(1− e−t),@o uR(x, t) = ũ(x, t).duéJ�Ñ ũ(x, t) �w«L�

ª,�·�d?�é u(x, t)?1�O

ūl(1− e−t) ≤ γ±(0) + C(1− e−t) ≤ ūr(1− e−t).

du γ±(0) ∈ (a− p, p),�þª�U�¤

−a+ ūl(1− e−t) ≤ C(1− e−t) ≤ p− a+ ūr(1− e−t).
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Ø�ªüýÓ¦ e−t/(1− e−t),�÷XA��ðk

− a

et − 1
+ ūle

−t ≤ v(t) ≤ p− a
et − 1

+ ūre
−t.

d (x̄, t̄)�?¿5,·���

|u(x, t)| ≤Me−t, M > 0�~ê.

(4)e ūr(1− e−t) < x < η(t),�1�«�¹aq,��

|u(x, t)− uR(x, t)| ≤ p

et − 1
.

(5)e x > η(t),�1�«�¹aq,��

|u(x, t)− uR(x, t)| = |ur(x, t)− ūre−t| → 0.

y..

ë�©z

[1] Kruzkov, S.N. (1970) First Order Quasilinear Equations in Several Independent Variables.

Matematicheskii Sbornik (N S), 10, 217.

https://doi.org/10.1070/SM1970v010n02ABEH002156

[2] Hopf, E. (1950) The Partial Differential Equation ut + uux = �xx. Communications on Pure

and Applied Mathematics, 3, 201-230. https://doi.org/10.1002/cpa.3160030302

[3] Lax, P.D. (1957) Hyperbolic Systems of Conservation Laws II. Communications on Pure and

Applied Mathematics, 10, 537-566. https://doi.org/10.1002/cpa.3160100406

[4] Glimm, J. and Lax, P.D. (1970) Decay of Solutions of Systems of Nonlinear Hyperbolic Con-

servation Laws, Vol. 101. American Mathematical Society.

[5] Xin, Z.P., Qian, Y. and Yuan, Y. (2019) Asymptotic Stability of Shock Waves and Rarefaction

Waves under Periodic Perturbations for 1−d Convex Scalar Conservation Laws. SIAM Journal

on Mathematical Analysis, 51, 2971-2994. https://doi.org/10.1137/18M1192883

[6] Yuan, Q. and Yuan, Y. (2020) On Riemann Solutions under Different Initial Periodic Per-

turbations at Two Infinities for 1-d Scalar Convex Conservation Laws. Journal of Differential

Equations, 268, 5140-5155. https://doi.org/10.1016/j.jde.2019.11.008

[7] Lyberopoulos, A.N. (1990) Asymptotic Oscillations of Solutions of Scalar Conservation Laws

with Convexity under the Action of a Linear Excitation. Quarterly of Applied Mathematics,

48, 755-765. https://doi.org/10.1090/qam/1079918

DOI: 10.12677/pm.2021.117157 1414 nØêÆ

https://doi.org/10.1070/SM1970v010n02ABEH002156
https://doi.org/10.1002/cpa.3160030302
https://doi.org/10.1002/cpa.3160100406
https://doi.org/10.1137/18M1192883
https://doi.org/10.1016/j.jde.2019.11.008
https://doi.org/10.1090/qam/1079918
https://doi.org/10.12677/pm.2021.117157


Üî�§o�

[8] Fan, H. and Jack, K.H. (1993) Large-Time Behavior in Inhomogeneous Conservation Laws.

Archive for Rational Mechanics and Analysis, 125, 201-216.

https://doi.org/10.1007/BF00383219

[9] ²#, �L�. �àgBurgers �§±Ï)���m1�[J]. êÆÔnÆ�, 2015, 35(1): 1-14.

[10] Mascia, C. and Sinestrari, C. (1997) The Perturbed Riemann Problem for a Balance Law.

Advances in Difference Equations, 2, 779-810.

[11] Dafermos, C.M. (2005) Hyperbolic Conservation Laws in Continuum Physics. Springer, Berlin.

https://doi.org/10.1007/3-540-29089-3

DOI: 10.12677/pm.2021.117157 1415 nØêÆ

https://doi.org/10.1007/BF00383219
https://doi.org/10.1007/3-540-29089-3
https://doi.org/10.12677/pm.2021.117157

	1 引言
	2 广义特征理论
	3 证明定理1.1
	4 证明定理1.2

