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Abstract

In this paper we study large time behaviors toward shock waves and rarefaction waves
under periodic perturbations for inhomogeneous Burgers equation. We show that for
shock waves, after a finite time, the perturbed shock actually consists of two periodic
functions contacting each other at a shock, and this shock curve oscillates on both
sides of the background shock curve. Both of perturbed shock waves and perturbed

rarefaction waves tend to zero in the L°° norm.
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Ut+(

Uy + wo(x), x <0,
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Uy +WO(J)), ZU>O,
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TiRE (1.1) 240 F AR TR T R AR IR 1 L
u + f(u)y = g(u), x€ (—o0,+00), t>0, (1.3)

He f(u) e C3(R) H f"(u) >0, g: R— R NEIFEREL
Xt BRI
u(z,0) = ug(x), (1.4)

FRAT N [0 A (1.3)(1.4) ROERIME 6, FAR L mT B8 1 TR A AE A B B[] pAY A 28 T . PR G E 36
HEAEOLT (1.3)(1.4) KOG M2 AR, WA 18 (1.3)(1.4) M. a0 F BREL w(a, t) J2& ]
(1.3)(1.4) WgsfR, HHXILTFAE R ¢ > 0, u(x,t) W2 &

u(z—,t) > u(z+,t), (1.5)

WLTRATHR w(e, ) R (1.3)(1.4) HONGHE.
FARE TR (1.3)(1.4), Kruzkov 7E [1]HH RS VETE JRIEIERT 1 0 TAE & R A AR Z 1)
18, 18 (1.3)(1.4) AFAEME— BT B VEEE AR, el b, U5 IAN I SR I, O S = B
ABFENNE wo, M8 (1.3)(1.4) TEBVZS 8] Hp A ME— [ T 252 VR R4 it
2 g(u) = 0 B, A8 (1.3)(1.4) MRIVETL LS Q& Z . B, 24 ue(z) € L° N LY B,
RIARAE Lo JEEA R SCR BL ¢ BRI, 2 uo(2x) A I EA L SER, fRAE L' EE
BESCFRA Y2 KpERET N— 3%, W (2] [3]. H9MEBA I ITER, Glimm A1 Lax [4]3F 8 7 5 fi#
D¢t I A S B EAE — A A BT X TR 8 R, R4 [BIUEM] T 4R S WIME A A,
BB R AN G LA ¢ B T SO R, MR RSN R 1E Lo B SCTRBL /2 i TR
s R A6 ¥ i BER b, 3258 (6] 3 2R 2AMEA R PR3N, JFUEM] 1 BBl sl Ja AR T Bk
PR RS . MR BRI JE A Loo BRSO B ¢71/2 BT A T JE R R
2 g(u) # O, AEFF X IEE (1.3)(1.4) A E KEMHFFT. Lyberopoulos [T]HEW] T 1E g(u) = u ]
TEOLT, A WIE B S 0 IR B, 72— DA EIMENE, IR H. £(0) = £/(0) =0, uf'(u) >0, u#
0, A4 R R (1.3)(1.4) W& TAT 3 HB0E N ZE. Fan [S)FFF T B I— BRI, 78 g(u) BB H
RN i HAFTE T2 My > 0, AR XHERI |u| > Mo #A ug(u) < 0 PHBREZMT, HEVIMEL)R
A4 AR 22 A SR T TR B, AR A T R (1.3)(1.4) BIRREE AT g(u) BIZEANZF AL, B AWETBOE
N (agnsr) BATEMR, H ag,n Tom g(uw) BIEE 2n + 1 AT AL E [9)7E LA F o6 50T ) 2K 3k
17055, BT g(u) € C(R) BAARANF RIE BAE asnyr MEABEZMIEK, IEW] T EWIE 2 )R
AR AR ZE A S A R BT HIMESE T agpp, AT (1.3)(1.4) FIAHE T EEN f/(aznsr) FIAT
WS
BN wo(x) = 0 B, 1A (1.1)(1.2) HELE il . Mascia [10] 193] T
Ay > a, N, (1.1)(1.2) BRIy BO MRV SO, KRBT,
{ we™",  x < S(t),
ug(z,t) = (1.6)
ure”t, x> 8S(t),

Forpigpeth 2 S(t) = (1 — e ) (w + u,) /2.
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By < i, (11)(1.2) B9 M6 B0 I8 A T PR SRR B, R R

wme ',z < (1—e "y,
ugp(z,t) =< a(z,t), (1—e Ny <z<(l—e )iy, (1.7)

e, x> (1—e )i,

Horb a(x, t) B O[10]H & X 2.4 25 .

TATKILA ¢ — oo I, T S WCB MR A 2 A P DL e~ AR 2k 220, B Rt 28 T |
= (w+u,)/2. B MBI L et HBRZR R0, HZ P FFI; a(x, t) WA RaRrRE R,
HRCIG V4 W g ) T A

O 45 BRI, A IR RS < 1E 4 07 % 2H A )AL i) R s TR, R 2 VIME A
SRS 5 e T 75 Sl T T P AT R, TR A I ) A T B AT R, X R IR NS
0] AT AR J5T SR . A 30 R P-4 U7 AR 2R 2 A ) A I B 1) AR A I TR VR3S, DR R 51 =
fif 2 [A) ) 5% 2, IR B IR TN ff B S5 /A B2 1R 5 T~ Cauchy 108 (1.1)(1.2), 521
FE 11 5T > 4, WRAPIK wo(z) E—NBAH (0,p] L2 T EZARF, HLALEE——
#oa € (0,p], B wo(a—) <0 <wplat), AR A KA REFR] T, Fovr—i & X (t) € Lip(0, +00), 1%
FFAAEAT ¢ > T, Cauchy AL (1.1)(1.2) 844§ /%% 2

w(o.t) = { w(z,t), =< X(t))7 (1.8)

ur(z,t), x> X(t).

Yt — 4oo B, sup |u(z,t)|+ sup |u(z,t)] — 0.
2<X () o> X ()

B, % (0 —u,)(1 — e t)/p AEREHE, KA B KL 5 HF kAR, B X (1) = S(b).
REMARE AL, B (1 —a,) = Np, N b ERHE, A6 05k AT HFHE. % Np <
(i —u,) < (N+Dp b, €MNHELENANE. F (0 —a,) <pl, CNRGEEZE.

FE 1.2 T a4 <, wRBAMBHIH wy(x) £E—NAM 0,p) LLTEAR, HALAELEE——
2oa € (0,p], F wyla—) < 0 < wola+). IBAH t — +oo B, Cauchy F] A (1.1)(1.2) 49§
it u(z,t) £ L FEH A & SLT TR EO.

2. I XHHIEIEIR

HRRNNA— T UL L P8, KT AAE (8] [9] [11]Hh 4R 2. XA [a, 0] EHI—2%
Lipschitz FIZ&FRANKT (1.1) BIFE u(z, t) FIFEL, R L PR ¢ € [a,b], B

E(t) € [ (wE(t)+,0)), J' (u(€(t) =, 1)):

SRR (2,1) € (R(0,+00)), BLFIE—ANENIEO0 < s < & BWJERT SURRAE (¢ 2,1), i
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8 €5 7,7) = 7. P EFFE L A (7, ) 105 P E AR 7E 5N RIS 1 SURFGE ok 38
e AT € (62, 0), €4 (62, F) A BIFREANRBKIE ] SURAE. % ¢ > £ I FE2EME— 31
BT, P 1R
S SULE [0, b] RO €(), 200 JUTHTA ¢ € [0, b] #0062 w(e_ (£),) = ulés (1), £), WHRN A TE
R
SeFITRE (1.3) (I SURHE, T4 UL F = AR, B 24040 LS % [11),

X

Figure 1. Forward/backward characteristic

1. BT /JG R SCRAIE

513 2.1 =X £:[a,b] > R A —FH4E, IRAFTILFRIA t € [a,b], #A

f(t) = f/(u<£<t):l:7 t))v %ﬁu({(t)—l—, t) = u(&(w_v t) H‘t
o ED D) - fuED—t) e
E(t) = WEOT ) —uE D)) Hu(E(t)+,t) < u(é(t)—,t)8et.

G138 2.2 £ ¢ [a,b] > RA—FAENHIE RAFLE DR v [a,b] - RHZ

{ £(t) = £(v(t)), o)

o(t) = g(v(t)),

FAMTFILFHAG t € (a,b), AH
v(t) = u((t)+,1) = u(§(t)—, ).
SIEE 2.3 M Fe M KB @A AE (1) A= &4 (t) HAR A EM I, €My AR L KM (22) £t =
tEFZIA (2, u(Z—, 1)) A2 (T, u(Z+,1)) ALY G &) B AT B, o fE3% 5L
U(E— (0)_70) S U(f_(O)—I—,O), U(f_ (5_75 Z u(g— (5)4'7757
u(£+(0)_70) S u(£+(0)+70)7 u(£+(f>_7a 2 u(§+(f)+7f)
it 2.1 (1) ERFAE GG A ERLEAR S, W] PL Bt = AR, AR 2 1% R S0l X M)k A EAF AR RG24
.
(2) B t>008, A JERAFIE L (t) PR KB RAFIE (1) TS L ARG u(z—, 1) = u(@+,1).
(3) MAEE R EA o b R AGH AT S AFAE € (1) AR K AT @ 4FAE € (t), 2o R e AE X —
2ty >0 M, AACNEL > t) Zh.
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SITE 2.4 4 €(t) A= () A AE (1.1) FH AL T EARAME u(z,0) = a(x,0) WM u(z,t)
Fo (e, t) A8 5 09 P K ARMIG @) 45 AT, 4o [8] 27, CATAE & (Z,1) € R(0, +00) H K. % £(0) < £(0),
2R A T % X,
wt (%,7)
5O HO!

£(0) f0) *

Figure 2. Minimal backward characteristic

2. /NEFURHIE

£(0)
/ (u(x,0) — a(z,0))dx

£0)
=(ﬁ—QW@U%ﬂ—ﬂ@ULﬂK@%+JUW@@%ﬂ)—f@@@%ﬂDDﬁ (2:3)

(1), )J&() — e'[F (w(E(t), 1) — F@ER), 1))

Iy

+A<ﬂwamw—a<
E BN Q= (2,00 <t < FE() < < &) BHEH (1.1) Bl
(etu)t + (etf(u))z =0. (2.4)

L u=u(z,t) — u(z,t), FFHHLE Q EFG, 1BH Green A5 15 (2.3). |

5138 2.5 EmME ug £ [0,p] LATZARFEAp AR, 4 u ARA (1.1)(1.4) 49KH#E. A4
(1) 3 FHEE >0, u(-,t) ZvAp AR IE 5
(2) X FTHABZEH T >0,

1 [? e
p/o uw(z, T)dr = — uo(z)dz. (2.5)

E (1) L o(x,t) = ule +p, t). TR ¢ € GG R x (0,+00)), W (1) = ¢z —p, 1), B

N

//t>0 vy + (V)¢ + vodrdt + / uppdz

t=0

—// w(e + py )60 + f(ule + p,)be + ule + p, ) édadt
t>0

://t . U(l',t)(gt + f(u(x,t))&x 4 U(CE,t)ngdxdt

=0.
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PR, v o2 ) R . T2 AR AP AEME— VRSN w(a, t) = v(x,t).
(2) BMUHEEXIL Q = {(z,1)[0 < 2 < p,0 <t <t} ¥ (2.4) /£ Q LR, I8 Green AU

(1) 1%
0= [ € ate ) + (€ flute. ) o
_ ]4 —etu(z, t)da + e f (ulz, t))dt
:Kf_m%omx+ATaﬂanMr+Aiﬁwnwa—ATéﬂwmwwt
:/Op —u(z,0)dx + /Op elu(z, T)dz.
i |

2 R(u(-,t)) = {u(xt,t) : 2 € Ryt > 0}, Hb o 2513 2.5 M. T R(u(-,t)) FTATE W
IRANMER, FHAER AT DALE [8]H R

5138 2.6 R(u(-,t)) A—ANH X,

S8 2.7 % R(u(,1) = [o(t), )], L AHEE 4 € (a(t), B(1)), &E—MEEEK 15 € R fE
F u(xo, t) = 1.

TATE w(w, t), ur (2, 1), ulz, t) J9(1.1) 70 B W WIE R
ul(xa 0) =u + WO(x)vx € R7

ur(mao) = Uy +w0($),$ €R,
u +wo(x), =<0,
u(z,0) =
Uy +wo(x), x>0.

i Fan [8|HAERE 1.1 AT 41, 24 ¢t — 400 T,
lwi(x,t)] — 0, |, (x,t)] — 0. (2.6)

# wolx) W R F AR, a5 B 2.5(2) J, FEFEM T >0 WZIH

1 p G_T P

/ w(z, T)dr = — [ w(z,0)dr = de ",

P Jo P Jo

MG EE 2.6 H1, R(u(-,T)) & — N X AL Bt ae=" XA, R w(-,T) B8R 5] 2
2.7, BATHEWI AR IES S 20 € (0, p], 15 u(wo, T) = we= 7.

5138 2.8 fRIL% (Z,0) € R x (0,400) # 2 uy(Z,1) = we ™", A% 5 B MAEG B45AE £(1). T2
Lt >t B, E() RF R LY, FEHL (1), t) = et
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IE CRARIES. ME /M) e > 0, RBAE t = t 4 e I Z, w(E(t),t) # wme ™" HEAF

1E zo € (E(t) — p/2,&(t) + p/2), 13 u(wo, t) = we™". WZ sl I AAERRAELIS FIHRFAE 7(¢), A1 3FTR.
T £(t), n(t) & a5 B 2.2 1, it

£(t) =£0) +wm(l—e™), te(0,1],
n(t) =n0) +u(1—e "), te(0,t+¢),
HHTH £(t) A1 w(E(t), 1) = wme™", W n(t) 7 u(n(t), t) = we™".

Figure 3. Special characteristic

3. RFERAIRHE

PAERATR T EAUEW] £(0) = n(0) BIF]. BT-1E (0,p] WA HME—— i a W2

wo(a—) <0 < wolat),

HE5# 2.3 50

t + wo(£(0)—) = u(£(0)—,0)

w < u(&(0)+,0) = a4+ wo(£(0)+),
t; + wo(n(0)—) = u(n(0)—,0) <

u(n(0)+,0) = @ + wo(n(0)+),
e n(0) = £(0) + Np, Hf N %% € (0,%) I, &(t) “FAT T n(t), BI n(t) = £(f) + Np.
" N

% ¢ — 0, HIH¥GE M Lipschitz JE 45 (+O%Mﬂm?m56Hﬂzmﬁ®+M%
It N =0, Bl 5(0) = £(0). uEEE. |

SI3 2.9 % u; > 4, W,

—"3%
Llﬂﬂ [;]11
JJJ—

u@ﬂ:{wmﬂ,x<&ﬁ%

2.7
up(z,t), x> X_(t), &)

b X (1) AR EERXT u 9B AT @ AFAE, X (1) AR EH R X T u 69 K AT R 4 4E.

HE - AR, FATEH © < X, (t) BIIEHL.

AR E R (z,6) B 2 < X4 (0), > 0. FATEGIEN w(z+, 1) = w(z+,t). 5 (2+,1) 7
TR R TR w, w BIRRK S FIRFAE €4 (¢) A1 np(2), T 4. lﬁ*&ﬁFﬁ%ﬁEEEEE’J%ﬁE,
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Figure 4. Perturbed shock wave
4. PANE MR

Mg (t) Ay () 72 0,1 B2 I RARA
(1) = f'(v(t), . 1+(t) = f/(8(2)),
o(t) = —v(t), .
HEXITILFRE t € (0,1), #AH

U(t) = u(§+(t)+a t) = u<£+(t)_a t)7 ﬁ(t) = Uz(77+(t)+>t) = Ul(77+(t)_’ t)'

BT ¢ > 0 B, AT AU K BT I RRAE 2 M — 11, 0 €4 (1) 55 X (¢) AL, B €..(0) < 0.
TR AR £ w(z+, ) > w(T+, 1), Bl v(E) > 9(f). BT
v(t) = v(B)e Y,
o(t) = o(F)e” 7Y,

Heo(t) > o(t). B f S 1

Ex(t) = f'(v(1) > F/(8(1)) = (1) (2.8)

5 R RIS KA AR AEEGE A (2, 1) AR, BIIE €4.(0) <y (0). RS2 2.4 515

/O e un (€ (1), 8) — (€ (1), )€ (1) — ' [ (wa (€4 (8),1))) — flul€x (1), 1)]dt

—/O e'fur(n(t),1) — u(ns (8), O+ (8) — €' [f (wne (t),1))) — fuln.(t),1))]dt (2.9)
n+(0)
:/ w(z,0) — u(x,0)dz.
3

+(0)

20, (0) < 01, (2.9) FIADIZT0; 4 0y (0) > 01, (29) WAHAMET [ @ - a,)dz > 0. F
F B MR AR L, (2.8) HOZE MR AR IE R, BRI . (0) < 0, Wk R UX TAER L € (0,), #4

w(§+(1),1) = (€4 (1), t) = v(t),
w(ng(t),t) = u(ny (t),t) = 0(t).
DOT: 10.12677/pm.2021.117157 1408
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B o (1) A 15w A IR FIAEAE. (LA €, () R A (2,2) ORI TF w BLOK R B ASAE, i
5€.(0) <nyp(0) BAFJE. K w(@+,1) < w(z+,7).

FI2E, 8 (4, 1) < (@, €) ERARIN. Bt u(a+, ) = w(@+,0). 1 (7,7) BERLE, 1
R Y o < X (t) B, w(z+, 1) = w(z+,1).

AR, I (2, T) H RS BRI w, w, 5 M/ R RFAE £ () Bl (¢), TR ATIES u(@—, 1) =

Ul(i’—,t_).
Lt PR iHie, BAVEEI T M @ < X (0) B, SHERI ¢ > 0, #64 u(e, t) = w(,b).
I, |

it 2.2 Fa <a,, N4

u(a, t) = (2.10)

{ w(z,t), x <X (t),

ur(z,t), x> X,_(t),

X, (t) AR EH R ET u, 9B AT AIE, X, (1) HAR S K0 E T u 09K AT R 4

JiE
iE 4
u(z,t =0), x <0,
w(z,t =0) =
ay — Uy +u(x, t =0), x>0,
a, — uy + u(x,t =0), x <0,
up(z,t =0) =
u(z,t =0), x> 0.
$4 HAUNEI B8 2.9 EVALE. I

3. IEFAEIE1.1

T S E W0 i 2 P i — 1k

FAHMERI ¢ € [0, +o0) #A X_(t) = X, (¢), 51 2.9, AT EIRAE (1.8).

LRERER ¢ € [0,+00) #H X_(t) < Xy(t), BATE X_(t) < v < X4 (t) BEA w(z,t) =
up(,t). IXHER X () — X_(t) < p, TWEAELE to > 0 5N, T2 i 51 2.5(2) L2175
HPJE. [E € > 0, FH 2 € (X_(8), X4+(8). I\ (2, 8) HRMRT w(z,t) FIBR/NG FFRFE £(2). B
SIHE 2.3 A1, £(t) 7E t € [0,7] LR IEMRFE, i

£(t) = f'(v(t)),
o(t) = g(v(?)),

v(t) = w(z—,1).
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B, ST ILEA R t € (0,1), #3E
o(t) = w &)+, t) = w(&(t)—, 1),

H w(£(0)—,0) < u(£(0)4,0). & £(t) 5 X_(t) T (X_(7),7), 7 > 0 (5 X, (t) HZHTE
DLRL). T €(t) 7E (r,0) FHEXRT u, MEIEMFE. 2t = (1+1)/2, 20 = £(to), SHEKR
L, wi(zo—, to) = w(wo+,to). TAEMM (w0, t0) HEIERT u, BINAA S FIFFAE n(t). T K15 6L
g

(1) # &(t) M n(t) 176 [0,t0] EAESA, BAXBREHR 2.1 TE.

(2) 45 £(t) M () £ [0,7) EAES, B [1,t] EEE. HTE0,t0] b, () N (20,t0) HK
KT wy BIRRAE S FARRAE, n(t) MR (2o, to) R KT w, WIRRAE S FIRFAE. 177 wi (20, to) = ur (20, to),
X551 H 2.2 T )F.

(3)45 £(t) Al n(t) 7E [0, o] EFEA, RUWILE [0,t0] & £(t) BERFRT w(x,t) HIMNG FIHFIE,
W KT u, (2, ) MEIER G FIFRFIE. PR, wo(£(0)) 2 M a1 W . A,

i+ wo(§(0)) = w(£(0),0) = u,(£(0),0) =ty + wo(£(0)),

BIRTJE. AL (X_(t), Xy (1) EAATIIA L, AIZLE 531 K BIVERIN G FURHE, EA1S o s

FARAIFIA 5 ELITE AR T3 A I, ARG wolz) 1E [0, p] ERBEARTE.
Gty BSROT, WEAFAEEANTA NG T, > 0, 43 ¢ > T, BHEH X_(1) = X, (). TRBATE
BT (1.8).

R KRR TSN G BB h 28 X (¢) A stk 4k S(t) Z Mk R4 it
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Figure 5. Perturbed shock curve
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Figure 6. Perturbed rarefaction wave
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