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Abstract

In this note,we will study weak solution of stochastic differential equation, where

BH,H′
=
{
BH,H′

, z ∈ [0, T ]2
}

is a Fractional Brownian sheet and b is satisfied the so-called

locally linear growth condition.

Xz = x+BH,H′

z +

∫
[0,z]

b(ζ,Xζ)dζ, ζ ∈ [0, T ]2 (1)

Then we prove the existence and uniqueness of the weak solution of this kind of

stochastic differential equation.
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�©�3ïÄ©êÙKü°Ä��a�Å �©�§�f)¯K"Äk§BH,H′
=
{
BH,H′

, z ∈ [0, T ]2
}

���©êÙKü§Ù¥Hurst�ê�(H,H ′),·��Ä�Å �©�§

Xz = x+BH,H′

z +

∫
[0,z]

b(ζ,Xζ)dζ, ζ ∈ [0, T ]2 (1)
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1. Úó

�½(H,H ′) ∈ (0, 1
2
)2 "��¥%pdL§BH,H′

=
{
BH,H′

, z ∈ [0, T ]2
}
¡�äkHurst�ê

�(H,H ′) �©êÙKü§�§�����µ

RH,H′ (z, z′) = E
(
BH,H′

z BH,H′

z′

)
=

1

4

{
s2H + (s′)

2H − |s′ − s|2H
}{

t2H
′
+ (t′)

2H′

− |t′ − t|2H
′}
,

Ù¥z = (s, t), z′ = (s′, t′)"�H = H ′ = 1
2
�§BH,H′

����ÙKü"2002c§Nualart�<3 [1]

¥(½3 [2]¥)�Ä
�§

Xt = x+BH
t +

∫ t

0

b(s,Xs)ds, t ∈ [0, T ] (2)
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Ù¥BH �Hurst�ê�H�©êÙK$Ä§H ∈ [0, 1] �b´Borel¼ê"3e�^�e§¦�y²


'uù��§�f)��3��5µ

(I) �0 < H ≤ 1
2
�§b ´÷v�5O�^��Borel¼ê

|b(z, x)| ≤ C(1 + |x|) (3)

é?¿t ∈ [0, T ]§x ∈ R¤á"

(II) � 1
2
< H < 1�§b ÷vHolderëY^�µ

|b(t, x)− b(s, y)| ≤ C(|x− y|α + |t− s|γ) (4)

Ù¥1− 1
2H

< α < 1, γ > H − 1
2
"

2003c§Nualart�<3 [3]¥ò�§ (3)í2�üëê�/§=�Ä
Xe�§

Xz = x+BH,H′

z +

∫
[0,z]

b(ζ,Xζ)dζ, ζ ∈ [0, T ]2

Ù¥b ´[0, T ]2 ×R þ�Borel¼ê"3^�(I)e§¦�y²
'u�§ ()f)��3��5"

�©�8�´y²�§ ()3'uf�f5Æ5b� (6)ef)��3��5"

b ´[0, T ]2 ×R þ�Borel¼ê§¦�

|b(z, x)| ≤ C(1 + |x|)f(z) (5)

Ù¥z ∈ [0, T ]2�f ´[0, T ]2 ×R þ�K�Borel¼ê"

• �0 < H < 1
2
�§Borel¼êf ÷v

∫ s

0

∫ t

0

r2H−1
1 r2H′−1

2

(∫
[0,z]

u
1
2−H(s− u)−

1
2−Hv

1
2−H

′
(t− v)−

1
2−H

′
f(z)dz

)2

dr1dr2

≤ NH,H′,T,T ′ <∞
(6)

é0 ≤ t ≤ T , 0 ≤ s ≤ T ′¤á§Ù¥NT,T ′ > 0 ´����6uT§H§T ′§H ′�~ê"

�©d±enÜ©|¤"1�Ü©é©êÙKü�Ä��£±9Girsanov½n?1
£�"1

�Ü©�Ñ
�§ ()f)��3��5"���Ñf)�©Ù���y²"

2. ý��£

�Ù§·�é©êÙKü��
Ä�½ÂÚ(J?1{á�£�"-(Ω,F , P ) ´��

VÇ�m"ez1, z2 ∈ [0, T ]2§Kzi = (si, ti), i = 1, 2"es1 ≥ s2, t1 ≥ t2§Kkz1 ≥ z2 ¤

á"é?¿�z1 ≤ z2§·�P[z1, z2] = [s1, s2] × [t1, t2]"-BH =
{
BH,H′

z , z ∈ [0, T ]2
}
´½Â
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3VÇ�m(Ω,F , P )þHurst�ê�0 < H,H ′ ≤ 1
2
�©êÙKü"éu?¿z ∈ [0, T ]2§·�

^FBz L«d�ÅCþ
{
BH,H′

ζ , ζ ≤ z
}
Ú"ÿÝ8)¤�σ-|"euz ´FBz -�ÿ�§K·�¡�Å

L§u = {uz, z ∈ [0, T ]2}´FBz - ·A�"

éu�½�z1 = (s1, t1) ≤ z2 = (s2, t2)ÚL§X§·�^4[z1,z2](X)L«L§X3Ý/[z1, z2]

þ�Oþ§Ù¥4[z1,z2](X) = X(s2, t2)−X(s2, t1)−X(s1, t2) +X(s1, t1)”

·�r[0, T ]2þ�F¼ê�8Ü^ξL«§Ù¥ξ ⊂ H"-H´��Hilbert�m§§´'uXeIþ

È�ξ�4�µ

〈1[0,z], 1[0,z]〉H = RH,H′(z, z
′
).

N�1[0,z] → BH,H′

ζ ��*Ð�BH,H′
'uH�pd�mH1(BH,H′

)��åN�"·�rù�N�P

�ϕ→ BH,H′
(ϕ)"

���Ø¼êRH,H′ (z, z′)äkXe/ªµ

RH,H′ (z, z′) =

∫
[0,z∧z′]

KH,H′(z, ζ)KH,H′ (z′, ζ) dζ

Ù¥[0, z ∧ z′] = [0, s ∧ s′]× [0, t ∧ t′], KH,H′ ´äkXe/ª�²��ÈØ¼êµ

KH,H′ (z, z′) = KH,H′ (s, s′)KH,H′ (t, t′) ,

Ù¥KH ,KH′�½Â( [4])Xeµ KH (s, s′) = Γ
(
H + 1

2

)−1
(s′ − s)H−

1
2 F
(
H − 1

2
, 1

2
−H,H + 1

2
, 1− s′

s

)
KH′ (t, t′) = Γ

(
H + 1

2

)−1
(t′ − t)H−

1
2 F
(
H − 1

2
, 1

2
−H,H + 1

2
, 1− t′

t

)
F (a, b, c, d)´pd�AÛ¼ê"

�ÄXel�mϕ −→ L2([0, T ]2)��5�fK∗H,H′

(
K∗H,H′ϕ

)
(z) = KH,H′((T, T ), z)ϕ(z) +

∫
[z,(T,T )]

(ϕ(ζ)− ϕ(z))
∂2KH,H′

∂ζ
(ζ, z)dζ.

éu�mε þ?¿�|�F¼êϕ Úψ§·�kµ

〈
K∗H,H′ϕ,K∗H,H′ψ

〉
L2([0,T ]2)

= 〈ϕ,ψ〉H.

ù´lXe¯¢�����(Ø

(
K∗H,H′1[0,z]

)
(ζ) = KH,H′(z, ζ).
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Ïd§�fK∗H,H′´Hilbert�mH �L2([0, T ]2) ��åN�"¤±§L§W = Wz, z ∈ [0, T ]2´�

�ÙKü½ÂXeµ

Wz = BH,H′
((
K∗H,H′

)−1 (
1[0,z]

))
(7)

¿�L§BH,H′
kXeÈ©L«µ

BH,H′

z =

∫
[0,z]

KH,H′(z, ζ)dWζ . (8)

·��±3 [5]¥é��ëê�/���q(J"

d [4]Ú [6]·���FBz �ÙKüW)¤��6FWz ��"T6÷v±eA5(ë� [7])µ

(I) FWz 'u[0, T ]2 ¥� S´4O�§

(II) FWz ´mëY�§

(III) FW0 �¹"ÿÝ8§

(V) é?¿�0 ≤ s, t ≤ T , σ-|∨0≤u≤TFW(u,t) Ú∨0≤u≤TFW(s,v)'uFW(s,t) ´^�Õá�"

·�ò¦^±e½Â

-{Fz, z ∈ [0, T ]2}´÷v(I)-(V)��xσ- |"eL§W ´Fz·A��éu?¿z1 ≤ z2§O

þ4[z1,z2](W )'uW(u, v), u ≤ s1v ≤ t1)¤�σ-|Õá§KÙKüW = {Wz, z ∈ [0, T ]2}�¡
�Fz- ÙKü"

-{Fz, z ∈ [0, T ]2} ´÷v(I)-(V)��xσ- |"eL§W´d�§ (7)½Â�Fz-ÙKü§K©
êÙKüBH,H′

=
{
BH,H′

, z ∈ [0, T ]2
}
�¡�Fz-©êÙKü"

�Ø¼ê�'�L2([0, T ]2)�mþ��fKH,H′´lL2([0, T ]2)�IH+ 1
2 ,H

′+ 1
2 (L2([0, T ]2))þ�Ó

�N�¿�§kXe�©êÈ©L«µ

(KH,H′h) (s, t) = I2H,2H′
s

1
2−Ht

1
2−H

′
I

1
2−H,

1
2−H

′
sH−

1
2 tH

′− 1
2h, (9)

Ù¥h ∈ L2([0, T ]2)"

�½��;�.�ÈL§u = uz, z ∈ L2([0, T ]2)§�Ä±eC�

B̃H,H′

z = BH,H′

z +

∫
[0,z]

uζdζ. (10)

·��±r§��µ

B̃H,H′

z =

∫
[0,z]

KH,H′(z, ζ)dWζ +

∫
[0,z]

uζdζ =

∫
[0,z]

KH,H′(z, ζ)dW̃ζ ,

Ù¥

W̃z = Wz +

∫
[0,z]

(
K−1
H,H′

(∫
[0,·]

uζdζ

)
(η)

)
dη. (11)
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��5¿�´K−1
H,H′

(∫
[0,·] uζdζ

)
A�??áu�mL2([0, T ]2)��=�∫

[0,·] uζdζ ∈ I
H+ 1

2 ,H
′+ 1

2 (L2([0, T ]2))"Ïdéu©êÙKü·�kXe/ª�Girsanov½n"

½n 2.1 -{Fz, z ∈ [0, T ]2}´÷v(I)-(V)��xσ-|"b�L§BH,H′
=
{
BH,H′

, z ∈ [0, T ]2
}

´Fz-©êÙKü¿�L§W = {Wz, z ∈ [0, T ]2}´Fz- ÙKüd�§ (7)½Â"�Äd;�.�È

�Fz·AL§u = uz, z ∈ L2([0, T ]2)½Â�L§ (10)"b�±eü�^�¤á

(i)
∫

[0,·] uζdζ ∈ I
H+ 1

2 ,H
′+ 1

2 (L2([0, T ]2)) A�??¤á§

(ii) E(ξT,T ) = 1§Ù¥

ξT,T = exp

(
−
∫

[0,T ]2

(
K−1
H,H′

(∫
[0,·]

uζdζ

))
(z)dWz

−1

2

∫
[0,T ]2

(
K−1
H,H′

(∫
[0,]

uζdζ

))2

(z)dz

) .

K3#�VÇÿÝP̃e§L§B̃H,H′

z ´Hurst �ê�(H,H ′)�Fz-©êÙKü§Ù¥dP̃
dP

= ξT,T .

é¤kh ∈ IH+ 1
2 ,H

′+ 1
2 (L2([0, T ]2)), (9) ª�_�fXeµ

K−1
H,H′h(s, t) = s

1
2−Ht

1
2−H

′
D

1
2−H,

1
2−H

′
sH−

1
2 tH

′− 1
2D2H,2H′

h, (12)

XJhÅì4~ªu0¿�´ýéëY�§d�_�f���¤

K−1
H,H′h(s, t) = sH−

1
2 tH

′− 1
2 I

1
2−H,

1
2−H

′
s

1
2−Ht

1
2−H

′ ∂2h

∂s∂t
. (13)

lþª�±wÑ§^�(i)���¿©^�´
∫ T

0

∫ T
0
u2
ζdζ <∞"

·�U
3Biagini et al. [8], Hu [9], Mishura [10], Nourdin [11], Nualart [12] ÚTudor [13] ¥é

�'u©êÙKü��
�'ïÄÚ�[�©znã"'u�ëê©ê�È©ÚVëê©ê��

È©�Ä�½ÂÚ(J�3 [5] [14]¥��"

3. f)��35

�!§·�ò�Ä÷v^� (5)Ú (6)��§ ()f)��35"�Ò´`§3�6VÇ�

m(Ω,F , P, {Fz, z ∈ [0, T ]2})þk�|Fz·AL§(BH,H′
, X)§¦�6Fz÷v5�(I)− (V ) ¿�k

(i) 3½Â1.2�¿Âe§BH,H′
´��Fz- ©êÙKü§

(ii) BH,H′
ÚX÷v�§ ()"

½n 3.1 -0 < H ≤ 1
2
9b´[0, T ]2 × R þ�Borel¼ê÷v^� (5)Ú (6)§K�§ ()kf

)"
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y² 3.1 -uζ = −b
(
ζ,BH,H′

ζ + x
)
�

B̃H,H′

z = BH,H′

z −
∫

[0,z]

b
(
ζ,BH,H′

ζ + x
)
dζ = BH,H′

z +

∫
[0,z]

uζdζ.

·�b�L§u = uζ , ζ ∈ [0, T ]2 ÷v½n1.1�^�(i) Ú(ii)"eb��ý§K3VÇÿÝP̃e§

B̃H,H′

z ´��FBt -©êÙKü¿�3�6VÇ�m(Ω, F, P̃ , {FBz , z ∈ [0, T ]2})e
(B̃H,H′

, (B̃H,H′
+ x))´�§ (4)�f)"·�-

vz = −
(
K−1
H,H′

(
−
∫

[0,·]
b(ζ,BH,H′

ζ + x)dζ

))
z

K§·�k

|vz| = |sH−
1
2 tH

′− 1
2 I

1
2−H,

1
2−H

′
s

1
2−Ht

1
2−H

′
b(z,BH,H′

z + x)|

=
1

Γ( 1
2
−H)Γ( 1

2
−H ′)

sH−
1
2 tH

′− 1
2

×
∣∣∣∣∫

[0,z]

(s− u)−
1
2−Hu

1
2−H(t− v)−

1
2−H

′
v

1
2−H

′
b((u, v), BH,H′

(u,v) + x)dudv

∣∣∣∣
≤ cH,H′C

(
1 + |x|+ ‖BH,H′

‖∞
)
sH−

1
2 tH

′− 1
2

∫
[0,z]

(s− u)−
1
2−Hu

1
2−H(t− v)−

1
2−H

′
v

1
2−H

′
f(z)dz

Ù¥cH,H′´�6H,H ′9T �~ê"dd§·��Ñ∫
[0,t]

|vz|2dz ≤ cH,H′C
(

1 + |x|+ ‖BH,H′
‖∞
)

×
∫ s

0

∫ t

0

r
H− 1

2

1 r
H′− 1

2

2

(∫
[0,z]

(s− u)−
1
2−Hu

1
2−H(t− v)−

1
2−H

′
v

1
2−H

′
f(z)dz

)2

dr1dr2

≤ cHC
(
1 + |x|+ ‖BH‖∞

)
NH,H′,T,T ′ .

dpdL§���ê²���ê�È5·��±���Ñ

sup
z∈[0,T ]2

Eeλ(vz)2 <∞

éu�
~êλ > 0¤á"

4. f)���5

�!, ·�ò�Ä÷v^� (5)Ú (6)��§ ()f)��©Ù��5"

½n 4.1 b�½n 3.1�^�¤á"K�§ ()�)�©Ù��"

y² 4.1 3VÇ�m(Ω,F , P, {Fz, z ∈ [0, T ]2}) e§�½�Å�©�§ ()��|f)(BH,H′
)"½

ÂL§u = {uz, z ∈ [0, T ]2}9VÇÿÝP̃Xeµ
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uz =

(
K−1
H,H′

∫
[0,·]

b(ζ,Xζ)dζ

)
z

,

�
dP̃

dP
= exp

(
−
∫

[0,T ]2
uζdWζ −

1

2

∫
[0,T ]2

u2
ζdζ

)
.

·�¡L§uz÷v½n 2.1^�(i)Ú(ii)"¯¢þ, uz´��Fz·AL§¿�duXzäk�©êÙ

Kü�Ó�5Æ5·��� ∫
[0,T ]2

u2
ζdζ <∞

A�??¤á"dGronwallÚn§·�k

‖X‖∞ ≤
(
x+

∥∥∥BH,H′
∥∥∥
∞

+ CT 2
)
eCT

2

2g¦^NovikovOK��E
[
dP̃
dP

]
= 1"�e5§é±eL§¦^²;�Girsanov½n

W̃z = Wz +

∫
[0,z]

uζdζ, (14)

��W̃z´��Fz-ÙKü"dW̃z·�k

Xz = x+

∫
[0,z]

KH,H′(z, ζ)dW̃z

é?¿�z ∈ [0, T ]2¤á"ÏdX − x3VÇÿÝP̃e´��Hurst�ê�(H,H ′)�©êÙKü"�

?�Ú�§é¤kC([0, T ]2)þ�k.�ÿ¼êΨ§·�k

EP (Ψ(X − x)) =

∫
Ω

Ψ(ξ)
dP

dP̃
(ξ)dP̃

=Ep̃

(
Ψ(X − x) exp

(∫
[0,T ]2

(
K−1
H,H′

∫
[0,·]

b (ζ,Xζ) dζ

)
(z)dWz

+
1

2

∫
[0,T ]2

(
K−1
H,H′

∫
[0,·]

b (ζ,Xζ) dζ

)2

(z)dz

))

=EP

(
Ψ(X − x)

(
exp

∫
[0,T ]2

(
K−1
H,H′

∫
[0,·]

b (ζ,Xζ) dζ

)
(z)dW̃z

−1

2

∫
[0,T ]2

(
K−1
H,H′

∫
[0,·]

b (ζ,Xζ) dζ

)2

(z)dz

))

=EP

(
Ψ(BH,H′

)

(
exp

∫
[0,T ]2

(
K−1
H,H′

∫
[0,·]

b
(
ζ,BH,H′

ζ + x
)

dζ

)
(z)dWz

−1

2

∫
[0,T ]2

(
K−1
H,H′

∫
[0,·]

b
(
ζ,BH,H′

ζ + x
)

dζ

)2

(z)dz

))
=EP

(
Ψ(B̃H,H′

)
)
.
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