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Abstract

The paper studies the following Kirchhoff type equation with critical term

−(a+ b‖u‖2)∆u = u3 + µh(x), u ∈ D1,2(R4),

where a > 0, b ≥ 0, µ > 0, h ∈ L
4
3 (R4) is a nonnegative and nontrivial function, ‖u‖ =

(
∫
R4 |∇u|2dx)

1
2 denotes the norm of u in D1,2(R4). By using the variational method,

a local minimal solution is obtained. Moreover, the behaviors of the local minimal

solution are also given. This generalizes and enriches the result of [1].
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−(a+ b‖u‖2)∆u = u3 + µh(x), u ∈ D1,2(R4),

Ù¥ a > 0, b ≥ 0, µ > 0, h ∈ L
4
3 (R4) ´�K�²��¼ê§‖u‖ = (

∫
R4 |∇u|2dx)

1
2 L« u 3

D1,2(R4) ¥��ê"|^C©�{§��ÛÜ4�)���"d	§TÛÜ4�)��
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1. Úó

�Äe���.�� Kirchhoff.�§

−(a+ b‖u‖2)∆u = u3 + µh(x), u ∈ E := D1,2(R4), (1)

Ù¥ a > 0, b ≥ 0, µ > 0, h ∈ L 4
3 (R4)´�K�²��¼ê§‖u‖ = (

∫
R4 |∇u|2dx)

1
2 L« u3 E¥�

�ê"

Ï� Kirchhoff.�§äkér�Ôn�µ (ë�©z [2])§¤±Nõ�ö�åuda�§�ï

Ä§'X©z [1, 3–8]"AO/§3©z [1]¥§�öïÄ
�§ (1)��)"½Â

µ =
aS

3|h| 4
3

√
2aS

3(1− bS2)
,

ùp | · |r L« Lr(R4)¥����ê§S L« E i\� L4(R4)¥��Z Sobolev~ê§=
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S = inf
u∈E\{0}

‖u‖2

|u|24
.

� a > 0, 0 < b < S−2, 0 < µ < µ�§|^ EkelandC©�n§©z [1]�Ñ
�§ (1)äk��Û

Ü4�)�(Ø"3�©¥§|^#�E|3�°�ëê��e§·�ò�Ñ�§ (1)Eäk�

�ÛÜ4�)�(Ø"Ó�T#�E|��Ñ
ÛÜ4�)��
5�"

�§ (1)éA�Uþ�¼�

Iµ(u) =
a

2
‖u‖2 +

b

4
‖u‖4 − 1

4

∫
R4

u4dx− µ
∫
R4

h(x)udx, ∀u ∈ E.

w,§Iµ ∈ C1(E,R)¿�é?¿� u, v ∈ E§k

〈I ′µ(u), v〉 = (a+ b‖u‖2)

∫
R4

∇u · ∇vdx−
∫
R4

u3vdx− µ
∫
R4

h(x)vdx.

Ïd§·��IÏé Iµ3 E ¥��.:"

� a = 1, b = 0, µ = 0�§�§ (1)òz�e�²;���5ý��§

−∆u = u3, u ∈ D1,2(R4). (2)

� Π�d�§ (2)�¤k�)¤|¤�8Ü§d©z [9]�§é?¿� u ∈ Π§k

‖u‖2 = |u|44 = S2. (3)

½Â

µ∗ =
aS

3|h|24
3

√
2a(S|h|24

3

+A2)

3(1− bS2)
,

ùp

A = sup
u∈Π

∫
R4

h(x)udx.

�©�Ì�(Ø´

½n 1 b� a > 0, 0 ≤ b < S−2, 0 < µ ≤ µ∗¿� h ∈ L 4
3 (R4)´�K�²��¼ê§@o�§

(1)äk��ÛÜ4�) uµ§�÷ve�5�:

(i) uµ´��¶

(ii) uµ´�§ (1)�Ä�)¶

(iii) Iµ(uµ) < −µ2A2

2aS2¶

(iv) � µ→ 0+�§‖uµ‖ → 0"

5P 1 �©¦^
��Éu©z [1]¥��{��
�§ (1)�ÛÜ4�)"ù«�{�¦·

��Ñ
ÛÜ4�)��
5�"
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5P 2 ½n 1í2¿´L
©z [1]¥���(J"

Ún 1 b� a > 0, µ > 0, h ∈ L 4
3 (R4)´�K�²��¼ê§uµ ∈ E ´�§ (1)�KUþ)§

=

I ′µ(uµ) = 0, Iµ(uµ) < 0,

@o

‖uµ‖ <
3µ

a
√
S
|h| 4

3
.

y² Ï�

I ′µ(uµ) = 0, Iµ(uµ) < 0,

¤±

Iµ(uµ) = Iµ(uµ)− 1

4
〈I ′µ(uµ), uµ〉 =

a

4
‖uµ‖2 −

3µ

4

∫
R4

h(x)uµdx < 0.

(Ü HölderØ�ªÚ SobolevØ�ª§�

a

4
‖uµ‖2 <

3µ

4

∫
R4

h(x)uµdx ≤
3µ

4
√
S
|h| 4

3
‖uµ‖.

z{�

‖uµ‖ <
3µ

a
√
S
|h| 4

3
.

Úny." �

b� a > 0, 0 ≤ b < S−2, µ > 0, h ∈ L 4
3 (R4)´�K�²��¼ê"�

Rµ =
3µ

a
√
S
|h| 4

3
, BRµ = {u ∈ E : ‖u‖ ≤ Rµ}, cµ = inf

u∈BRµ
Iµ(u),

@o

Ún 2 cµ ∈ (−∞,−µ2A2

2aS2 ).

y² � t0 = µA
aS2§K(Ü (3)�

inf
u∈Π

Iµ(t0u) =
at20S

2

2
+
bt40S

4

4
− t40S

2

4
− µt0 sup

u∈Π

∫
R4

h(x)udx

=
µ2A2

2aS2
− µ4A4(1− bS2)

4a4S6
− µ2A2

aS2

< −µ
2A2

2aS2
.
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de(.�½Â�§�3 ϕ ∈ Π¦� Iµ(t0ϕ) < −µ2A2

2aS2"Ï�

‖t0ϕ‖ =
µA

aS
≤ µ

a
√
S
|h| 4

3
< Rµ,

¤±

cµ ≤ Iµ(t0ϕ) < −µ
2A2

2aS2
.

 cµ > −∞´w,�"Úny." �

Ún 3 b� a > 0, 0 ≤ b < S−2, 0 < µ ≤ aS
3|h| 4

3

√
2aS

1−bS2 ¿� h ∈ L 4
3 (R4)´�K�²��¼ê§

@o�3���K�¼ê uµ ∈ BRµ ¦� Iµ(uµ) = cµ"

y² d cµ �½Â�§�3 un ∈ BRµ ¦� Iµ(un)→ cµ"l§�3 uµ ∈ E ¦�3f��¿
Âe§


un ⇀ uµ, 3 E ¥,

un → uµ, 3 Lsloc(R4) [1 ≤ s < 4)¥,

un(x)→ uµ(x), A�??3 R4¥.

Ï� BRµ ´4à8§¤± uµ ∈ BRµ"l, Iµ(uµ) ≥ cµ"� wn = un − uµ§K

‖un‖2 = ‖wn‖2 + ‖uµ‖2 + o(1), (4)

‖un‖4 = ‖wn‖4 + ‖uµ‖4 + 2‖wn‖2‖uµ‖2 + o(1). (5)

$^ Brezis-LiebÚn [10]§·�k∫
R4

u4
ndx =

∫
R4

w4
ndx+

∫
R4

u4
µdx+ o(1). (6)

Ï� h ∈ L 4
3 (R4)§¤±

∫
R4

h(x)undx =

∫
R4

h(x)uµdx+ o(1). (7)

� 0 < µ ≤ aS
3|h| 4

3

√
2aS

1−bS2 �§

‖wn‖+ o(1) ≤ Rµ ≤
√

2aS2

1− bS2
. (8)

d (4)-(8)�§
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cµ = Iµ(un) + o(1)

=
a

2
‖wn‖2 +

a

2
‖uµ‖2 +

b

4
‖wn‖4 +

b

4
‖uµ‖4 +

b

2
‖wn‖2‖uµ‖2 − µ

∫
R4

h(x)uµdx

−1

4

∫
R4

w4
ndx−

1

4

∫
R4

u4
µdx+ o(1)

≥ Iµ(uµ) +
a

2
‖wn‖2 −

1− bS2

4S2
‖wn‖4

≥ Iµ(uµ).

� Iµ(uµ) = cµ"5¿� Iµ(uµ) = Iµ(|uµ|)"Ïd·��±b� uµ´�K�"Úny." �

½n 1�y² � 0 < µ ≤ µ∗�§é?¿� u ∈ E � ‖u‖ = Rµ§·�k

Iµ(u) ≥ a

2
‖u‖2 +

b

4
‖u‖4 − 1

4S2
‖u‖4 −

µ|h| 4
3√
S
‖u‖

=
a

2
‖u‖2 − 1− bS2

4S2
‖u‖4 −

µ|h| 4
3√
S
‖u‖

≥ −µ
2A2

2aS2
.

Ï� µ∗ < aS
3|h| 4

3

√
2aS

1−bS2§¤±dÚn 2 ÚÚn 3 �§‖uµ‖ < Rµ"(Ü Iµ(uµ) = cµ§é?¿�

v ∈ E§��
〈I ′µ(uµ), v〉 = lim

t→0

Iµ(uµ + tv)− Iµ(uµ)

t
≥ 0,

〈I ′µ(uµ),−v〉 = lim
t→0

Iµ(uµ − tv)− Iµ(uµ)

t
≥ 0.

ùL² I ′µ(uµ) = 0"=§uµ´�§ (1)�)"5¿�

−∆uµ =
u3
µ + µh(x)

a+ b‖uµ‖2
≥ 0.

¤±dr4���n [11]�§uµ ´��"dÚn 1�§uµ ´�§ (1)�Ä�)¿�� µ→ 0+ �§

‖uµ‖ → 0. �
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