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��ã G �©êÎÝ½Â� γf (G) = maxH⊆G,v(H)>1
e(H)

v(H)−1§Í¶� Nash-Williams ½n�

Ñµ��=� γf (G) ≤ k �§ã G �õU>©)� k �Ü�"éd§rÊ9äß�äó§é

u?¿�K�ê k Ú d§?Û©êÎÝ�õ� k + d
k+d+1

�ãÑU>©)� k + 1 �Ü�§¿

��3Ù¥��Ü�§§�z�ëÏ©|�õ�¹ d ^>"3�©¥§·�ò τi(G) ½Â�

τi(G) = maxH⊆G,|H|>i
e(H)
|H|−i§�,§τ1(G) = γf (G)"éu�ê i ≥ 1§ã G � i-Ü�´ã G �|
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Abstract

The fractional arboricity of a loopless graph G is defined as γf (G) = maxH⊆G,v(H)>1
e(H)

v(H)−1 .

The famous Nash-Williams theorem states that that a graph G can be decomposed

into at most k forests if and only if γf (G) ≤ k. The Strong Nine Dragon Tree Conjecture

asserts that for any non-negative integer k and d, any graph with fractional arboricity

at most k + d
k+d+1

decomposes into k + 1 forests with one of them consisting of trees

of sizes at most d. In this paper, we define τi(G) as τi(G) = maxH⊆G,|H|>i
e(H)
|H|−i , here,

τ1(G) = γf (G). For the integer i ≥ 1, an i-forest of a graph G is a spanning forest of G

that has at least i connected components of. An i-tree means an i-forest that there

are exactly i connected components. We prove that when k = 1, d = 2, a graph G with

τi(G) ≤ 1 + 1
2
, then the graph G can be decomposed into 2 i-forests such that for one of

them, each connected component contains at most 2 edges.
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1. Úó

0B�©§·�¤?Ø�ãÑ´k��§Ø½��"ã�Uk²1>§�vk�"�½��

ã G§V (G)Ú E(G)©OL«ã G�:8Ú>8"- v(G) := |V (G)|§e(G) := |E(G)|§Ù©O
L«ã G�:êÚ>ê"XJ X ⊆ V (G)§@o G[X]´ã Gd:8 X �Ñ�fã¶G−X ã G

ÏLí~ X ¥�:Ú� X �'é�>¼��ã"�
�Bå�§·�- e(X) := e(G[X])"XJ

S ´ E(G)�>8§@o G[S]Ò´d>8 S �Ñ� Gfã§Ù:8´>8 S ¥¤k>�à:"b

� σ ´ã G���½�£�>½�¤§ã G��^½�> e�ü�à:©O� aÚ b§�> e�

��´d a�� b§K·��±^ (a, b)L«> e§�,§3vk½���ÿ§> e�±^ ab5L

«",	§éu?¿� v ∈ V (G)§·�^ d+G(v)L« v :3½�ã G¥�ÑÝ§=l v :Ñ>
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�^ê"�½��ã G§§�| ä T ´��ëÏ�Ã��fã§=§Ã���k��ëÏ©|

£V (T ) = V (G)¤§Ü�´Ã����k��ëÏ©|�fã"y3§·�½Âµéu�ê i ≥ 1§

ã G� i-Ü�´ã G�| Ü�§Ù���¹
 i�ëÏ©|"�� i-ä´��� i-Ü�TÐ

k i�ëÏ©|"ã G�>©)´d>Ø��� G�fã|¤"ã G�ÎÝ´� G>©)¤Ü�

���ê§d γ(G)L«"ã G�©êÎÝëê½Â�γf (G) = maxH⊆G,v(H)>1
e(H)

v(H)−1"Payan [1]

31986c0�
ù�Vg. Í¶� Nash-Williams½n�Ñ
 G�ÎÝ�õ´ k�¿�^�:

½n 1 (Nash-Williams, 1964, [2]) ��ã G�õU©)¤ k�>Ø���Ü���=�

γf (G) ≤ k"

rÊ9äß� [3] µéu?¿�K�ê kÚ d§b�ã G�©êÎÝ�õ� k + d
k+d+1

§@o

ã GU>©)¤ k + 1�Ü�§¿��3Ù¥��Ü�§§�z�ëÏ©|�õ�¹ d^>"

2013c§ [4]¥�½n 7.1y²
� k = 1§d = 2��rÊ9äß�´�(�§3�©¥§·

�òù�(J3 i-Ü�þ?1
í2"Äkk½ÂãG�©ê i-ÎÝ§^ γi(G)L«§Ù48½Â

Xeµ

γ1(G) = max
H⊆G,v(H)>1

e(H)

v(H)− 1
.

γ2(G) = max


e(H)

v(H)−2 , H ⊆ G, 2 < v(H) = v(G);

γ1(H), H ⊆ G, v(H) = v(G)− 1.

· · · · · · ,

γi(G) = max


e(H)

v(H)−i , H ⊆ G, i < v(H) = v(G);

γ(i−1)(H), H ⊆ G, v(H) = v(G)− 1.

�d/§d γi(G)L«�ã G�©ê i-ÎÝ§Xe½Â�µ

γi(G) = max



e(H)
v(H)−i , H ⊆ G, i < v(H) = v(G);

e(H)
v(H)−i+1

, H ⊆ G, i− 1 < v(H) = v(G)− 1;

· · · · · · ,
e(H)

v(H)−2 , H ⊆ G, 2 < v(H) = v(G)− i+ 2;

e(H)
v(H)−1 , H ⊆ G, 1 < v(H) ≤ v(G)− i+ 1.

·�ò τi(G)½Â�

τi(G) = maxH⊆G,|H|>i

e(H)

|H| − i

3d§τ1(G) = γf (G)"Ïd§�©�Ì�8�´y²½n 2µ
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½n 2 � k = 1, d = 2�§b�ã G÷v τi(G) ≤ 1 + 1
2
§@oã GU>©)¤ 2� i -Ü�§

¿�Ù¥�� i -Ü�§§�z�ëÏ©|�õ�¹ 2^>"

2. ½n 2�y²

� i ≥ 1�§XJ τi(G) = 0§@oùØJuy½n 2´¤á�"Ïdb�½n 2Ø¤á§y²

�{/�u [5] [6]"-ã G´÷v½n 2Ø¤á���:ê4��~§=÷v τi(G) ≤ 1 + 1
2
§�

ã GØU>©)¤ 2� i -Ü�§¿�Ù¥�� i -Ü�§§�z�ëÏ©|�õ�¹ 2^>"�â

±þ^�§- i´ã G��½n 2��~����ê"du i = 1�§�â [4]¥�½n 7.1§½n

2¤á§Ïd§ùp� i ≥ 2"

b� F = {F1, F2}´ã G©)¤ 2� i -Ü��>©)(i´�ê)"ò F1�>/¤7Ú§F2�

>/¤ùÚ(�
�Bå�§��·�¬ò>�/¤ùÚ�ëÏ©|¡�ùÚëÏ©|)"- s´

V (G)���:§�½ù�:§� F1�>½�§¦� d+F1
(s) = 0§d+F1

(x) ≤ 1§x 6= s"ù��½�

��'u s��1½�"da©)(�)��ÚôÚ)�¡�± s���ã G�>©)"

b� F ´± s���ã G�>©)"éuz�º: v§^ F v L«�¹ v � F2 �ëÏ©|"

l� sm©§ÏL48ÀJ F2�,
ëÏ©|§·�½Â F � sx Xeµ

�Ð§F s ∈"�k��^7Ú�k�> (x, y)§¦� F x ∈§F y /∈§ò F y \�"Ï�ã G´

k��§¤±·�k
�� F � sx"

- VF,s =
⋃

Fx∈ V (F x)"l½Â�±�Ñ§XJ x ∈ VF,s§K?Ûk��7Ú> (x, y)§

y ∈ VF,s§·���±e(J"

Ún 1 XJ i -Ü� F1k t�ëÏ©|§t ≥ i§@o e(F1[VF,s]) ≥ |VF,s| − t"

y² ·�I�y²ã F1[VF,s]�õäk t�ëÏ©|"y²$^�y{§b�ã F1[VF,s]ä

k t + 1�ëÏ©|©þ C1, C2, · · · , Ct, Ct + 1"du F1 ´äk t�ëÏ©|� i -Ü�§Ïdk

ü�º:8(b�´ V (C1) Ú V (C2))áu F1 ���ëÏ©|",�k F1 l C1 � C2 �k�´

»P (½l C2 � C1 )§� V (P )\VF,s 6= ∅"Ïd§P ¥�3k�> e = (a, b)§¦� a ∈ VF,s§�

b /∈ VF,s"gñ"

Ï� τ(i−1)(G) ≤ τi(G) ≤ 1 + 1
2
§@oÏL i(i ≥ 2)���5§ã G�y©¤ 2� (i − 1) -Ü

�§¿�Ù¥�� (i− 1) -Ü�§§�z�ëÏ©|�õ�¹ 2^>"·�¡ù��ã G�>©)

� D∗i−1−>©)§XJµ

(1) F2 ´��4�� (i− 1)-Ü�§� F2Ø´�� (i− 1)-ä§= F2´��4�� i-Ü�"

(2) �â (1)§©)� (i− 1)-ä�êþ��"

D∗i−1−>©)´�(�§Ï�XJ F2 ´ (i − 1)-ä§K e(F2) = v(G) − i + 1"du e(G) <

2(v(G) − i)§Ïd F1 ��k i�ëÏ©|",�§7k F1 �ü�ëÏ©|�m�3 F2 �> e (e

�à:©O3ùü�ëÏ©|¥)"^ F1 + eO� F1 ¿^ F2 − eO� F2 §@o F1 �´ã G�

(i− 1)-Ü�§ F2Ø´ (i− 1)-ä"AO´§F2�z�ë�©|�õ�¹ 2�>"
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Ï�ã G´½n 2���:ê4��~§¤±ã G�?¿ D∗i−1−>©)��k�� (i − 1)-

ä"

b� = {F1, F2}´ã G��� D∗i−1−>©)§òÙ©)¤ü� (i− 1)-Ü�§·�� F1�>

/7Ú§F2 �>/�ùÚ"�½��ã G�fã C§K er(C)Ú eb(C)©OL«fã C �ù>>

êÚ7>>ê"XJ F2äkü�ëÏ©| C1§C2§¦� a ∈ V (C1)§b ∈ V (C2)¤§K> e = (a, b)

 u F2�ü�ëÏ©|�m"

Ún 2 b� = {F1, F2} ´ã G ��� D∗i−1− >©)( F2 �z�ëÏ©|�>ê�õ� 2

^)§@o·�Òkµ

1. F1´ (i− 1)-ä

2. F2Ø´ i-ä

y² XJ F1 ´ i-ä½ö i-Ü�§ F2 �z�ëÏ©|�>ê�õ� 2^§ù�ã G´4

��~gñ"Ïd F1´ (i− 1)-ä"

�â 1.§F1�>ê��´ (v(G)− i) + 1§du e(G) < 2(v(G)− i)§K e(F2) < v(G)− i§ F2

Ø´ i-ä"�y"

äó 1 b� = {F1, F2}´ã G��� D∗i−1−>©)§3 F2 �ü�ëÏ©| Ci Ú Cj �m§

k�^7>£F1�>¤§@o e(Ci) + e(Cj) ≥ 2"

y² b� e = (x, y) ´ª3 Ci Ú Cj �m�>§e ∈ F1§�´ e(Ci) + e(Cj) < 2"-

F ′1 = F1 − e§F ′2 = F2 + e§@o F2 �z�ëÏ©|�õ�¹ 2 ^>"�±uy§>©)

= {F ′1, F ′2}÷v e(F ′1) ≥ (|G| − i)§e(F ′2) < |G| − i§F ′2´�� i-Ü�§� F ′2�z�ëÏ©|�>

ê�õ� 2^"�´ e(F ′2) = e(F2) + 1§ù� (1)gñ"�y"

Ï� = {F1, F2} ´ã G ��� D∗i−1− >©)§ F1 ´ (i − 1)-ä§@o3 F2 �ü�ëÏ©

| Ci Ú Cj �m§�½k�^7>(F1 �>)"XJ F2 Ø�3>ê�u 2 �ëÏ©|§�âä

ó 1§F2 �z�ùÚëÏ©|�>êÑ�U� 1§K F2 �>ê�
1
2
|V|§@o·�k e(G[V]) ≥

(|V| − i + 1) + 1
2
|V|§� τ(i−1)(G) ≤ 1 + 1

2
gñ"- R´ F2 ���ùÚëÏ©|§Ù>ê�u 2§

s� R¥?¿�:"·�ò R¡� F1 ��Ü§F1 �½�>÷v d+F1
(s) = 0§d+F1

(x) ≤ 1§x 6= s"

@o (�)��ÚôÚ)�¡�± s���ã G�>©)"

Ï�kéõØÓ� G� D∗i−1−>©)§éu�� D∗i−1−>©) §�kéõØÓ��Ü R§

d	§éuº: s§GkNõ�1�½�(�éu s )",	§'u � sx§y3·�ÀJ��ã

G� D∗i−1−>©)§V (R)���: s§���éu s�1�½�§¦�ù�� ´± s���ã

G�>©)(�)��ÚôÚ)§� ||´���"@o·�k±e(Øµ

äó 2 || ≥ i+ 1"

dy²3 [7]¥®�Ñ§�©Ø2E"
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Ï� || ≥ i+ 1§�âÚn 1ÚÚn 2§·�k

e(F1[VF,s]) ≥ (|VF,s| − i) + 1

·�òy²éu � sx§F [V]���) 1
2
|V|^ù>"ù¿�X

e(G[V]) ≥ (|V| − i) + 1 +
1

2
|V|

� τi(G) ≤ 1 + 1
2
gñ"Ïd·�Òy²
½n 2"

Ún 3 F [V]�¹�L 1
2
|V|^ù>"

½Â 1 ��fãK XJ÷v
er(K)

v(K)
<

1

2

K¡§´��fã"

½Â 2 - C ´��ùÚëÏ©|§éu?¿�: x, y ∈ V (C)§^ Px,y L«3 C l x� y�

7´"

*	�� K ´ëÏ�§����ëÏ©|÷v er(K)
v(K)

< 1
2
§K K ´���á:£éuù>5

`K ´���á:¤"

*	 1 - C ´��>ê� 2�ùÚëÏ©|§K1§K2 � C �ü���fã"- (x, x′)Ú

(y, y′)´ F1�ü^½�>§÷v x, y ∈ V (C)§x′ ∈ V (K1), y
′ ∈ V (K2)"XJ F1\þ C �ü^>

ÑU�)�§K�½�3�^>§Ù�)���o�¹ (x, x′)§�o�¹ (y, y′)"

y² b� xyÚ yz´ C �ü^>§F1 + xyÚ F1 + yz�)��ÑØ�¹ (x, x′)§@o3ù

ü��¥©O�3l y� xÚ z� x�½�7´"eùü���Ø�¹ (y, y′)§K d+F1
(y) > 1§g

ñ"

íØ 1 - C ´��ùÚëÏ©|§K C �õk 1���fã§=�õë����á:"

y² �âÚn 2§·��±�� e(C) = 2"b� C ë�Xü��á:(�ã 1)§Kkü�

: x, y ∈ V (C)§¦� e1 = (x, x′)Ú e2 = (y, y′)áu F1 �>§ x′ � y′ B´ C ë�X�ü��

á:"XJ�3�^> e ∈ E(Px,y)§¦� F1 ∪ {e}Ø�)�§@o^ F1 − e1 − e2 + eO� F1§

Ï� x′ � y′ ´ C ë�X�ü��á:§ F2 + e1 + e2 Ø�)�§Ïd^ F2 − e + e1 + e2 O�

F2"ù�·�éN´ÒU�� F1 − e1 − e2 + eÚ F2 − e+ e1 + e2Ñ´Ø�¹��"ÄK§�â*

	 1§�3> e ∈ E(Px,y)§¦� F1 ∪ {e}�)���§�ù���o�¹ e1 = (x, x′)§�o�¹

e2 = (y, y′)"y3^ F1 − e1 − e2 + eO� F1§^ F2 − e+ e1 + e2O� F2§Ó�·�éN´ÒU�

� F1 − e1 − e2 + eÚ F2 − e+ e1 + e2Ñ´Ø�¹��"

Ïd F1 − e1 − e2 + e´�� iÜ�(Ï� F1´�� (i− 1)ä)§F2 − e+ e1 + e2´' F2>ê

õ 1� i-Ü�§�Ùz�ëÏ©|�>êÑ´�u�u 2"�ù�ã G� D∗i−1−>©)�½Âg
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Figure 1. Px,y has the above two situations

ã 1. Px,y k±þü«�¹

ñ"�y"

�âÚn 2ÚíØ 1§y3·���
z�>ê� 2�ùÚëÏ©|�õë� 1���fã(=

�á:)§���fã�mvk7>ë�"- C ´��ùÚëÏ©|§K ´ C ë����fã"

,�4 CK �º:8d V (K) ∪ V (C)|¤��¹Tº:8þ�¤kùÚ>�fã"@o·��±

�� e(CK)
v(CK)

≥ 1
2
"-RL«Ø´��ùÚëÏ©|�8Ü§K·�k

V =
⋃
C∈R

V (CK),

Er(G[V]) =
⋃
C∈R

E(CK)

ÏdÚn 3�y§τi(G)��´ 1 + 1
2
§½n 2�y"
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