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Abstract

This paper mainly uses graph theory to analyze the stationary distribution for stochas-

tic multi-group models with dispersal. Two main theorems are obtained to guarantee

the existence of a stationary distribution via Lyapunov method and graph theory, in

which sufficient conditions derived are less conservative and they reflect that station-

ary distribution having a close connection with stochastic disturbance and topological

structure. Furthermore, theoretical results are used to analyze tochastic coupled os-

cillators. In the end, numerical simulation is given to demonstrate the availability of

our results.
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d§�Ääk*Ñ��Åõ|�.({¡SMGMD) 3y¢.¥��Ün"Cc5§NõÆöÑ

3ïÄSMGMD�ÄåÆ5�§���
�
(J [11] [12] [13]",§þã(J�õ´'u�

Åõ|�.�½5"Ï�²ï:��3�U¬É��Å6Ä�K�§l��²©Ù��3"
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¥�D/¾ [18] [19]§<�Æ¥�«+XÚ� [20] [21]"3 [22]¥§Mao�<|^Euler-Maruyama

�ª��
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Fokker-Planck�§���35",§�XÚ�ê�p�§du3E,�©ÛL§±9��

Ïé�ÛLyapunov¼ê�¡�3(J§Ïd§��Ñù
(J§Ò7LJÑ�«#��{"

�©æ^�«#��{§Ò´(ÜLyapunov �{§ [24]¥�Y²8{±9 [5]¥�ãØ§ï

ÄSMGMD ²©Ù��35",���ü�Ì�½n§£�þã¯K"��§ò(J^u)Ô

êÆÚÔnÆ"�yk©z¥'u²©Ù�35�©zØÓ§·��(JkXe�z"Äk§·
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SMGMD²©Ù��35§ò�{lük�ãí2�õk�ã§¦�.�ä��5"Ù

g§òLyapunov�{�ãØ�(Ü§;�
���ELyapunov¼ê�(J§�{z
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2. ý��£

ù�Ü©Ì�0�
ý��£§�)ÎÒÚ�.£ã"

2.1. ÎÒ

3��!¥§·�ò0��
�'�ÎÒ"ùp(Ω,F ,F,P)´�����VÇ�m§Ù¥

ÈfF = {Ft}t≥0§÷vÏ~�^�"�þ�îAp��ê½Ý
�,�ê^| · |L«"4Rn�
Ln�îAp��m"�þ½Ý
�=�^þI/T0L«"d	§L = {1, 2, ..., l},Z+ = {1, 2, ...}§
N = {1, 2, ..., n}ÚR+ = (0,+∞)"C2(Rn) �LRnþ�¤k�K¼êV (x)§§�3x ¥ëYü

g��"

2.2. �.£ã

3�©¥§(G, Ai) �Lk�ã§Ù¥Ai =
(
a

(kh)
i

)
l×l
"ùpV (G)L«G§3Ø���5��¹

e§kV (G) = L§Li =
(
r

(kh)
i

)
l×l
ÏL.Ê.dÝ
(G, Ai) 5L«§Ù¥

{
r

(kh)
i = −a(kh)

i , k 6= h;

r
(kh)
i =

∑
h6=k a

(kh)
i , k = h,
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�?Û�éØÓ�º:�3l���,���k�´»�§Kk�ãG´rëÏ�"'uãØ
�Ù¦�
�VgÚÎÒ§�±ë� [5]"Äk3k�ãG þïá
�����ÅXÚ"·�b
�1k�(k ∈ L) +¥�ÄåXÚ£ãXe:

dx
(k)
i = f

(k)
i

(
x(k)

)
dt+ g

(k)
i

(
x

(k)
i

)
dB

(k)
i , i ∈ N , (1)

Ù¥f
(k)
i : Rmn → Rm, x(k) =

((
x

(k)
1

)T

, ...,
(
x

(k)
n

)T
)T

Úg
(k)
i : Rm → Rm×m, B

(k)
i ´��m��Ù

K$Ä"¼êH
(kh)
i �±L«1i�Cþ¥§l1h�|�1k�|�*Ñ"

dx
(k)
i = f

(k)
i

(
x(k)

)
dt+ g

(k)
i

(
x

(k)
i

)
dB

(k)
i , i ∈ N , (2)

,�ò*Ñù�Ï��Ä?�§�±��

dx
(k)
i =

[
f

(k)
i

(
x(k)

)
+

l∑
h=1

H
(kh)
i

(
x

(k)
i , x

(h)
i

)]
dt+ g

(k)
i

(
x

(k)
i

)
dB

(k)
i , i ∈ N , (3)

Ù¥H
(kh)
i : Rm × Rm → Rm§f (k)

i +
∑l

h=1H
(kh)
i L«¤£Xê§H

(kh)
i L«ÍÜ¼ê§g

(k)
i L«

*ÑXê"d	§·�b�f
(k)
i , g

(k)
i ÚH

(kh)
i 3Cþ¥ëY�g��"

-x =
((
x(1)

)T
,
(
x(2)

)T
, ...,

(
x(l)
)T)T

, G(x) = diag

((
g

(k)
i

)
j

)
mnl×mnl

,

F (x) =

((
f

(k)
i +

∑l
h=1H

(kh)
i

)
j

)
mnl×1

, ±9B =

((
B

(k)
i

)T
)T

mnl×1

§,�XÚ(3)�±�#��

dx = F (x)dt+G(x)dB.

3XÚ(3)¥§·�b�¼êf
(k)
i , g

(k)
i ÚH

(kh)
i ÷vLipschitz ^�±9�5O�^�"�â

©z [25]¥�½n3.1§XÚ(3) k��)§�Ò´x(t) =
((
x(1)(t)

)T
, . . . ,

(
x(l)(t)

)T)T

�kÐ

�x(0) = x0. ½ÂD = (dij) = GGT

2
§Ù¥Ý
D ??�½"

3. SMGMD²©Ù��35

·�¦^��{´òLyapunov�{�ãØ�(Ü§Ó��
�y�Åõ|�.²©Ù��

3§�Ñ
ü�Ì�½n"Äk§�
��Ì�(J§b�Ú½ÂSüXe"

b� 1: éu?¿�i, j §dij ∈W 1,p̄
loc (Rmnl), F i ∈ Lp̄loc(Rmnl) §Ù¥p̄ > mnl ��½§F i ´

3F (x)þ�?¿��"

'ub�1��õ[!±9Ù¥�ÎÒ�±3 [24]¥é�",��Ñ;¼ê�½ÂXe"

½Â 1: �3��Ã.§�KëY¼êV§XJlime→∂Rmnl V (e) = +∞§KV �¡�Rmnl þ
�;¼ê"Ù¥§∂Rmnl L«Rmnl�>."
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,�§éu?¿�k ∈ L, p ≥ 2, i ∈ N , e
(k)
i ∈ Rm \ Ω̄

ρ
(k)
i

, Ù¥Ω
ρ
(k)
i

=
{
e

(k)
i ∈ Rm :

V
(k)
i

(
e

(k)
i

)
< ρ

(k)
i

}
, ρ

(k)
i ∈ R+, V

(k)
i

(
e

(k)
i

)
∈ C2(Rm) ���XÚ(3)�fXÚ�Lyapunov ¼ê§

¿�Ù¦b�Xe"

b� 2 : ¼êV
(k)
i 3e

(k)
i þëYüg��"�3�êε

(k)
i , χ

(k)
i §¦�

ε
(k)
i |e

(k)
i |p ≤ V

(k)
i

(
e

(k)
i

)
≤ χ(k)

i |e
(k)
i |p. (4)

b� 3 : �3�êσ
(k)
i1 , σ

(2)
i2 ÚC

(k)§±9¼êPk

(
e

(k)
i

)
ÚÝ
Ai =

(
a

(kh)
i

)
l×l
¦�

n∑
i=1

c
(k)
i LV

(k)
i

(
e

(k)
i

)
≤

n∑
i=1

c
(k)
i

(
l∑

h=1

a
(kh)
i

(
Ph

(
e

(h)
i

)
− Pk

(
e

(k)
i

))
− σ(k)

i |e
(k)
i |p

)
+ C(k),

Ù¥

σ
(k)
i =

σ
(k)
i1 , t ∈ [tj , sj ] ,

σ
(k)
i2 , t ∈ (sj , tj+1) ,

�c
(k)
i ´.Ê.dÝ
(G, Ai) k�é�����ê{fª"

�e5§·�ò�Ñ1��Ì�½n"

½n 1 µéu?¿�i ∈ N§b�k�ã(G, Ai)´réÏ�§�b�1-3¤á§KXÚ3 �3²

©Ù"

y²µ-V (x) =
∑l

k=1

∑n
i=1 c

(k)
i V

(k)
i

(
x

(k)
i

)
. d	§·�½Âχ =

∑l
k=1

∑n
i=1 c

(k)
i χ

(k)
i Ú

ε =

( l∑
k=1

n∑
i=1

c
(k)
i ε

(k)
i

)1− p
2
(

min
k∈L,i∈N

{
c

(k)
i ε

(k)
i

}) p
2

.

Ï�XÚ(3)�3º:�Lyapunov¼ê§ÏL(5)�±��

V (x)

≥
l∑

k=1

n∑
i=1

c
(k)
i ε

(k)
i |x

(k)
i |p

≥
l∑

s=1

n∑
h=1

c
(s)
h ε

(s)
h

[ l∑
k=1

n∑
i=1

c
(k)
i ε

(k)
i∑l

w=1

∑n
j=1 c

(w)
j ε

(w)
j

|x(k)
i |2

] p
2

≥
( l∑
k=1

n∑
i=1

c
(k)
i ε

(k)
i

)1− p
2
(

min
k∈L,i∈N

{
c

(k)
i ε

(k)
i

}) p
2

|x|p

= ε|x|p
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±9

V (x) ≤
l∑

k=1

n∑
i=1

c
(k)
i χ

(k)
i |x

(k)
i |p ≤ χ|x|p.

Ïd§�±��

ε|x|p ≤ V (x) ≤ χ|x|p.

d	§ε|x|p ≤ V (x)§±9limx→∂Rmnl |x|p = +∞§·�klimx→∂Rmnl V (x) = +∞, ù�Ò¿�
XV (x) ´��;¼ê"Ïd§ØJwÑV (x) �Ä�þ.´+∞"¿�§éux(k)

i ∈ Rm \ Ω̄
ρ
(k)
i
§Ï

L(5)§�±�ÑXe�O�µ

LV (x) =
l∑

k=1

n∑
i=1

c
(k)
i LV

(k)
i

(
x

(k)
i

)
≤

l∑
k=1

n∑
i=1

c
(k)
i

l∑
h=1

a
(kh)
i

(
Ph

(
x

(h)
i

)
− Pk

(
x

(k)
i

))
−

l∑
k=1

n∑
i=1

c
(k)
i σ

(k)
i |x

(k)
i |p +

l∑
k=1

C(k). (5)

ÏL©z [5]¥½n2.2�(G, Ai)�rëÏ5§�±*	�

n∑
i=1

l∑
k,h=1

c
(k)
i a

(kh)
i

(
Ph

(
x

(h)
i

)
− Pk

(
x

(k)
i

))
= 0.

,�§¦^(5)±9ÏL±þ�O�§(10)�±C¤

LV (x) ≤ −
l∑

k=1

n∑
i=1

c
(k)
i σ

(k)
i |x

(k)
i |p +

l∑
k=1

C(k)

≤ −σ|x|p +

l∑
k=1

C(k),

Ï�χ|x|p ≥ V (x) =
∑l

k=1

∑n
i=1 c

(k)
i V

(k)
i

(
x

(k)
i

)
>
∑l

k=1

∑n
i=1 c

(k)
i ρ

(k)
i , ρm§k|x|p > ρm

χ
"¤±§

�3ρm > Cχ
σ
§Ù¥C =

∑l
k=1C

(k),γ = σρm
χ
− C > 0, σ =

(∑l
k=1

∑n
i=1 c

(k)
i σ

(k)
i

)1− p
2

(
mink∈L,i∈N

{
c

(k)
i σ

(k)
i

}) p
2

§Ïd§�±��LV (x) ≤ −γ §éux ∈ Rmnl \ Ω̄ρm"�â [24]¥�

½nA§·�®²y²
½nA¥�¤k^�Ñ¤á§Ïd§XÚ(3)�3��²©Ù"

5 1µ3 [24]¥§Huang�<^Lyapunov�{ÚY²8�{ïÄ
ÃÍÜ���Å�©�§�

�¯K"ïÄ���Å�©�§��´��M#5�ó�"3 [26]¥§Zhu�<^Lyapunov�

{ïÄ
äkG�����ÅXÚ�²©Ù§ù´3�ÄG���é²©ÙK��¡�mM

5ó�"ÉþãnØéu§·�|^Lyapunov�{ÚãØ�{ïÄ
SMGMD �²©Ù��3

5§;�
���E�ÛLyapunov¼ê�(J§{z
E,�©ÛL§"
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5 2 µ½n1¥�Ñ
�y²©Ù�3��
¿©^�"l½n1¥�^��±��§²

©Ù�k�ã�ëÏ5ÚÿÀ(�k'§ù`²ãØ��5"

5 3 µlN¹¥½n1�y²�±wÑ§yk«��6uC,χ, σ§�C,χ�½�§σ��§yk

«�Ò��¶�σ�½�§XJC,χC�§Kyk«�Ò��"d	§duσ �ÿÀ(�k'§ù

¿�Xyk«��ÿÀ(�kX���éX"

½n1�¦XÚ(3)«@fXÚ�Lyapunov¼ê§�k�éJ�EÜ·�Lyapunov¼ê"�


����^�´u�y�3¢�¥k^�½n§·�ò�Ñ��^�Ñ´'uXê�½n"

½n 2 µéu?¿�k ∈ L, i ∈ N±9x(k)
i ∈ Rm \ Ω̄

ρ
(k)
i
§XJ±e^�¤á�{"

B1. �3~ê
(
α

(k)
i

)
m
§±9�êβ

(k)
i Úνi§¦�

(
e

(k)
i

)T
(
f

(k)
i

(
y(k)

)
− f (k)

i

(
x(k)

))
≤

n∑
m=1

(
α

(k)
i

)
m
|e(k)
m |2,

±9 ∣∣∣g(k)
i

(
y

(k)
i

)
− g(k)

i

(
x

(k)
i

)∣∣∣2 ≤ β(k)
i |e

(k)
i |2 + νi.

B2. �3�êA
(kh)
i §¦�∣∣∣H(kh)

i

(
y

(k)
i , y

(h)
i

)
−H(kh)

i

(
x

(k)
i , x

(h)
i

)∣∣∣
≤A(kh)

i

(∣∣∣e(k)
i

∣∣∣+
∣∣∣e(h)
i

∣∣∣) .
B3. b�k�ã

(
G,
(
A

(kh)
i

)
l×l

)
´réÏ�§¿�±eØ�ª¤á

n∑
m=1

2

c
(k)
i

c(k)
m

(
α(k)
m

)
i
+ β

(k)
i + 4

l∑
h=1

A
(kh)
i < 0. (6)

KXÚ(3)�3²©Ù"

y²µéu?¿�k ∈ L and i ∈ N , x
(k)
i ∈ Rm \ Ω̄

ρ
(k)
i
§Ù¥ρ

(k)
i ∈ R+§½ÂV

(k)
i

(
x

(k)
i

)
=

|x(k)
i |2§b�2¤á"Ï�f

(k)
i , g

(k)
i , ÚH

(kh)
i 3Cþþ´ëY�g��§�±��b�1¤á"

�e5§ÏLItô’s úª§�±O�LV (k)
i

(
x

(k)
i

)
Xeµ

LV (k)
i

(
x

(k)
i

)
=

∂V
(k)
i

(
x

(k)
i

)
∂x

(k)
i

(
f

(k)
i

(
x(k)

)
+

l∑
h=1

H
(kh)
i

(
x

(k)
i , x

(h)
i

))
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�d� �

+
1

2
trace

(g(k)
i

)T (
x

(k)
i

) ∂2V
(k)
i

(
x

(k)
i

)
∂
(
x

(k)
i

)2 g
(k)
i

(
x

(k)
i

)
= 2

(
x

(k)
i

)T
(
f

(k)
i

(
x(k)

)
+

l∑
h=1

H
(kh)
i

(
x

(k)
i , x

(h)
i

))
+
∣∣∣g(k)
i

(
x

(k)
i

)∣∣∣2
≤ β

(k)
i |x

(k)
i |2 + νi + 2

n∑
j=1

(
α

(k)
i

)
j
|x(k)
j |2 + 2

l∑
h=1

A
(kh)
i |x(k)

i |2

+2
l∑

h=1

A
(kh)
i |x(k)

i ||x
(h)
i |. (7)

ÏL¦^Ä�Ø�ª§�±��

2

l∑
h=1

A
(kh)
i |x(k)

i ||x
(h)
i | ≤

l∑
h=1

A
(kh)
i

(
|x(k)
i |2 + |x(h)

i |2
)
.

nþ§(11)�±C�

LV (k)
i

(
x

(k)
i

)
≤

(
β

(k)
i + 4

l∑
h=1

A
(kh)
i

)
|x(k)
i |2 + 2

n∑
j=1

(
α

(k)
i

)
j
|x(k)
j |2

+

l∑
h=1

A
(kh)
i

(
Ph

(
x

(h)
i

)
− Pk

(
x

(k)
i

))
+ νi,

Ù¥Pk

(
x

(k)
i

)
= |x(k)

i |2§,�§·��±��

n∑
i=1

c
(k)
i LV

(k)
i

(
x

(k)
i

)
≤

n∑
i=1

c
(k)
i

[(
β

(k)
i + 4

l∑
h=1

A
(kh)
i

)
|x(k)
i |2 + 2

n∑
j=1

(
α

(k)
i

)
j
|x(k)
j |2

+
l∑

h=1

A
(kh)
i

(
Ph

(
x

(h)
i

)
− Pk

(
x

(k)
i

))
+ νi

]

=
n∑
i=1

c
(k)
i

(
β

(k)
i + 4

l∑
h=1

A
(kh)
i

)
|x(k)
i |2 +

n∑
i=1

c
(k)
i νi

+
n∑
i=1

c
(k)
i

n∑
j=1

2

c
(k)
i

c
(k)
j

(
α

(k)
j

)
i
|x(k)
i |2

+
n∑
i=1

c
(k)
i

l∑
h=1

A
(kh)
i

(
Ph

(
x

(h)
i

)
− Pk

(
x

(k)
i

))
.
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-−σ(k)
i = β

(k)
i + 4

∑l
h=1A

(kh)
i +

∑n
j=1

2

c
(k)
i

c
(k)
j

(
α

(k)
j

)
i
< 0 ÏL(7)ÚC(k) =

∑n
i=1 c

(k)
i νi§ù�¿�

Xb�3¤á"Ïd§3½n1¥§¤k^�Ñ¤á§=¿�XXÚ(3)�3��²©Ù"@oy

²(å"

5 4 µ3 [4]¥§Zhang�<ÄuãØïÄ
äk*Ñ�õ|�.�½5"��§3 [11]¥§

Guo�<�Ä
�Å6Ä�K�§ïÄ
äk*Ñ��Åõ|�.��Å½5"�þã©z�

'§·��Ä
��Å6Ä»�²ï:�3�§SMGMD �3��²©Ù"d	§½n2¥�^

�3¢�¥ØJ�y§Ï�§�´'�~���§¿�Ñ�6uXÚ(3)�Xê"

5 5 µ½n2¥�^��XÚ(3)¥�Xêk'§ù3¢�¥´k^�"d	§�
(�^

�B3¤á§
(
α

(k)
i

)
j
�üX���Ú§Ï�§�ÎÒ�±´Kê",	§A

(kh)
i ÚB

(k)
i ATé�§

ùé^�B3k|"Ïd§ØJwÑ¤£Xê!�Å6ÄÚk�ã�ÿÀ(���K�²©Ù"

4. 3�ÅÍÜ�fþ�A^

ÍÜ�f�ïÄ´�~k^�§¿�§�3�>�¥kX2��A^"�þ�ïÄöéÙÄ

åÆ5�?1
ïÄ§�)½5!ÓÚ5 [27] [28] [29]�"�ÍÜ�f(½�§�Å6Ä¬K�

²ï:��35§ÏdïÄ�ÅÍÜ�f²©Ù��35´�~7��"

3ù!¥§ïÄ
���ÅÍÜ�f��.§ù��.ïá3�k�Â = (âkh)l×l ÚB̂ =

(b̂kh)l×l�k�ã(G, Â) Ú(G, B̂)þ"�.Xeµ

dxk =

[
yk − ηkxk +

l∑
h=1

âkh(xk − xh)

]
dt

+ h
(k)
1 (xk)dB

(k)
1 ,

dyk =

[
(ηk − ϕk(xk))yk + (ηkϕk(xk)− η2

k − 1)xk

+
l∑

h=1

b̂kh(yk − yh)

]
dt+ h

(k)
2 (yk)dB

(k)
2 , k ∈ L,

(8)

Ù¥h
(k)
1 , h

(k)
2 : R1 → R1 L«�3u1k�º:��ÅZ6rÝ§ϕk : R1 → R1 L«{ZXê"

-x(k) = (xk, yk)
T, f (k)

(
x(k)

)
= (yk − ηkxk, (ηk −ϕk(xk))yk + (ηkϕk(xk)− η2

k − 1)xk)
T, B(k) =(

B
(k)
1 , B

(k)
2

)T

, H(kh)
(
x(k), x(h)

)
= (âkh(xk − xh), b̂kh(yk − yh))T, X =

((
x(1)

)T
, . . . ,

(
x(l)
)T)T

,

B =
((
B(1)

)T
, ...,

(
B(l)

)T)T

2l×1
, F (X) =

((
f (1) +

∑l
h=1H

(1h)
)T

, ...,
(
f (l) +

∑l
h=1H

(lh)
)T
)T

2l×1

,

g(k)
(
x(k)

)
=

(
h

(k)
1 (xk) 0

0 h
(k)
2 (yk)

)
, G(X) =


g(1)

(
x(1)

)
. . .

g(l)
(
x(l)
)
 ,

DOI: 10.12677/aam.2021.101001 9 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.101001


�d� �

,�XÚ(8)�±���dX = F (X)dt + G(X)dB"Äk§½Âx(k) =
(
x

(k)
1 , x

(k)
2

)T

= (xk, yk)
T,

f
(k)
1

(
x(k)

)
= yk − ηkxk, f (k)

2

(
x(k)

)
= (ηk − ϕk(xk))yk + (ηkϕk(xk)− η2

k − 1)xk, H
(kh)
1

(
x

(k)
1 , x

(h)
1

)
=

âkh(xk − xh) ±9H
(kh)
2

(
x

(k)
2 , x

(h)
2

)
= b̂kh(yk − yh)"

�e5§�
ïÄXÚ(8)�²©Ù��35§�Ñ
��½n"

½n 3 µéuk ∈ L§k�ã(G, Â) and (G, B̂) ´réÏ�"b½b�1Ú±e^�¤á"

C1. �3�~êmk,Mk, ξ
(k)
i , Ú$i, ¦�mk ≤ |ϕk(x)| ≤Mk, ηk(Mk − ηk) ≥ 1 Ú

|h(k)
i (x

(k)
i )|2 ≤ ξ(k)

i |x
(k)
i |2 +$i, i = 1, 2.

C2. �3
2∑
j=1

2

c
(k)
i

c
(k)
j

(
α

(k)
j

)
i
+ ξ

(k)
i + 4

l∑
h=1

A
(kh)
i < 0, i = 1, 2,

Ù¥
(
α

(k)
1

)
1

= 1
2
− ηk,

(
α

(k)
2

)
1

= 1
2
,
(
α

(k)
1

)
2

= 1
2
ηk(Mk − ηk)− 1

2
+ ηk −mk,

(
α

(k)
2

)
2

= 1
2
ηk(Mk −

ηk)− 1
2
, A

(kh)
1 = âkh, A

(kh)
2 = b̂kh.,�XÚ(8)�3²©Ù"

y²µÏL^�C1 §�±��(JXeµ

xkf
(k)
1

(
x(k)

)
= xkyk − ηkx2

k ≤
(

1

2
− ηk

)
x2
k +

1

2
y2
k,

ykf
(k)
2

(
x(k)

)
= (ηk − ϕk(xk))y2

k + (ηkϕk(xk)− η2
k − 1)xkyk

≤
[

1

2
(ηkϕk(xk)− η2

k − 1) + (ηk − ϕk(xk))
]
y2
k

+
1

2
(ηkϕk(xk)− η2

k − 1)x2
k

≤
[

1

2
ηk(Mk − ηk)−

1

2
+ ηk −mk

]
y2
k

+
1

2
(ηk(Mk − ηk)− 1)x2

k,

ù�Ò¿�X^�B1 ¤á"�±w�∣∣∣H(kh)
1

(
x

(k)
1 , x

(h)
1

)∣∣∣ ≤ âkh(|xk|+ |xh|),∣∣∣H(kh)
2

(
x

(k)
2 , x

(h)
2

)∣∣∣ ≤ b̂kh(|yk|+ |yh|),

·���^�B2¤á"ÏLB2¤á§�±éN´w�B3÷v"Ïd§½n2¥�¤k^�

Ñ�÷v"ù¿�XXÚ(8)�3²©Ù"

5 6 µÍÜ�f3>åXÚ!ÔnÚÙ¦+�¥kX2��A^"ïÄ<
3 [4] [5] [11]¥é
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ÍÜ�f?1
ïÄ§��k�
ïÄ<
�Ä
ÍÜ�f�²©Ù"��5`§ÍÜ�f�

²ï:´"§3½n3¥§ÏLÚ\�Å6Ä§"²ï�»�§�U��²©Ù"Ïd§·�

ïÄ�ÅÍÜ�f�²©Ù3¢�¥´k^�"

5 7 µd^�C2��§²©Ù��35ÉÿÀ(�!�Å6ÄÚÍÜrÝ�K�"���

Å6ÄÚÍÜ(�kÏu�yØ�ª3C2^�e¤á§ù3¢�¥´Ün�§Ï����Å6Ä

�U»�²©Ù��3"

5. ê��[

�
y²½n3�k�5§�Ñ��ê�~fXe"-l = 4, ·�ïÄXÚ(8)/ª��ÅÍ

Ü�f"ÀJ¼êϕk(xk) = 2.5− 0.1 sinxk, h
(k)
1 (xk) = 0.02xk + 1 Úh

(k)
2 (yk) = 0.01yk + 1.7§Ïd

kξ
(k)
1 = 0.0036, ξ

(k)
2 = 0.0004, $1 = 1.5, $2 = 3.

Figure 1. The stationary distribution of sample path of system (8) with
initial values

ã 1. äkÐ��XÚ(8)���;��²©Ù

Â = (âkh)4×4 =


0 0 0.01 0

0 0 0 0.02

0 0.01 0 0

0.02 0 0 0

 ,

B̂ =
(
b̂kh

)
4×4

=


0 0.01 0 0.02

0 0 0.01 0

0.01 0 0 0

0 0 0.02 0

 .

²w/§k�ã(G, Â) Ú(G, B̂) ´rëÏ�"�±O�c
(k)
1 = 0.4 × 10−5, k = 1, 3, c

(k)
1 =

0.2 × 10−5, k = 2, 4 ±9c
(k)
2 = 0.2 × 10−5, k = 1, 2, 4, c

(3)
2 = 0.6 × 10−5"d	§ÀJëêηk =
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2, k = 1, 2, 3, 4,Mk = 2.6,mk = 2.4, χ
(k)
i = 1

8
",�§�±��2.4 ≤ |ϕk(xk)| ≤ 2.6"��§ÏL{

ü�O�k
2∑
j=1

2

c
(k)
i

c
(k)
j

(
α

(k)
j

)
i
+ ξ

(k)
i + 4

l∑
h=1

A
(kh)
i < 0, i = 1, 2,

Ù¥§
(
α

(k)
1

)
1

= 1
2
− ηk = − 3

2
,
(
α

(k)
2

)
1

= 1
2
,
(
α

(k)
1

)
2

= 1
2
ηk(Mk − ηk) − 1

2
+ ηk − mk =

−0.7,
(
α

(k)
2

)
2

= 1
2
ηk(Mk − ηk) − 1

2
= 0.1, A

(kh)
1 = âkh ÚA

(kh)
2 = b̂kh ±9ηk(Mk − ηk) = 1.2 ≥ 1"

¿�§ÏL±þëê�ÀJ§�±O�Ñρm >
∑l

k=1

∑n
i=1 c

(k)
i $iχ

mink∈{1,2,3,4},i∈{1,2}{c(k)
i σ

(k)
i }

.
= 24 Ïd§y²
½

n3¥�¤k^�¤á"d	§ÀJÐ�Xeµx1(0) = 10, y1(0) = 5, x2(0) = 2, y2(0) = 7, x3(0) =

4, y3(0) = −1, x4(0) = 2, y4(0) = −0.9"

ã 1�Ñ
äkÐ��XÚ(8)���;��²©Ù§ã 2K�Ñ
äkÐ��XÚ(8)�²

©Ù"w,§lã 1Úã 2 ¥w�XÚ(8) �3��²©Ù§ù��y
(J�k�5"

Figure 2. The stationary distribution of system (8) with initial values

ã 2. äkÐ��XÚ(8)�²©Ù
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²©Ù��3"�§¤�½n¥�¿©^�äk����Å5§��N
²©Ù�
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�[`²
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