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Abstract

The order of the BBM equation with variable coefficients is reduced by an simple
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approach and trigonometric periodic solutions for the equation are investigated by

using auxiliary equations.

Keywords

Trigonometric Periodic Solutions, BBM Equation, Variable Coefficients

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

BBM�§´dBenjamin§Bona ÚMahony [1]JÑ5�§kXe�/ªµ

ut + aux − buxxt + k(u±2)x = 0, (1.1)

T�§´^5£ãfYÅ3Y±¥�$ÄG�"

ØÓ/ª�BBM�§áÚ
éõÆö�5¿ [2–8]"éõØÓ��{Ñ�JÑ5)û��5

 �©�§"~XBäcklund C��{ [9]§�Ñ��{ [10]§�ÙC��{ [11]§Hirota’s V�5

�{ [12]§ÓÔ©Û{ [13]§V��¼ê{ [14] [15]§�u-{u�{ [16]§ÄåXÚ�©|�

{ [17] [18]§9Ï�§�{ [19]�"

Cc5§duBBM�§�2�A^ [20–24]§NõïÄöÑéCXê�BBM�§AOa,�"

ÏLC�

u(x, t) = v
1

n−1 (x, t), (1.2)

Ú9Ï�§�{, Lv �<[25] ¼�
e¡ØÓÔn(��2ÂBBM�§Nõwª�1Å)

ut + aux + b(un)x + k(un)xxt = 0, n 6= 0, 1. (1.3)

ù
)¥�¹n�¼ê±ÏÅ)ÚV¼ê)"

ù�©Ù¥,·�O�ÿÐ©Ù [25]¥�(J§¿Ïé#����C�5ïÄBBM �§

ut + a(t)ux + b(t)(um)x + k(t)(un)xxt = 0, m, n 6= 0, 1, (1.4)
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Ù¥a(t)b(t)k(t) 6= 0"3ù�©Ù¥§·��ïÄBBM �§�n�¼ê±ÏÅ)"

2. 9Ï�§{

�
¼�n�¼ê±ÏÅ)§·�ò

u(x, t) = c1 + c2z(ξ), ξ = p(t)x+ q(t), (2.1)

�\��§(1.4)¥�§Ù¥z′ = ε
√
a1 + a2z + a3z2, ε = ±1, a1, a2, a3, c1 �c2 ´¢~ê§p(t)

�q(t) ´��¼ê"4∆ = a2
2 − 4a1a3, Ò¬ke¡�¯¢ [12]"�a3 < 0 �∆ > 0§·�

kz(ξ) = ε
√

∆
2a3

sin(
√
−a3ξ)− a2

2a3
�z(ξ) = ε

√
∆

2a3
cos(
√
−a3ξ)− a2

2a3
"

¯¢þ§ò(2.1) �\��§(1.4)¥�§¿4xszi(ξ) �Xê
√
a1 + a2z + a3z2(s, i = 0, 1, 2, · · ·)

�u"§·�Ò¬¼�'uc1, c2§a1, a2, a3, p(t) Úq(t) ��ê�§"ÏL¦)ù
�§§·�Ò

¬¼�ëê�wªL�ª",�·�ÒU¼�BBM�§�n�¼ê±ÏÅ)"

3. z{pgBBM�§

3ù�!¥§·�ò0���{ü�Ãã5¼�C�úª§/^ù
úªz{pgBBM�

§"

5�1. �m = n§·��±|^C�

u = vp, (3.1)

ùp¡p = α
n−1

, α ∈ Z Úα 6= 0§�§(1.4) �±z�Xe�ü«�/"

(i) eα ≥ 2§�§(1.4) U
C��

vt + a(t)vx + b(t)nvαvx + k(t)n(np− 1)(np− 2)vα−2vtv
2
x

+2k(t)n(np− 1)vα−1vxvxt + k(t)n(np− 1)vα−1vtvxx + k(t)nvαvxxt = 0.
(3.2)

(ii) eα < 2§�§(1.4) U
C��

v2−αvt + a(t)v2−αvx + b(t)nv2vx + k(t)n(np− 1)(np− 2)vtv
2
x

+2k(t)n(np− 1)vvxvxt + k(t)n(np− 1)vvtvxx + k(t)nv2vxxt = 0.
(3.3)

5�2. �m 6= n � n−1
m−1

= β+2
α
6= 1§|^C�

u = vp, (3.4)

Ù¥α, β ∈ Z, α 6= 0, β 6= −2 Úp = α
m−1

= β+2
n−1
§�§(1.4)U
z{�
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vt + a(t)vx + b(t)mvαvx + k(t)n(np− 1)(np− 2)vβvtv
2
x

+2k(t)n(np− 1)vβ+1vxvxt + k(t)n(np− 1)vβ+1vtvxx + k(t)nvβ+2vxxt = 0.
(3.5)

y²: |^(3.1)ù�ªf§·�'�N´¼�

ut = pvp−1vt,

ux = pvp−1vx,

(um)x = mpvmp−1vx,

(un)xxt = np(np− 1)(np− 2)vnp−3vtv
2
x

+2np(np− 1)vnp−2vxvxt + np(np− 1)vnp−2vtvxx + npvnp−1vxxt.

(3.6)

ÏLò(3.6) �\��§(1.4)¥§��

pvp−1vt + a(t)pvp−1vx + b(t)mpvmp−1vx + k(t)np(np− 1)(np− 2)vnp−3vtv
2
x

+2k(t)np(np− 1)vnp−2vxvxt + k(t)np(np− 1)vnp−2vtvxx + k(t)npvnp−1vxxt = 0.
(3.7)

1e(3.7)�ü>Ó�¦±vs§ù�Òk

vs[pvp−1vt + a(t)pvp−1vx + b(t)mpvmp−1vx + k(t)np(np− 1)(np− 2)vnp−3vtv
2
x

+2k(t)np(np− 1)vnp−2vxvxt + k(t)np(np− 1)vnp−2vtvxx + k(t)npvnp−1vxxt = 0,
(3.8)

½ö

pvs+p−1vt + a(t)pvs+p−1vx + b(t)mpvs+mp−1vx + k(t)np(np− 1)(np− 2)vs+np−3vtv
2
x

+2k(t)np(np− 1)vs+np−2vxvxt + k(t)np(np− 1)vs+np−2vtvxx + k(t)npvs+np−1vxxt = 0,
(3.9)

Ù¥s´?¿~ê"e�XêkXe�'Xµ
s+ p− 1 = A,

s+mp− 1 = B,

s+ np− 3 = C,

(3.10)

Ù¥A§B ÚC Ñ´¢~ê"ÏdÏL(3.10)§Ò¬k

p =
B −A
m− 1

=
C −A+ 2

n− 1
. (3.11)

�e5§·�ò©ü«�¹m = n Úm 6= n5y²5�1 Ú2"

Case (1)e�m = n§=B = C + 2§�§(3.9)Ò�±C�
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pvAvt + a(t)pvAvx + b(t)mpvBvx + k(t)np(np− 1)(np− 2)vB−2vtv
2
x

+2k(t)np(np− 1)vB−1vxvxt + k(t)np(np− 1)vB−1vtvxx + k(t)npvBvxxt = 0.
(3.12)

e�B − 2 ≥ A§�§(3.12)��±C�

pvt + a(t)pvx + b(t)mpvB−Avx + k(t)np(np− 1)(np− 2)vB−A−2vtv
2
x

+2k(t)np(np− 1)vB−A−1vxvxt + k(t)np(np− 1)vB−A−1vtvxx + k(t)npvB−Avxxt = 0.
(3.13)

�
�B·��?Ø§�B −A = α",��§(3.13) Uz{��§(3.2)"

e�B − 2 < A§�§(3.12) Ò�±C�

pvA−B+2vt + a(t)pvA−B+2vx + b(t)mpv2vx + k(t)np(np− 1)(np− 2)vtv
2
x

+2k(t)np(np− 1)vvxvxt + k(t)np(np− 1)vvtvxx + k(t)npv2vxxt = 0.
(3.14)

,��§(3.14) U
z{��§(3.3)"u´·�Ò�¤
5�1 �y²"

Case (2) e�m 6= n§�§(3.9)Ò�±C�

pvt + a(t)pvx + b(t)mpvB−Avx + k(t)np(np− 1)(np− 2)vC−Avtv
2
x

+2k(t)np(np− 1)vC−A+1vxvxt + k(t)np(np− 1)vC−A+1vtvxx + k(t)npvC−A+2vxxt = 0.
(3.15)

4B −A = α ÚC −A = β§·�#��§(3.15)"�d��§·��¤5�4 �y²"

51: �m = n �α = 1§Lv �< [25]A^C�u = v
1

n−1¼��§(1.4)��
°()"

�e5§·�ò|^9Ï�§{�Ä�§(1.4)�n�¼ê±ÏÅ)"

4. n�¼ê±ÏÅ)

e·�-α = 2§K�§(3.2)�±C�

vt + a(t)vx + nb(t)v2vx +
n(n+ 1)k(t)

n− 1

(
2vtv

2
x

n− 1
+ 2vvxvxt + vvtvxx

)
+ nk(t)v2vxxt = 0. (4.1)

ÏLò�§(2.1)�\��§(4.1)¥�§¿�xszi(ξ)
√
a1 + a2z + a3z2(s = 0, 1, i = 0, 1, 2)�X

ê�""·�Ò��'uc2, p(t) and q(t) ��ê�§"¦)ù
�ê�§·���e�ªf

c2 = 2a3c1
a2

,

q′(t) = ± n−1

2
√

2n
3
2 a2

√
b(t)
a3k(t)

N1,

p(t) = ∓
√

b(t)
a3k(t)

(n−1)a2√
2nN1

,

p
′
(t) = 0,

(4.2)
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Ù¥N1 =
√

2na(t)a2
2 + (n+ 1)b(t)(a2

2 − 4a1a3)c2
1, a2a3c1 6= 0, a1, a2, a3 Úc1 Ñ´¢~ê"¯¢

þ§·�I�b�Ïf
√

b(t)
a3k(t)

1
N1
´��~ê§Ï�p

′
(t) = 0",�·�Ò��
�§(1.4)�n�

¼ê±ÏÅ)Xeµ

(i) ea3 < 0, ∆ > 0 Ú b(t)
k(t)

< 0§·���Xen�¼ê±ÏÅ)

u9(x, t) =

[
c1

√
∆

a2

sin

(
(n− 1)a2√

2nN1

√
− b(t)
k(t)

x−
√
−a3q(t)

)] 2
n−1

,

Ú

u10(x, t) =

[
c1

√
∆

a2

cos

(
(n− 1)a2√

2nN1

√
− b(t)
k(t)

x−
√
−a3q(t)

)] 2
n−1

,

�m 6= n§·��Äα = 1Úβ = −3��/"Ò¬kn = −m + 2 Úp = 1
m−1
"Ïd�§(3.5)

�±z�

v3vt + a(t)v3vx + b(t)mv4vx + (2−m)(3−2m)(4−3m)
(m−1)2

k(t)vtv
2
x

+2 (2−m)(3−2m)
m−1

k(t)vvxvxt + (2−m)(3−2m)
m−1

k(t)vvtvxx + k(t)(2−m)v2vxxt = 0.
(4.7)

ò�§(2.1)�\�§(4.7)¥¿�xszj(ξ)
√
a1 + a2z + a3z2(s = 0, 1, i = 0, 1, 2, 3, 4) �Xê�u

"·�Ò����ëêa3, c2, p(t) Úq(t) ��ê�§"ÏL¦)ù
�ê�§§·��±��

a3 = a22
4a1
,

c2 = a2c1
2a1

,

p(t) = ± 2(m−1)
(m−2)a2

√
−mb(t)a1

(m−2)a(t)k(t)
,

p′(t) = 0,

q′(t) = −p(t)a(t).

(4.8)

Ù¥a1a2c1 6= 0, a1, a2 Úc1 Ñ´¢~ê"Ïd·�Ò¬¼���Xe��ê¼ê)

u14±(x, t) =

[
c1

a2

ep(t)(x−a(t))

] 1
m−1

.
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