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Abstract

Based on the research of H-Toeplitz operators on Bergman space, this article mainly

studies the commutants of H-Toeplitz operators on Dirichlet space.
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1. 0�

-DL«E²¡Cþ�ü ��, =D = {z ∈ C||z| < 1}, Dirichlet�mD´d¤k3ü 
��þ�)Û¼êf|¤, Ù¥f�÷vD(f) < ∞, D(f) =:

∫
D
|f ′(w)|2dA(w)´DirichletÈ©,Ù

¥dA(w)L�Kz�V��¡ÈÿÝ.

éu?¿�f(z) =
∑∞

k=1 = akz
k, g(z) =

∑∞
j=1 ajz

j ∈ D, �m¥�SÈ÷v:

〈f, g〉 =

∫
D

f ′(w)g′(w)dA(w),

�Dirichlet�mD´÷v±e�ê

‖f‖2 = D(f) =
∞∑
k=1

k|ak|2

�)Û¼êHilbert�m. d	, D�´��2)ØHilbert�m, ÙØ�

Kz(w) = log
1

1− zw
, w, z ∈ D,

=

f(z) = 〈f,Kz〉 , f ∈ D.

Dirichlet�mD´Sobolev�mL2,1(D)�4f�m, é∀f ∈ L2,1(D),

‖f‖2 = |
∫
fdA|2 +

∫
D

| ∂f
∂w
|2dA+

∫
D

| ∂f
∂w
|2dA <∞,

DOI: 10.12677/aam.2021.1011393 3700 A^êÆ?Ð

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/aam.2021.1011393


o�Y

Ù¥¦�´3©Ù¿Âe�. �, L2,1(D)÷vSÈ

〈f, g〉 =

∫
D

fdA+

∫
D

gdA+

〈
∂f

∂w
,
∂g

∂w

〉
2

+

〈
∂f

∂w
,
∂g

∂w

〉
2

,

Ù¥〈f, g〉 =
∫
D
fgdA.

3�fnØ�ïÄ¥, êÆ[�ïÄ
õ«�f, XToeplitz�f!Hankel�f�, �,�f

3ØÓ��m¥�k�«��ØÓ�5�, ïÄ��õ�´��2��=Hardy�mþ�f�

Ä�5�, ù�´êÆ[��m©¤ïÄ�¯K. �X´3dÄ:þ?1ò�, 'XBergman�

m, Dirichlet�m��, ù�´�ïÄ��õ��m. �,�f�5��kéõ, 'XToeplitz�

fÚHankel�f3Bergman�m¥�;5( [1] [2]), d	\�Dirichlet�m¥Toeplitz�f�;5

�k�ïÄ( [3]), �kk.5, ùü«5�´ïÄ���2��, ��, �kêÆ[ïÄ�f

���5, S.Axler�<, Zhao Lian kuo©O32000c [4], 2008c [5]ïÄ
Bergman�m¥)Û

�Toeplitz�f���5±9NÚ�Dirichlet�m¥Toeplitz�f���5, �õ�ïÄ(J��ë

�©z [6] [7] [8]. dToeplitz�fÚHankel�f�5��±ïÄH-Toeplitz �f��
�q5�,

S.C.Arora�<3 [9]¥�ïÄ
H-Toeplitz�f��Ü©SN.

é?¿���ên, -en(z) = 1√
n
zn, z ∈ D,K{en(z)}n>0´Dirichlet�m¥�IO��Ä.

-P : L2,1(D) → DL«L2,1(D)�Dþ���ÝK. �mL∞(D)L«ü ��þ¤k���k.V

���ÿ¼êf�Banach�m, ��ê÷v

‖f‖∞ = esssup{|f(z)| : z ∈ D}.

L∞,1(D)L«{f ∈ L∞,1(D)|f, ∂f
∂z
, ∂f
∂z
∈ L∞(D)}. -DharmL«NÚ�Dirichlet�m, KPharm :

L2,1(D)→ DharmL«L2,1(D)�Dharmþ���ÝK. -C(D)L«Dþ�¤këY¼ê, �

C1(D) = {f : f,
∂f

∂w
,
∂f

∂w
∈ C(D)}

é?¿�φ ∈ C1(D),½ÂDirichlet�mDþ�Toeplitz�fTφ�

Tφ(f) = P (φf)(z) =

∫
D

∂(φf)

∂w

∂Kz

∂w
dA(w), f ∈ D,

w,Tφ´k.�. éuφ ∈ C1(D),Hankel�fHφ½Â�

Hφ(f) = PMφJ(f), f ∈ D,

Ù¥�fJ : D → D½Â�J(en(z)) = en+1(z), n�?¿���ê.

�Hankel�fhφ(f) = P (φJf), f ∈ D.
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3ù�©Ù¥, ·�Ì�ïÄDirichlet�mDþ�H-Toeplitz�f, 3©Ùm©·��é�
H-

Toeplitz�f'uD¥IO��Ä�Ý
, ù��Toeplitz�fÚHankel�f�Ý
kX���'é.

32019c, A.Gupta�<3 [10]¥0�
Slant H-Toeplitz �f�ÎÒ, ¿�ïÄ
H-Toeplitz�f

3Hardy�m¥��
5�, �)�2��;5Ú��5. Äuù
ïÄ, ·�3ù�©Ù¥B5ï

ÄDirichlet�m¥H-Toeplitz�f���5, ÙÎÒ´L∞,1(D)¥�NÚ¼ê.

2. Dirichlet�m¥�H-Toeplitz�f

3m©�c§·�I��Ñ�
Ún��¡�(J�O�.

Ún2.1 3NÚ�Dirichlet�m¥, éu?¿��K�êmÚn, e�ªf¤á:

Pharm(zmzn) =



zn−m n > m

zm−n n < m

1
n+1

m = n

y² én > m, k

〈
Pharm(zmzn), zk

〉
=
〈
zmzn), zk

〉
=

∫
D

zmzndA(z)

∫
zkdA(z) +

∫
D

nkzmzn−1zk−1dA(z)

= 〈zn, zm〉2 + nk

∫
D

zn−1zm+k−1dA(z)

= nk

∫
D

zn−1zm+k−1dA(z)

= nk
1

π

∫ 2π

0

∫ 1

0

rm+k+n−1ei(n−m−k)θdrdθ

=


n−m k = n−m

0 Ù§

=

n−m
k

< zk, zk > k = n−m

0 Ù§

=
〈
zn−m, zk

〉
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,��¡, én < m, k〈
Pharm(zmzn), zk

〉
=
〈
zmzn), zk

〉
=

∫
D

zmzndA(z)

∫
zkdA(z) +

∫
D

mkzm−1znzk−1dA(z)

= 〈zn, zm〉2 +mk

∫
D

zn+k−1zm−1dA(z)

= mk
1

π

∫ 2π

0

∫ 1

0

rm+k+n−1ei(n+k−m)θdrdθ

=


m− n k = m− n

0 Ù§

=


m−n
k

〈
zk, zk

〉
k = m− n

0 Ù§

=
〈
zm−n, zk

〉
Ød�	, �m = n�, 〈

Pharm(zmzn), zk + zk
〉

=
1

n+ 1

nþ, �±��

Pharm(zmzn) =


zn−m n > m

zm−n n < m

1
n+1

m = n

@oéuDirichlet �m, dÚn2.1�±����.

Ún2.2 3Dirichlet�m¥, éu?¿���êmÚn, e�ªf¤á

(a) 〈zm, zn〉 =


m m = n

0 Ù§

(b) P (znzm) =


zm−n m > n

0 m < n

1
m+1

m = n

e¡·��éDirichlet�m¥Toeplitz�fTφÚHankel�fHφ�Ý
, Ù¥φ´NÚ¼ê. 3

ùp·��ÄNÚÎÒφ(z) =
∑∞

i=1 aiz
i +

∑∞
j=1 bjz

j ∈ L∞,1(D), KTφ'u��Ä{en}n>0�Ý
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�(m,n)g��

〈Tφen, em〉 = 〈P (φen), em〉 = 〈φen, em〉

=
1√
mn
〈φzn, zm〉

=
1√
mn

〈
(
∞∑
i=1

aiz
i +

∞∑
j=1

bjz
j)zn, zm

〉

(1) �m ≥ n�,

〈Tφen, em〉 =
1√
mn

∞∑
i=1

〈
aiz

i+n, zm
〉

=

√
m

n
am−n.

(2) �m < n�,

〈Tφen, em〉 =
1√
mn

〈
∞∑
j=1

bjz
jzn, zm

〉
=
∞∑
j=1

bjnm
〈
zjzn−1, zm−1

〉
2

=

√
m

n
bn−m.

Ïd,

〈Tφen, em〉 =


√

m
n
am−n m ≥ n√

m
n
bn−m m < n

Ù¥mÚnÑ´��ê.

¤±Tφ�Ý
�±d±e�Ñ

Tφ =


a0

√
1
2
b1

√
1
3
b2

√
1
4
b3 · · ·

√
2a1 a0

√
2
3
b1

√
1
2
b2 · · ·

√
3a2

√
3
2
a1 a0

√
3
4
b1 · · ·

...
...

...
...


�e5·��ékNÚÎÒ�Hankel�f�Ý
,-φ(z) =

∑∞
i=1 aiz

i+
∑∞

j=1 bjz
j ∈ L∞,1(D),KHφ'

uD¥�IO��Ä{en}n>0�Ý
�(m,n)g��

〈Hφen, em〉 = 〈PMφJen, em〉 = 〈PMφen+1, em〉 = 〈Mφen+1, em〉

=
1√

m(n+ 1)

〈
(

∞∑
i=1

aiz
i +

∞∑
j=1

bjz
j)zn+1, zm

〉

=
1√

m(n+ 1)
(
∞∑
i=1

ai
〈
zizn+1, zm

〉
+

∞∑
j=1

bj
〈
zn+j+1, zm

〉
)

=
1√

m(n+ 1)

∞∑
i=1

aiim
〈
zi−1, zm+n

〉
2

=
m√

m(n+ 1)
am+n+1,

Ù¥mÚnÑ���ê.
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KHφ'uD¥�IO��Ä{en}n>0�Ý
�

Hφ =



1√
2
a3

1√
3
a4

1√
4
a5 · · ·

a4
2√
6
a5

1√
2
a6 · · ·

3√
6
a5 a6

3
2
√
3
a7 · · ·

√
2a6

3√
3
a7 a8 · · ·

...
...

...


�
é�H-Toeplitz�fBφ�½Â, ·�Äk�Ä�fK : D → Dh, ½ÂXe:

K(e2n(z)) = en(z) =
1√
n
zn, K(e2n+1(z)) = en+1(z) =

1√
n+ 1

zn+1, n > 0, z ∈ D.

�fK3D¥´k.�5�, �‖K‖ = 1, Ó�, �fK∗½Â�

K∗(en(z)) = e2n(z), K∗(en+1(z)) = e2n+1(z), n > 0.

e¡·�ò|^�fK�½Â5½ÂDirichlet�mD¥�H-Toeplitz�f.

½Â éφ ∈ C1(D), H-Toeplitz�f½ÂXe:Bφ : D → D, �kBφ(f) = PMφK(f),∀f ∈ D.

�X·�éH-Toeplitz�fBφ3Dirichlet�mD¥3IO��Äe�Ý
, Ù¥φ�NÚ¼ê.

·��φ ∈ L∞,1(D), |^Ún2.2, éz���ên, k

Bφ(e2n) = PMφK(e2n) = PMφen = Tφ(en)

Bφ(e2n+1) = PMφK(e2n+1) = PMφen+1 = PMφJen = hφ(en).

Ïd,

〈Bφe2n, em〉 = 〈Tφen, em〉 =


√

m
n
am−n, m ≥ n√

m
n
bn−m, m < n

,

Ù¥m,nÑ´��ê.

〈Bφe2n+1, em〉 = 〈Hφen, em〉 =
m√

m(n+ 1)
am+n+1, m > 0, n > 0,

KBφ'uD¥�IO��Ä{en}n>0�Ý
�

Bφ =



a2 a0
1√
2
a3

1√
2
b1

1√
3
a4

√
3b2

1√
4
a5 · · ·

√
2a3

1√
2
a1 a4 a0

2√
6
a5

√
3
2
b1

1√
2
a6 · · ·

√
3a4

√
3a2

3√
6
a5

√
3
2
a1 a6 a0

3
2
√
3
a7 · · ·

2a5 2a3
√

2a6
√

2a2
2√
3
a7

√
4
3
a1 a8 · · ·

...
...

...
...

...
...

...
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Bφ���Ý
�

B∗φ =



a2
√

2a3
√

3a4 2a5 · · ·

a0
1√
2
a1

√
3a2 2a3 · · ·

1√
2
a3 a4

3√
6
a5

√
2a6 · · ·

1√
2
b1 a0

√
3
2
a1

√
2a2 · · ·

1√
3
a4

2√
6
a5 a6

2√
3
a7 · · ·

√
3b2

√
3
2
b1 a0

√
4
3
a1 · · ·

...
...

...
...


dBφ�Ý
���Bφ�Ý
L�ª¥�2n + 1(n = 1, 2, ...)�TT�Hankel�f�Ý
L�ª, ó

ê��Toeplitz�f�Ý
L�ª.

�e5·�ò�ÑäN�Dirichlet H-ToeplitzÝ
:

½Â éuφ(z) =
∑∞

i=1 aiz
i +
∑∞

j=1 bjz
j ∈ L∞(D),e��Ý
(Cm,n)�(m,n)g�÷ve�'X:

Cm,n =



√
m
j
am−j n = 2jm ≥ j√

j
m
bj−m n = 2j,m < j

m+j+1√
m(j+1)

am+j+1 n+ 2j + 1

Ù¥m,n, jÑ´��ê, K�òÃ�Ý
(Cm,n)½Â���Dirichlet H-ToeplitzÝ
. qd(Cm,n)�

Ý
��(Cm,n)÷vC1,2 = Cj,2j , j ≥ 1.

^B(D)L«D¥�k.�5�f8Ü, e¡·�y²éuN�γ : G → B(D), e½Â��o

´{φ ∈ L∞(D) : φ´NÚ�}�o´{φ ∈ C1(D) : φ´NÚ�}, Kγ´���.

·K2.5 ½Â�γ(φ) = Bφ�¼êγ : G → B(D)o´���, Ù¥G�o´�m{φ ∈ L∞(D) :

φ´NÚ�}�o´�m{φ ∈ C1(D) : φ´NÚ�}

y² �¹1 -G = {φ ∈ L∞(D) : φ´NÚ�},�φ, ψ ∈ L∞(D)´Dþ�NÚ¼ê§½Â

�φ(z) =
∑∞

i=1 aiz
i +
∑∞

j=1 bjz
j , ψ(z) =

∑∞
j=1 a

′

iz
i +
∑∞

j=1 b
′

jz
j , eBφ = Bψ,Kk(Bφ − Bψ)(en) =

0, n > 0,AO/, (Bφ −Bψ)(1) = Bφ−ψ(1) = 0, |^½Â,

Bφ−ψ(1) = PMφ−ψK(1) = p(

∞∑
i=1

(ai − a
′

i)z
i +

∞∑
j=1

(bj − b
′

j)z
j) =

∞∑
i=1

(ai − a
′

i)z
i = 0

Ïd��ai − a
′

i = 0, i ≥ 1, =ai = a
′

i, i ≥ 1
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�Bφ−ψ(e2) = 0. K

Bφ−ψ(e2) = PMφ−ψK(e2) = PMφ−ψe1 = PMφ−ψz

= P (
∞∑
i=1

(ai − a
′

i)z
i +

∞∑
j=1

(bj − b
′

j)z
j)z

= P
∞∑
i=1

(ai − a
′

i)z
i+1 +

∞∑
j=1

(bj − b
′

j)z
jz)

=
1

2
(b1 − b

′

1) = 0

Kkb1 − b
′

1 = 0, �b1 = b
′

1.

�X, Bφ−ψ(e4) = 0, K

Bφ−ψ(e4) = PMφ−ψK(e4) = PMφ−ψe2 = PMφ−ψ
1√
2
z2

= P
1√
2

(

∞∑
i=1

(ai − a
′

i)z
i+2 +

∞∑
j=1

(bj − b
′

j)z
j)z2

= P
1√
2

∞∑
j=1

(bj − b
′

j)z
jz2) =

1√
2

(b2 − b
′

2)P (z2z2)

= 0

¤±7kb2 − b
′

2 = 0, =b2 = b
′

2.

�g^aq��{òBφ�^�e6, e8, · · ·þ, ���bj = b
′

j , j ≥ 1.Ïdφ = ψ,¤±γ´���.

�¹2 -G = {φ ∈ C1(D) : φ´NÚ�}, b½γ(φ) = 0, =Bφ = 0, φ ∈ C1(D),Ké?¿��

�êm,n, k

0 =
〈
Bφz

2m, zn
〉

=
√

2mn 〈PMφem, en〉

=
√

2 〈Tφzm, zn〉

=
√

2n 〈φzm, zn〉H2

Ïd〈φzm, zn〉H2 = 0, ¤±φ3>.þ�0, =φ|∂D = 0. ∵ φ´NÚ�, ∴ �dÑtÈ©úªφ(z) =
1
2π

∫ 2π

0
(R2−r2)φ(Reiθ)

R2−2Rr cos(θ−ϕ)+r2 dθ, z ∈ D. �φ(Reiθ) = 0�, Kφ(z) = 0, z ∈ D, =φ3DSð�0. �γ´�

��.

3. H-Toeplitz�f���5

3ù�Ü©·�ïÄH-Toeplitz�f���5, Ù¥H-Toeplitz�f�ÎÒ�)Û�Ú�Ý)Û

�, ��/, ü�ÎÒÑ�)Û�ÎÒgêØÓ�H-Toeplitz�f´Ø�±���, e¡�~f�±

�±y².

~f3.1 -φ(z) = z, ψ(z) = z3, KBz(e4(z)) = PMzK(e4(z)) = PMze2(z) = PMz
1√
2
z2 =
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1√
2
z3, Bz3(e4(z)) = PMz3K(e4(z)) = PMz3e2(z) = PMz3

1√
2
z2 = 1√

2
z5, Ïd,

BzBz3(e4(z)) = Bz(
1√
2
z5) =

1√
2
PMzK(z5) =

1√
2
PMz

√
5e3 = 0,

Bz3Bz(e4(z)) = Bz3(
1√
2
z3) =

1√
2
PMz3K(z3) =

√
2√
3
PMz3e2 =

√
3

2
P (z3z2) =

√
3

2
z.

¤±BzBz3 6= Bz3Bz.

�ü�H-Toeplitz�f�ÎÒ©O�)Û�Ú�Ý)Û��, ~X-φ(z) = z, ψ(z) = z,

KBzBz 6= BzBz, Ï�

BzBz(z
2) = BzPMz

√
2z =

√
2

2
z,

BzBz(z
2) = BzPMz

√
2z = PMzK(

√
2z2) = 1.

ÏLþ¡�~f, ·�uyéuü�Ñ´)ÛÎÒ�ÎÒgêØÓ�H-Toeplitz�f±9ü�

©O´)Û�Ú�Ý)Û�H-Toeplitz�f��´ØU���, ¤±e¡·�^��½n5�xü

�H-Toeplitz�f3Dirichlet�m¥�±���^�.

½n3.2 -φ(z) =
∑∞

n=1 anz
nÚψ(z) =

∑∞
m=1 bmz

m, Ù¥an, bm, n,m ≥ 1Ñ´�K~ê,

�φ(0) = 0, ψ(0) = 0, eBφ�Bψ�����=�φ = 0½ψ = 0.

y Äk¿©5´w,�, eφ = 0½ψ = 0,KBφBψ = BψBφ.Ùg´7�5, eBφBψ =

BψBφ, K�½kBφBψ(1) = BψBφ(1), |^½Â,

BφBψ(1) = PMφKPMψK(1) = PMφKPMψ(1) = 0,

BψBφ(1) = PMψKPMφK(1) = PMψKPMφ(1)

= PMψKP (

∞∑
n=1

anz
n) = PMψ(

∞∑
n=1

an
√
nK(en))

�n = 2k + 1�

BψBφ(1) = PMψ(

∞∑
k=1

a2k+1

√
2k + 1K(e2k+1)) = 0

�n = 2k�

BψBφ(1) = PMψKPMφK(1) = PMψKPMφ(1)

= PMψ(
∞∑
k=1

a2k
√

2kK(e2k)) = P (
∞∑
m=1

bmz
m)(
√

2
∞∑
k=1

a2kz
k)

=
1

2
a1b1 +

∞∑
t=1

√
2(
∞∑
j=1

aj+tbj)z
t

Ïd, 1
2
a1b1 +

∑∞
t=1

√
2(
∑∞

j=1 aj+tbj)z
t = 0, duan, bm, n,m ≥ 1 Ñ´�K�, Ka1b1 =

0, aj+tbj = 0, j ≥ 1, t ≥ 1 . Ïdbj = 0, j ≥ 1,½ai+t = 0, i, t ≥ 1,=bj = 0, j ≥ 1,½ai = 0, i ≥ 1, ù
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L²φ = 0½ψ = 0.

|^T½n·���±ïÄ�ü�H-Toeplitz�f�ÎÒÑ´NÚ��ÿ���5.

½n3.3 -φ(z) =
∑∞

i=1 aiz
i +

∑∞
j=1 bjz

j , �ψ(z) =
∑∞

m=1 cmz
m +

∑∞
n=1 dnz

n´L∞,1(D)¥

�ü�NÚ¼ê, �kφ(0) = 0 = ψ(0), Ù¥ai, bj , cm, dn, i, j,m, n ≥ 1Ñ´�"Iþ, �b

½aick−2i ≥ ciak−2i, aic2i−j ≥ cic2i−j ±9aldl ≥ clbl, bjc2j+h ≥ dja2j+h,Ù¥k, j, hþ�óê, l ≥ 1.

Ke�^��d:

(1) BφBψ = BψBφ,

(2) φ�ψ´�5�'�.

y eφ�ψ�5�',w,Bφ�Bψ���.eBφ�Bψ���,K�½kBφBψ(z4) = BψBφ(z4),

BφBψ(z4) = PMφKPMψK(z4) = PMφKPMψ(2e2)

= PMφKPMψ

√
2z2 =

√
2PMφKP [(

∞∑
m=1

cmz
m +

∞∑
n=1

dnz
n)z2]

=
√

2PMφKP (

∞∑
m=1

cmz
m+2 +

∞∑
n=1

dnz
nz2)

=
√

2PMφK(

∞∑
m=1

cmz
m+2 + d1z +

1

3
d2)

=
√

2PMφ(

∞∑
m=1

cm
√

2z
m+2

2 +

∞∑
m=1

cm

√
2(m+ 2)

m+ 3
z
m+3

2 + d1z +
1

3
d2)

=
√

2P (

∞∑
i=1

aiz
i +

∞∑
j=1

bjz
j)(

∞∑
m=1

cm
√

2z
m+2

2 +

∞∑
m=1

cm

√
2(m+ 2)

m+ 3
z
m+3

2 + d1z +
1

3
d2)

=
√

2(

∞∑
i=1

ai

∞∑
m=1

cm
√

2z
m+2i+2

2 +

∞∑
i=1

ai

∞∑
m=1

cm

√
2(m+ 2)

m+ 3
z

2i−m−3
2 +

1

2
a1d1

+

∞∑
i=2

aid1z
i−1 +

1

3
d2

∞∑
i=1

aiz
i +

∞∑
j=1

bj

∞∑
m=1

cm
√

2z
m−2j+2

2 )

BψBφ(z4) = PMψKPMφK(z4) = PMψKPMφ(2e2)

= PMψKPMφ

√
2z2 =

√
2PMψKP [(

∞∑
i=1

aiz
i +

∞∑
j=1

bjz
j)z2]

=
√

2PMψKP (
∞∑
i=1

aiz
i+2 +

∞∑
j=1

bjz
jz2)

=
√

2PMψK(

∞∑
i=1

aiz
i+2 + b1z +

1

3
b2)

=
√

2PMψ(

∞∑
i=1

ai
√
i+ 2K(ei+2) + b1z +

1

3
b2)

=
√

2PMψ(
∞∑
i=1

ai
√
i+ 2e i+2

2
+
∞∑
i=1

ai
√
i+ 2e i+3

2
+ b1z +

1

3
b2)
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=
√

2P (
∞∑
m=1

cmz
m +

∞∑
n=1

dnz
n)(

∞∑
i=1

ai
√

2z
i+2
2 +

∞∑
i=1

ai

√
2(i+ 2)

i+ 3
z
i+3
2 + b1z +

1

3
b2)

=
√

2(
∞∑
m=1

cm

∞∑
i=1

ai
√

2z
2m+i+2

2 +
∞∑
m=1

cm

∞∑
i=1

ai

√
2(i+ 2)

i+ 3
z

2m−i−3
2 +

1

2
c1b1

+
∞∑
m=2

cmb1z
m−1 +

1

3
b2

∞∑
m=1

cmz
m +

∞∑
n=1

dn

∞∑
i=1

ai
√

2z
i−2n+2

2 )

'��ªü>z��Xê, ��

√
2(
∞∑
i=1

aic2i−5

√
2i− 3

i− 1
+

1

2
a1d1 + a2d1 +

1

3
a1d2 +

√
2
∞∑
j=1

bjc2j)

=
√

2(

∞∑
i=1

cma2m−5

√
2m− 3

m− 1
+

1

2
c1b1 + c2b1 +

1

3
b2c1 +

√
2

∞∑
n=1

dnc2n).

½ö�dua2m−5

c2m−5
= am

cm
,m ≥ 1, b1

d1
= a1

c1
= a2

c2
= b2

d2
�a2n

c2n
= bn

dn
, n ≥ 1, ?ai

ci
= ai+1

ci+1
, i =

1, 2, 3, b1
d1

= b2
d2
.

'��ªü>z2��Xê, ��

√
2(

∞∑
i=1

aic2i−7

√
2i− 5

i− 1
+

1

2
a1d1 + a3d1 +

1

3
d2a2 +

√
2

∞∑
j=1

bjc2j+2)

=
√

2(
∞∑
m=1

cma2m−7

√
2m− 5

m− 2
+

1

2
c1b1 + c3b1 +

1

3
b2c2 +

√
2
∞∑
n=1

dnc2n+2)

½ö�dua2m−7

c2m−7
= am

cm
,m ≥ 1, b1

d1
= a1

c1
= a3

c3
�a2n+2

c2n+2
= bn

dn
, n ≥ 1, ?ai

ci
= ai+1

ci+1
, i =

1, 2, 3, 4, 5, bj+1

dj+1
= bj

dj
, j = 1, 2.

'��ªü>z3��Xê, ��

√
2(
√

2

∞∑
i=1

aic4−2i +
∞∑
i=1

aic2i−9

√
2i− 7

i− 3
+

1

2
a1d1 + a4d1 +

1

3
d2a3 +

√
2

∞∑
j=1

bjc2j+4)

=
√

2(
∞∑
m=1

cma4−2m
√

2 +
∞∑
m=1

cma2m−9

√
2m− 7

m− 3
+

1

2
c1b1 + c4b1 +

1

3
b2c3 +

√
2
∞∑
n=1

dnc2n+4)

½ö�dua2m−9

c2m−9
= am

cm
= a4−2m

c4−2m
,m ≥ 1, b1

d1
= a1

c1
= a4

c4
�a2n+4

c2n+4
= bn

dn
, n ≥ 1, ?ai

ci
= ai+1

ci+1
, i =

1, 2, 3, 4, 5, 6, bj+1

dj+1
= bj

dj
, j = 1, 2, 3.

�X�g'�e�, ·��±��ak
ck

= ak+1

ck+1
, k ≥ 1, bj+1

dj+1
= bj

dj
, j ≥ 1, du b1

d1
= a1

c1
= a2

c2
= b2

d2
,

¤±��at
ct

= bt
dt

= λ, Ù¥λ = b1
d1
,�L²φ = λψ.
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