
Advances in Applied Mathematics A^êÆ?Ð, 2021, 10(8), 2822-2833

Published Online August 2021 in Hans. http://www.hanspub.org/journal/aam

https://doi.org/10.12677/aam.2021.108294

Hom-Hopf�êþ�
��{È

��� ZZZ§§§½½½[[[ÂÂÂ∗§§§444    

úô���ÆêÆ�O�Å�ÆÆ�§úô7u

ÂvFÏµ2021c7�18F¶¹^FÏµ2021c8�7F¶uÙFÏµ2021c8�19F

Á �

�
ïÄ Hom-��{È§ÏL$^a'�g��{§½Â
 Hom-��{È§¿ÏLO��Ñ


eZ Hom-��{È��'5�"��A^§��
 Hom-��{È�¤ Hom-{�ê�¿�

^�§�k Hom-��{ÈÚ Hom smash È/¤ Hom-V�ê�¿©7�^�"

'�c

Hom-{�ê§Hom-V�ê§Hom Smash È§Hom-V��ê

Crossed Coproducts over Hom-Hopf
Algebras

Tian Wang, Jiafeng Lv∗, Ling Liu

College of Mathematics and Computer Science, Zhejiang Normal University, Jinhua Zhejiang

Received: Jul. 18th, 2021; accepted: Aug. 7th, 2021; published: Aug. 19th, 2021

∗ ÏÕ�ö"

©ÙÚ^: �Z, ½[Â, 4 . Hom-Hopf�êþ���{È[J]. A^êÆ?Ð, 2021, 10(8): 2822-2833.
DOI: 10.12677/aam.2021.108294

http://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2021.108294
http://www.hanspub.org
https://doi.org/10.12677/aam.2021.108294


�Z �

Abstract

In order to study the Hom-crossed-coproduct, we define the Hom-crossed-coproduct

by analogy, and give some properties of Hom-crossed-coproduct by calculation. As

an application, we obtain the necessary and sufficient conditions for Hom-crossed-

coproduct to form Hom-coalgebra, and the necessary and sufficient conditions for

Hom-crossed-coproduct and Hom-smash-product to form Hom-bialgebra.
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1. 0�

Hom-.�ê�@� q-/C�Witt �ê [1]Ú q-/C� Virasoro �ê [2]�', Ì�A^uÔn

Æ��|nØ. 2008 c, Makhlouf Ú Silvestrov 3©z [3]¥ïÄ[o�ê�Ú\
 Hom-�ê�V

g. Hom-�ê�Ú\¢Sþ´í2
�ê�Vg, r�ê¥�(Ü5{KC¤
 Hom-(Ü5^�,

= α(a)(bc) = (ab)α(c). �X Hom-�êïÄ��\, Hom-�ê9Ù�'(�C���É�H. �


Æö [4–6]UYÚ\
 Hom-{�ê, Hom-V�êÚ Hom-Hopf �ê�. d	, Yau [7]r�
�^Ú

{�^�Ä�ù
 Hom-(�¥: Hom-�, Hom-{�, Hom-Hopf �Ú Hom-��ê, ¿3©z [5]¥

ïÄ
 Hom-Hopf ��Ä�(�½n.

��{È��´ Hopf �ê¥��ïÄé�, åu+Ø¥. 1997 c, Wang S.H., Jiao

Z.M. Ú Zhao W. Z.3©z [8]¥Õá/r+��{È�nØí2�
 Hopf �êþ, �Ñ


��{È�½Â¿ïÄ
Ù5�. ¿�ïÄ
��{È´{�ê�¿�^�. ��{È´

smash È�í2, Ù½ÂXe: � H ´ Hopf �êÚ C ´{�ê, H 3 Cþk�f{�^,

ρ : C → H ⊗C, ρ(c) =
∑
c(−1) ⊗ c(0).ψ : C → H ⊗H´���5N�. ψ(c) =

∑
c′ ⊗ c′′.K C � H

���{È½Â��þ�m C ⊗ψ H9Ù{¦{

∆(c⊗ h) =
∑

c1 ⊗ c2(−1)c3′h1 ⊗ c2(0) ⊗ c3′′h2
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Ù¥, é?¿ a ∈ C, h ∈ H.

�©/Ï Hom-V�ê, ½Â
 Hom-V�êþ���{È, ¿?ØÙ5�, �Ñ
 Hom ��{

ÈÚ Hom smash È/¤ Hom-V�ê�¿©7�^�.

2. ý��£

�©¤�9���þ�m!ÜþÈ!�!�5N�Ñ´3ê� k þ?1ïÄ. ©¥÷^

Sweedler 'u{�ê{¦Ú{��P{. éu{�ê C, ?¿� c ∈ C, ·�P§�{¦�

∆(c) = c1 ⊗ c2. 'um C-{�M , ?¿�m ∈ M , {�^P� ρ(m) = m0 ⊗m1. ,	, � I ´�

5�m V þ�ð�N�, α, β ´�_N�.

½Â 1 [7] � V ´�5�m, µ : V ⊗ V → V , x⊗ y 7→ xy, α : V → V Ñ´�5N�. XJé?

¿� x, y, z ∈ V , ÷v Hom-(Ü^�:

µ(α(x)⊗ µ(y ⊗ z)) = µ(µ(x⊗ y)⊗ α(z)),

@o¡n�| (V, µ, α) ´ Hom-�ê. XJk�5N� η : k → V ÷v

µ(η(1)⊗ I(x)) = α(x) = µ(I(x)⊗ η(1)),

@o¡ V ´kü �� Hom-�ê.

� (V, µ, α) Ú (V ′, µ′, α′) Ñ´ Hom-�ê. XJ�5N� f : V → V ′ ÷v

f ◦ α = α′ ◦ f, µ′ ◦ (f ⊗ f) = f ◦ µ,

@o¡�5N� f : V → V ′ ´ Hom-�êÓ�.

½Â 2 [7] � V ´�5�m, ∆ : V → V ⊗ V , β : V → V Ñ´�5N�. XJ

(β ⊗∆) ◦∆ = (∆⊗ β) ◦∆,

@o¡n�| (V,∆, β) ´ Hom-{�ê. XJk�5N� ε : V → k, ÷v

(I ⊗ ε) ◦∆ = β = (ε⊗ I) ◦∆,

@o¡ V ´k{ü �� Hom-{�ê.

� (V,∆, β) Ú (V ′,∆′, β′) Ñ´ Hom-{�ê. XJ�5N� f : V → V ′ ÷v

f ◦ β = β′ ◦ f, ∆′ ◦ f = (f ⊗ f) ◦∆,

@o¡�5N� f : V → V ′ ´ Hom-{�êÓ�.

½Â 3 [7] �
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1) (V, µ, α, η) ´kü � η � Hom-�ê;

2) (V,∆, α, ε) ´k{ü � ε � Hom-{�ê;

3) �5N� ∆ Ú ε Ñ´ Hom-�êÓ�, =

∆(e1) = e1 ⊗ e1, e1 = η(1),

∆(µ(x⊗ y)) = ∆(x)∆(y),

ε(e1) = 1,

ε(µ(x⊗ y)) = ε(x)ε(y),

∆(α(x)) = α(x1)α(x2),

ε ◦ α(x) = ε(x).

K¡8�| (V, µ, α, η,∆, ε) ´ Hom-V�ê.

½Â 4 [7] � (A,α) ´ Hom-�ê, M ´�5�m, � β : M → M ´�5N�. XJk�5N

� ϕ : A⊗M →M, a⊗m 7→ a ·m, é?¿� a, b ∈ A, m ∈M , ÷v

α(a) · (b ·m) = (ab) · β(m), 1 ·m = β(m),

β(a ·m) = α(a) · β(m),

@o¡ (M,β) ´� (A,α)-Hom-�.

aq/, ·��±½Âm (A,α)-Hom-�. � (M,βM ) Ú (N, βN ) ´ü�� (A,α)-Hom-�. X

Jé?¿� a ∈ A,m ∈M , �5N� f : M → N ÷v

f(a ·m) = a · f(m), f ◦ βM = βN ◦ f,

@o¡�5N� f : M → N ´� A-�Ó�.

½Â 5 [7] � (H,β) ´ Hom-V�ê, (A,α) ´ Hom-�ê. XJk�5N� ρ : H ⊗ A →
A, h⊗ a⊗ 7→ h · a, é?¿� h, g ∈ H, a ∈ A, ÷v

(hg) · α(a) = β(h) · (g · a), 1 · a = α(a),

α(h · a) = β(h) · α(a),

β2(h) · (ab) = (h1 · a)(h2 · b), h · 1 = εH(h)1,

@o¡ (A,α) ´� (H,β)-Hom-��ê.

3. Hom-Hopf �êþ���{È

Ì�0�
 Hom-��{È�½Â, �Ñ
 Hom-��{È�¤{�ê�¿�^�, ��Ñ
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Hom-��{ÈÚ Hom smash È/¤ Hom-V�ê�¿©7�^�.

½Â 1 � (H,β) ´ Hom-V�ê, (C,α) ´ Hom-{�ê, XJ�3�5N� ρ : C →
H ⊗ C, ρ(c) =

∑
c(−1) ⊗ c(0), é?¿� c ∈ C, ÷v

1)
∑
ε(c(−1))c(0) = α(c),

2)
∑
c(−1)ε(c(0)) = ε(c)1H ,

3) ∑
β2(c(−1))⊗ c(0)1 ⊗ c(0)2 =

∑
c1(−1)c2(−1) ⊗ c1(0) ⊗ c2(0), (1)

Ù¥ ∆(c) =
∑
c1 ⊗ c2.

@o¡� (H,β)3 (C,α)þ��f Hom-{�^.

½Â 2 � (H,β)´ Hom-V�ê, (C,α)´ Hom-{�ê. (H,β)3 (C,α)þ��f Hom-{�^

ρ : C → H ⊗ C, P ρ(c) =
∑
c(−1) ⊗ c(0), (C,α)�� H-� Hom-{�ê. ψ : C → H ⊗H, ´��

�5N�. ψ(c) =
∑
c′ ⊗ c′′. ���þ�m C ⊗ψ H = C ⊗H. é c ∈ C, h ∈ H, ½Â Hom-{¦Ú

Hom-{ü Xe:

∆(c⊗ h) =
∑

α−2(c11)⊗ (β−4(c12(−1))β
−2(c2

′))β−1(h1)⊗ α−2(c12(0))⊗ β−1(c2′′)β−1(h2)

ε(c⊗ h) = ε(c)ε(h)

½n 1 C ⊗ψ H �¤ Hom-{�ê�¿�^�´ ψ ÷ve�^�:

1)
∑
ε(c′)c′′ =

∑
c′ε(c′′) = ε(c)1H

2) ∑
c1(−1)β(c2

′)⊗ β−1(c1(0)(−1))β(c2
′′)⊗ c1(0)(0)

=
∑

β(c1
′)β−1(c2(−1)1)⊗ β(c1

′′)β−1(c2(−1)2)⊗ α(c2(0)) (2)

3) ∑
c1(−1)β(c2

′)⊗ c1(0)′c2′′1 ⊗ c1(0)′′c2′′2

=
∑

β(c1
′)c2

′
1 ⊗ β(c1

′′)c2
′
2 ⊗ β2(c2

′′) (3)
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y² Äk, b�þªÑ¤á, ky²{ü , é?¿� c ∈ C, h ∈ H, k

(id⊗ ε)∆(c⊗ h)

= (id⊗ ε)(
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))β−1(h1)⊗ α−2(c12(0))⊗ β−1(c2′′)β−1(h2))

=
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))β−1(h1)⊗ ε(c12(0))⊗ ε(c2′′)ε(h2)

=
∑

α−1(c11)⊗ ε(c12)1Hε(c2)β(h) =
∑

c1 ⊗ ε(c2)β(h) = α(c)⊗ β(h).

(ε⊗ id)∆(c⊗ h)

= (ε⊗ id)(
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))β−1(h1)⊗ α−2(c12(0))⊗ β−1(c2′′)β−1(h2))

=
∑

ε(c11)⊗ ε(c12(−1))ε(c2′)ε(h1)⊗ α−2(c12(0))⊗ β−2(c2′′)β−1(h2)

=
∑

ε(c11)⊗ α−1(c12)⊗ ε(c2)β(h)

=
∑

c1 ⊗ ε(c2)β(h)

= α(c)⊗ β(h).

2y²{(Ü5

(α⊗∆)∆(c⊗ h)

= (α⊗∆)(
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))β−1(h1)⊗ α−2(c12(0))⊗ β−1(c2′′)β−1(h2))

=
∑

c11 ⊗ (β−3(c12(−1))β
−1(c2

′))h1 ⊗ α−3(c12(0)11)⊗ (β−6(c12(0)12(−1))β
−4(c12(0)2

′))

(β−2(c2
′′
1)β
−2(h21))⊗ α−4(c12(0)12(0))⊗ β−3(c12(0)2′′)(β−2(c2′′2)β−2(h22))

=
∑

c11 ⊗ (β−3(c12(−1))β
−1(c2

′))h1 ⊗ α−2(c12(0)1)⊗ (β−6(c12(0)21(−1))β
−5(c12(0)22

′))

(β−2(c2
′′
1)β
−2(h21))⊗ α−4(c12(0)21(0))⊗ β−4(c12(0)22′′)(β−2(c2′′2)β−2(h22))

(1)
=

∑
c11 ⊗ ((β−5(c121(−1)β

−5(c122(−1)))β
−1(c2

′))h1 ⊗ α−2(c121(0))⊗ (β−6(c122(0)1(−1))

β−5(c122(0)2
′))(β−2(c2

′′
1)β
−2(h21))⊗ α−4(c122(0)1(0))⊗ β−4(c122(0)2′′)(β−2(c2′′2)β−2(h22))

(1)
=

∑
c11 ⊗ ((β−5(c121(−1)(β

−7(c1221(−1))β
−7(c1222(−1))))β

−1(c2
′))h1 ⊗ α−2(c121(0))

⊗(β−6(c1221(0)(−1))β
−5(c1222(0)

′))(β−2(c2
′′
1)β
−2(h21))⊗ α−4(c1221(0)(0))⊗ β−4(c1222(0)′′)

(β−2(c2
′′
2)β
−2(h22))

=
∑

c11 ⊗ ((β−5(c121(−1)(β
−7(c1221(−1))β

−7(c1222(−1))))β
−1(c2

′))β−1(h11)⊗ α−2(c121(0))

⊗(β−6(c1221(0)(−1))β
−5(c1222(0)

′))(β−2(c2
′′
1)β
−2(h12))⊗ α−4(c1221(0)(0))⊗ β−4(c1222(0)′′)

(β−2(c2
′′
2)β
−1(h2))

=
∑

c11 ⊗ β−3(c121(−1)((β−6(c1221(−1))(β−7(c1222(−1))β−3(c2′)))β−2(h11))⊗ α−2(c121(0))

⊗(β−6(c1221(0)(−1))(β
−6(c1222(0)

′)β−3(c2
′′
1)))β

−1(h12)⊗ α−4(c1221(0)(0))⊗ β−5(c1222(0)′′)

(β−2(c2
′′
2))h2)
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(∆⊗ α)∆(c⊗ h)

= (∆⊗ α)(
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))β−1(h1)⊗ α−2(c12(0))⊗ β−1(c2′′)β−1(h2))

=
∑

α−2(c1111)⊗ (β−5(c1112(−1))β
−3(c112

′))((β−5(c12(−1)1)β
−3c2

′
1))β

−2(h11))

⊗α−3(c1112(0))⊗ β−2(c112′′)((β−5(c12(−1)2)β−3(c2′2))β−2(h12))⊗ α−1(c12(0))⊗ c2′′h2

=
∑

c11 ⊗ (β−4(c121(−1))β
−4(c1221

′))((β−7(c1222(−1)1)β
−3c2

′
1))β

−2(h11))

⊗α−2(c121(0))⊗ β−3(c1221′′)((β−7(c1222(−1)2)β−3(c2′2))β−2(h12))⊗ α−3(c1222(0))⊗ c2′′h2
=

∑
c11 ⊗ β−3(c121(−1))(((β−6(c1221′)β−8(c1222(−1)1))β−3c2′1))β−2(h11))

⊗α−2(c121(0))⊗ ((β−5(c1221
′′)β−7(c1222(−1)2))β

−2(c2
′
2))β

−1(h12)⊗ α−3(c1222(0))⊗ c2′′h2

=
∑

c11 ⊗ β−3(c121(−1))(((β−6(c1221′)β−8(c1222(−1)1))β−3(c2′1))β−2(h11))

⊗α−2(c121(0))⊗ ((β−5(c1221
′′)β−7(c1222(−1)2))β

−2(c2
′
2))β

−1(h12)⊗ α−3(c1222(0))⊗ c2′′h2

(2)
=

∑
c11 ⊗ β−3(c121(−1))(((β−7(c1221(−1))β−6(c1222′))β−3c2′1))β−2(h11))

⊗α−2(c121(0))⊗ ((β−7(c1221(0)(−1))β
−5(c1222

′′))β−2(c2
′
2))β

−1(h12)⊗ α−4(c1221(0)(0))⊗ c2′′h2

=
∑

α(c1)⊗ β−3(c211(−1))(((β−6(c212(−1))β−5(c221′))β−5(c222′1))β−2(h11))

⊗α−2(c211(0))⊗ ((β−6(c212(0)(−1))β
−4(c221

′′))β−4(c222
′
2))β

−1(h12)⊗ α−3(c212(0)(0))

⊗β−2(c222′′)h2

=
∑

α(c1)⊗ β−3(c211(−1))((β−5(c212(−1))(β−5(c221′)β−6(c222′1)))β−2(h11))

⊗α−2(c211(0))⊗ (β−5(c212(0)(−1))(β
−4(c221

′′)β−5(c222
′
2)))β

−1(h12)⊗ α−3(c212(0)(0))

⊗β−2(c222′′)h2

(3)
=

∑
α(c1)⊗ β−3(c211(−1))((β−5(c212(−1))(β−6(c221(−1)))β−5(c222′1)))β−2(h11))

⊗α−2(c211(0))⊗ (β−5(c212(0)(−1))(β
−5(c221(0)

′)β−5(c222
′′
1)))β

−1(h12)⊗ α−3(c212(0)(0))

⊗(β−4(c221(0)
′′)β−4(c222

′′
2))h2

=
∑

c11 ⊗ β−3(c121(−1))((β−6(c1221(−1))(β−7(c1222(−1)))β−3(c2′1)))β−2(h11))

⊗α−2(c121(0))⊗ (β−6(c1221(0)(−1))(β
−6(c1222(0)

′)β−3(c2
′′
1)))β

−1(h12)⊗ α−4(c1222(0)(0))

⊗(β−5(c1222(0)
′′)β−2(c2

′′
2))h2
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�Ñ (α⊗4)4 (c⊗ h) = (4⊗ α)∆(c⊗ h).

Ùg, ��5y².

d α(c)⊗ β(h) = (id⊗ ε)∆(c⊗ h)

α(c)⊗ 1H

= (id⊗ ε)∆(c⊗ 1H)

= (id⊗ ε)(
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))1H ⊗ α−2(c12(0))⊗ β−1(c2′′)1H)

=
∑

α−1(c11)⊗ β−3(c12(−1))β−1(c2′)⊗ ε(c12(0))ε(c2′′)

=
∑

α−1(c11)⊗ ε(c12)1Hβ−1(c2′)⊗ ε(c2′′)

=
∑

α−1(c11)⊗ ε(c12)c2′ε(c2′′

=
∑

c1 ⊗ c2′ε(c2′′).

�mÓ��^ (ε⊗ id)

(ε⊗ id)(α(c)⊗ 1H) = ε(c)⊗ 1H

(ε⊗ id)(
∑

c1 ⊗ c2′ε(c2′′)) =
∑

β(c′)ε(c′′)

��

ε(c)⊗ 1H =
∑

(c′)ε(c′′)

d α(c)⊗ β(h) = (ε⊗ id)∆(c⊗ h)

α(c)⊗ 1H

= (ε⊗ id)∆(c⊗ 1H)

= (ε⊗ id)(
∑

α−1(c11)⊗ (β−4(c12(−1))β
−2(c2

′))1H ⊗ α−2(c12(0))⊗ β−1(c2′′)1H)

=
∑

ε(c11)⊗ ε(c12(−1))ε(c2′)⊗ α−2(c12(0))⊗ c2′′

=
∑

ε(c11)⊗ α−1(c12)⊗ ε(c2′)c2′′

=
∑

c1 ⊗ ε(c2′)c2′

�mÓ��^ (ε⊗ id)

(ε⊗ id)(α(c)⊗ 1H) = ε(c)⊗ 1H

(ε⊗ id)(
∑

c1 ⊗ ε(c2′)c2′′) =
∑

ε(c′)⊗ β(c′′)
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��

ε(c)⊗ 1H =
∑

ε(c′)c′′

e C ⊗ψ H´ Hom-{�ê, k (α⊗4)4 = (4⊗ α)∆

(α⊗4)4 (c⊗ 1H)

= (α⊗4)(
∑

α−1(c11)⊗ β−3(c12(−1))β−1(c2′)⊗ α−2(c12(0))⊗ c2′′)

=
∑

c11 ⊗ β−2(c12(−1))c2′ ⊗ α−3(c12(0)11)⊗ (β−6(c12(0)12(−1))β
−4(c12(0)2

′))β−1(c2
′′
1)

⊗α−4(c12(0)12(0))⊗ β−3(c12(0)2′′)β−1(c2′′2)

(4⊗ α)4 (c⊗ 1H)

= (4⊗ α)(
∑

α−1(c11)⊗ β−3(c12(−1))β−1(c2′)⊗ α−2(c12(0))⊗ c2′′)

=
∑

α−2(c1111)⊗ (β−5(c1112(−1))β
−3(c112

′))(β−4(c12(−1)1)β
−2(c2

′
1))⊗ α−3(c1112(0))

⊗β−2(c112′′)(β−4(c12(−1)2)β−2(c2′2))⊗ α−1(c12(0))⊗ β(c2
′′)

éþ¡ü�ªfÓ��^ (εc ⊗ id)⊗ (εc ⊗ id)⊗ (id⊗ εH)∑
ε(c11)⊗ β−2(c12(−1))c2′ ⊗ ε(c12(0)11)⊗ (β−6(c12(0)12(−1))β

−4(c12(0)2
′))

β−1(c2
′′
1)⊗ α−4(c12(0)12(0))⊗ ε(c12(0)2′′)ε(c2′′2)

=
∑

ε(c11)⊗ β−2(c12(−1))c2′ ⊗ (β−5(c12(0)1(−1))ε(c12(0)2)1H)c2
′′

⊗α−3(c12(0)1(0))

=
∑

ε(c11)⊗ β−2(c12(−1))c2′ ⊗ β−3(c12(0)(−1))c2′′ ⊗ α−2(c12(0)(0))

=
∑

β−1(c1(−1))c2
′ ⊗ β−2(c1(0)(−1))c2′′ ⊗ α−1(c1(0)(0))

∑
ε(c1111)⊗ (β−5(c1112(−1))β

−3(c112
′))(β−4(c12(−1))β

−2(c2
′
1)⊗ ε(c1112(0))

⊗β−2(c112′′)(β−4(c12(−1)2)β−2(c2′2))⊗ α−1(c12(0))⊗ ε(c2′′)

=
∑

(ε(c111)β
−2(c112

′))β−3(c12(−1))⊗ β−2(c112′′)(β−4(c12(−1)2)(ε(c2)1H))⊗ α−1(c12(0))

=
∑

β−1(c11
′)β−3(c12(−1)1)⊗ β−1(c11′′)(β−4(c12(−1)2)(ε(c2)1H))⊗ α−1(c12(0))

=
∑

c1
′β−2(c2(−1)1)⊗ c1′′β−2(c2(−1)2)⊗ c2(0)
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�� ∑
β−1(c1(−1))c2

′ ⊗ β−2(c1(0)(−1))c2′′ ⊗ α−1(c1(0)(0))

=
∑

c1
′β−2(c2(−1)1)⊗ c1′′β−2(c2(−1)2)⊗ c2(0)

=� ∑
c1(−1)β(c2

′)⊗ β−1(c1(0)(−1))β(c2
′′)⊗ c1(0)(0)

=
∑

β(c1
′)β−1(c2(−1)1)⊗ β(c1

′′)β−1(c2(−1)2)⊗ α(c2(0))

éþ¡ü�ªfÓ��^ (εc ⊗ id)⊗ (εc ⊗ id)⊗ (εc ⊗ id)∑
ε(c11)⊗ β−2(c12(−1))c2′ ⊗ ε(c12(0)11)⊗ (β−6(c12(0)12(−1))β

−4(c12(0)2
′))

β−1(c2
′′
1)⊗ ε(c12(0)12(0))⊗ β−3(c12(0)2′′)β−1(c2′′2)

=
∑

ε(c11)⊗ β−2(c12(−1))c2′ ⊗ (ε(c12(0)1)β
−3(c12(0)2

′))β−1(c2
′′
1)⊗ β−3(c12(0)2′′)β−1(c2′′2)

=
∑

ε(c11)⊗ β−2(c12(−1))c2′ ⊗ β−2(c12(0)′)β−1(c2′′1)⊗ β−2(c12(0)′′)β−1(c2′′2)

=
∑

β−1(c1(−1))c2
′ ⊗ β−1(c1(0)′)β−1(c2′′1)⊗ β−1(c1(0)′′)β−1(c2′′2)

∑
ε(c1111)⊗ (β−5(c1112(−1))β

−3(c112
′))(β−4(c12(−1))β

−2(c2
′
1))⊗ ε(c1112(0))⊗ β−2(c112′′)

(β−4(c12(−1)2)β
−2(c2

′
2))⊗ ε(c12(0))⊗ β(c2

′′)

= β−1(c11
′)(ε(c121)β

−1(c2
′
1))⊗ β−1(c11′′)(ε(c122)β−1(c2′2))⊗ β(c2

′′)

= β−1(c11
′)β−1(c2

′
1)⊗ β−1(c11′′)(ε(c12)β−1(c2′2))⊗ β(c2

′′)

= c1
′β−1(c2

′
1)⊗ c1′′β−1(c2′2)⊗ β(c2

′′)

�� ∑
β−1(c1(−1))c2

′ ⊗ β−1(c1(0)′))β−1(c2′′1)⊗ β−1(c1(0)′′)β−1(c2′′2)

=
∑

c1
′
1β
−1(c2

′
1)⊗ c1′′β−1(c2′2))⊗ β(c2

′′)

=� ∑
c1(−1)β(c2

′)⊗ c1(0)′c2′′2 ⊗ c1(0)′′c2′′2

=
∑

β(c1
′)c2

′
1 ⊗ β(c1

′′)c2
′
2 ⊗ β2(c2

′′)
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½n 1 y.. �

Ún 1

1) � α, β ´ð�N��, ù� Hom-��{È C ⊗H =�©z [8]¥���{È

4(C ⊗H) =
∑

c1 ⊗ c2(−1)c2′h1 ⊗ c2(0) ⊗ c2′′h2

2) � α, β ´ð�N��, ù�½n1�^�=�©z [8]¥���{È C ⊗H �¤{�ê�¿�
^�

(I) ∑
ε(c′)c′′ =

∑
c′ε(c′′) = ε(c)1H

(II) ∑
c1(−1)c2

′ ⊗ c1(0)(−1)c2′′ ⊗ c1(0)(0) =
∑

c1
′c2(−1)1)⊗ c1′′c2(−1)2 ⊗ c2(0)

(III) ∑
c1(−1)c2

′ ⊗ c1(0)′c2′′1 ⊗ c1(0)′′c2′′2 =
∑

c1
′c2
′
1 ⊗ c1′′c2′2 ⊗ c2′′

4. (�

3c<ïÄ�Ä:þ, $^a'�g��{, ²L�þ�O�, �©ò Hopf-��{Èí2�

Hom-V�êþ, �Ñ
 Hom-��{È�½ÂÚ�
5�, ��
 Hom-��{È�¤ Hom-{�ê

�¿�^�.3�©�ïÄÄ:þ,ò5�?�ÚïÄHom-��{ÈÚHom smashÈ/¤Hom-V

�ê�¿�^�±9 Hom-��{È�éó�¯K.
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