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Ü�Ê�

Abstract

This paper presents a method to implement parameter estimation and outliers de-

tection for multiple linear regression models based on optimization theory. First, a

regression model based on the Huber loss function and the `0 penalty term is devel-

oped, and the `0 penalty term in this model is further relaxed to the Capped-`1 penalty

to facilitate the solution; and second, the directional stability point of the relaxation

problem is characterized, and the equivalence of the original and relaxation problems

is established. Finally, we propose a smooth model for the relaxation problem and

prove the consistency of the stable point of smooth model and the relaxation problem.
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1. có

ÚOÆ���¥%¯KÒ´lkD(�*	�¥�O�5£8�.�£8ëê. �ÄXeõ�

�5�.:

y = Ax+ ω, (1)

Ù¥y = (y1, . . . , yn)> ∈ Rn´*ÿ�, A ∈ Rn×p´�OÝ
, ω = (ω1, . . . , ωn)> ∈ Rn´�Å*ÿD
(. �â®��AÚy, �¦£8ëêx, �«~^��{´^���¦����4�z8I¼ê:

min
x∈Rp
||y −Ax||2. (2)

,, 3¢SA^¥, *ÿêây�U�¹
���*ÿØ�, ù«�3��*ÿØ��êâÏ~¡
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Ü�Ê�

�É~� [1]. ���¦£8�.è5��, É~�¬�����¦�O(J�¢S�3��Ø

� [2], ÏdI��è�ëê�O�±¢y3êâ�¹É~���¹eéëê?1°��O [3–5].

1982c, CookJÑþ�¤£�.(MEAN-SHIFT MODEL [6]), T�.r�Å*ÿD(�ω©¤ü�

Ü©: ω = µ+ e, Ù¥, µ = (µ1, . . . , µn)> ∈ Rn´��ê�ºÝþ�Ø�, e = (e1, . . . , en)> ∈ Rn´
��ê�ºÝþ�Ø�. d��.(1)ÒC�:

y = Ax+ µ+ e, (3)

Ù¥x´���£8ëê, §�Ay�x�m�õ��5£8'X; �þe´É~�£OCþ, �OÝ


A¥�z�|êâÑéAe���©þei, ei ����L
É~����. éu�.(3), �
3�

O£8ëêÚ?1É~�uÿ�Ó�?1CþÀJ, NõïÄö�ÄéCþxÚØ�e�\`0 ¨v,

��±e�.:

min
x,e

1

2
||y −Ax− e||2 + λ1‖x‖0 + λ2‖e‖0, (4)

Ù¥, ‖x‖0´��þx�0�ê, =�þ¥�"����ê. �¯K(4)´���1w!NPJ�¯

K [7], ØN´¦), ÏdkÆö�Ä^Ù¦¨v¼êtµ`0¨v. Nguyen�< [8]ÚChen�< [9]Ä

u���¦��¼êÚ`1¨v�EXe�.:

min
x,e

1

2
||y −Ax− e||2 + λ1||x||1 + λ2||e||1. (5)

Katayama�< [10]éxA^`1¨v, éeA^Adaptive-`1¨v, ��Xe�.:

min
x,e

1

2
||y −Ax− e||2 + λ1||x||1 + λ2

n∑
i=1

wi|ei|. (6)

¯K(5)! (6)¥æ^�`1�ê�`0�ê��;àtµ. �k`1¨v�£8�.q�¡�Lasso£8,

Ó*£8aq, Lasso£8´�«Ø �O, §3£8[ÜL§¥Ø=�±é£8ëê?1Ø ,

��±r�
Ø��Cþ�£8XêØ �", l¢yCþÀJ, ù´Lasso£8�`:, �

§�k�
":: A^`1¨v�,�±¦�.)���Oþ÷vëY5, �Ø÷vÃ 5 [11].

FanÚLi [11]JÑ: Ð��K¼êAT¦�Oþ÷vÃ 5!DÕ5!ëY5!Oracle5�, Ù

¥Oracle5�´�¦)�.����Oþ�Oracle)k�Óì?©Ù. ù
IO��
Æ.�2

�@�. ïÄL², AaòU]¼ê [12, 13] ´÷vþãûÐ5��¨v¼ê, ~XSCAD [11]!

MCP [14]!Capped-`1 [15]. d	, þã�.¥���¦��¼ê¬��É~�é£8(J�K�,

Ã{3êâ¥�3É~���ÿ��°(��O [16]. Huber¼ê [17]Ø=�3
���¦��¼

ê¤äk�1w5�, �äk°�5. 3�¹�Ø��p�êâ?n¥, Huber¼êÚå
2�

�'5 [18–20], Ïd�
¼�è�ëê�O, �©Ú\
Huber��¼ê, ��Xe�.:

min
x,e

1

n

n∑
i=1

hα(aTi x+ ei − yi) + λ1||x||0 + λ2||e||0, (7)
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Ü�Ê�

Ù¥, λ1 > 0, λ2 > 0´¨vëê, hα(t)´Huber¼ê:

hα(t) =

 t2

2
, |t| ≤ α

α|t| − α2

2
, |t| > α

, ∀t ∈ R.

ÄuòU]¼ê�`û5�, ·�ò¯K(7)¥�`0¨vtµ�Capped-`1¨v, �Ä±e�àt

µ¯K:

min
x,e

1

n

n∑
i=1

hα(aTi x+ ei − yi) + λ1

p∑
j=1

ϕ(xj) + λ2

n∑
i=1

ϕ(ei), (8)

Ù¥ϕ(t)´Capped-`1¨v¼ê:

ϕ(t) = min{1, |t|
v
}, v > 0.

�©(�Xe, 1�!©Ûtµ¯K(8)��`5^�, �ÑÙ��½:��x9e.5�;

1n!ïÄ�¯K(7)�tµ¯K(8))��d5; 1o!, JÑtµ¯K(8)�1wz�{, ¿&?1

w¯K�tµ¯K(8)½:���5. �ÏL¦^1wz�{¦)tµ¯K(8)JønØ�y.

�
e©£ã�{B, P

H(x, e) =
1

n

n∑
i=1

hα(aTi x+ ei − yi),

Φ1(x) =

p∑
j=1

ϕ(xj), ∀x ∈ Rp, Φ2(e) =

n∑
i=1

ϕ(ei), ∀e ∈ Rn.

2. tµ¯K(8)���½:

�!�Ñtµ¯K(8)���½:��x.

2.1. tµ¯K(8)���½:

Äk·��Ñ¼ê����êÚ��½:�½Â.

½Â 2.1 �¼êf : Rn → R3x?����, x ∈ domf , d ∈ Rn, e4�

f ′(x; d) = lim
t↓0

f(x+ td)− f(x)

t
(9)

�3, K¡T4�´¼êf3:x?÷��d ∈ Rn����ê.
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Ü�Ê�

½Â 2.2 ¡(x∗, e∗) ∈ Rp+n´tµ¯K(8)���½:, e

H ′(x∗, e∗;x− x∗, e− e∗) + λ1Φ
′
1(x
∗;x− x∗) + λ2Φ

′
2(e
∗; e− e∗) ≥ 0, ∀x ∈ Rp, ∀e ∈ Rn. (10)

�âþã���êÚ��½:�½Â, N´��±e(Ø:

(1) ef´���, Kf ′(x; d) = 〈∇f(x), d〉.

(2) �x∗´¼êf(x)���½:,ef(x)3x∗?��,K∇f(x∗) = 0,?f ′(x∗; d) = 〈∇f(x∗), d〉 =

0, ∀d ∈ Rn.

e¡�Ñ¯K(8)���½:��x.

½n 2.1 e(x∗, e∗) ∈ Rp+n´tµ¯K(8)���½:, K

1
n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)[aTi (x− x∗) + (ei − e∗i )] + λ1

p∑
j=1

ϕ′(x∗j ;xj − x∗j ) + λ2

n∑
i=1

ϕ′(e∗i ; ei − e∗i ) ≥ 0,

∀x ∈ Rp, ∀e ∈ Rn,

Ù¥, h′(t)´Huber¼ê��ê:

h′α(t) =

t, |t| < α,

sgn(t)α, |t| > α,
∀t ∈ R,

sgn(t)´ÎÒ¼ê:

sgn(t) =


−1, t < 0,

0, t = 0,

1, t > 0,

∀t ∈ R,

ϕ′(t∗; t− t∗)´Capped-`1¼ê3:t∗?'u��(t− t∗)����ê:

ϕ′(t∗; t− t∗) =



|t|
v
, t∗ = 0,

sgn(t∗)(t−t∗)
v

, |t∗| ∈ (0, v),

min{0, sgn(t
∗)(t−t∗)
v

}, |t∗| = v,

0, otherwise,

∀t ∈ R.

y². Ï�Huber¼ê´��¼ê, ¤±

H ′(x∗, e∗;x− x∗, e− e∗) = 〈∇x∗H(x∗, e∗), x− x∗〉+ 〈∇e∗H(x∗, e∗), e− e∗〉

=
1

n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)aTi (x− x∗) +

1

n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)(ei − e∗i )

=
1

n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)[aTi (x− x∗) + (ei − e∗i )]. (11)
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Ü�Ê�

�â���ê�½ÂÚ¼êΦ1(x),Φ2(e)��©5, �

Φ′1(x
∗;x− x∗) =

p∑
j=1

ϕ′(x∗j ;xj − x∗j ),Φ′2(e∗; e− e∗) =
n∑
i=1

ϕ′(e∗i ; ei − e∗i ),

Ù¥, �â���ê�½ÂÚ

ϕ(t) = min{1, |t|
v
} =


|t|
v
, |t| ≤ v,

1, |t| > v,

�±��ϕ′(t, t− t∗)�L�ª. y.. �

Peng�< [21–23]y²
��½:äkXeÛÜ�`5�:

Ún 2.1 �¼êf : Rn → R3:x∗ ∈ Rn?´ÛÜLipschitzëY������, K

(1) ex∗´¼êf�ÛÜ4��:, Kx∗´¼êf���½:¶

(2) x∗´î�ÛÜ4��:¿÷v��O�5^�, =�3x∗���WÚδ > 0, ¦�

f(x) ≥ f(x∗) + δ ‖ x− x∗ ‖, ∀x ∈ W,

��=�x∗÷v

f ′(x∗;x− x∗) > 0, ∀x ∈ Rn \ {x∗}.

�âÚn2.1, Ï�tµ¯K(8)�8I¼ê´ÛÜLipschitzëY������, Ïdx∗´¯

K(8)�ÛÜ4���7�^�´x∗´¯K(8)���½:.

3. e.5�9)��d5

É© [21–24]éu, �!�Ñtµ¯K(8)��½:�e.5�, ¿y²3�½^�e�¯

K(7)Útµ¯K(8)�)�d.

3.1. )�e.5�

Äk½ÂXe�I8:

P1(x) = {j : 0 < |xj | < v}, P2(x) = {j : |xj | ≥ v}, P1(x) ∪ P2(x) = {j ∈ {1, . . . , p} : xj 6= 0},
P3(e) = {i : 0 < |ei| < v}, P4(e) = {i : |ei| ≥ v}, P3(e) ∪ P4(e) = {i ∈ {1, . . . , n} : ei 6= 0}.

½Â¼êM : Rp+n → RXe:

M(x, e) = max

{
1

λ1n

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

h′α(aTi x+ ei − yi)ai

∣∣∣∣∣
∣∣∣∣∣
1

,
1

λ2n

n∑
i=1

∣∣h′α(aTi x+ ei − yi)
∣∣} . (12)
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Ü�Ê�

e¡�½nL²: 3�½^�e, tµ¯K(8)���½:��"©þäk����e..

½n 3.1 e(x∗, e∗) ∈ Rp+n´tµ¯K(8)���½:, �÷vM(x∗, e∗) < 1
v
, K

(i) �o|x∗j | ≥ v, �o|x∗j | = 0, j ∈ {1, . . . , p};

(ii) �o|e∗i | ≥ v, �o|e∗i | = 0, i ∈ {1, . . . , n}.

y². �(x∗, e∗) ∈ Rp+n(x∗j 6= 0, ∀j; e∗i 6= 0, ∀i)´tµ¯K(8)���½:. Px∗ =

(x∗1, ..., x
∗
p)
>, e∗ = (e∗1, ..., e

∗
n)>. �Iy²P1(x

∗) = ∅ ÚP3(e
∗) = ∅.

e¡^�y{y². b�P1(x
∗) 6= ∅ ½P3(e

∗) 6= ∅.

(i)b�P1(x
∗) 6= ∅. d½n2.1, �e = e∗, K

1

n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)aTi (x− x∗) + λ1

p∑
j=1

ϕ′(x∗j ;xj − x∗j ) ≥ 0, ∀x ∈ Rp. (13)

∀i = 1, ..., p, Pai = (a∗i1, ..., a
∗
ip)
>, K

1

n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)aTi (x− x∗) =

1

n

n∑
i=1

p∑
j=1

h′α(aTi x
∗ + e∗i − yi)aij(xj − x∗j ). (14)

∀ε1 ∈ (0, 1), �x̂ = (x̂1, . . . , x̂p)
> ∈ Rp÷v

x̂j =

(1− ε1)x∗j , j ∈ P1(x
∗),

x∗j , j ∈ P2(x
∗).

duP1(x
∗) 6= ∅, �(x̂− x∗)Ø´"�þ. du(13)é?¿x ∈ Rpþ¤á, K

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)aTi (x̂− x∗) =

n∑
i=1

p∑
j=1

h′α(aTi x
∗ + e∗i − yi)aij(x̂j − x∗j )

= ε1

n∑
i=1

∑
j∈P1(x∗)

h′α(aTi x
∗ + e∗i − yi)aij(−x∗j )

≤ ε1

∥∥∥∥∥
n∑
i=1

h′α(aTi x
∗ + e∗i − yi)ai

∥∥∥∥∥
1

·
∑

j∈P1(x̂)

|x∗j |. (15)

,��¡,

p∑
j=1

ϕ′(x∗j ; x̂j − x∗j ) =
∑

j∈P1(x̂)

sgn(x∗j )(−ε1x∗j )
v

= −ε1
∑

j∈P1(x̂)

sgn(x∗j )(x
∗
j )

v
= −ε1

v

∑
j∈P1(x̂)

|x∗j |. (16)
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Ü�Ê�

d(13)-(16), �

λ1
ε1
v

∑
j∈P1(x̂)

|x∗j | ≤
ε1
n

∥∥∥∥∥
n∑
i=1

h′α(aTi x
∗ + e∗i − yi)ai

∥∥∥∥∥
1

∑
j∈P1(x̂)

|x∗j |,

du
∑

j∈P1(x∗)

|x∗j | 6= 0, òÙ���

1

v
≤ 1

λ1n

∣∣∣∣∣
∣∣∣∣∣
n∑
i=1

h′α(aTi x
∗ + e∗i − yi)ai

∣∣∣∣∣
∣∣∣∣∣
1

≤M(x∗, e∗),

ù�M(x∗, e∗) < 1
v
gñ, lP1(x

∗) = ∅.

(ii)b�P3(e
∗) 6= ∅. d½n2.1, �x = x∗, K

1

n

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)(ei − e∗i ) + λ2

n∑
i=1

ϕ′(e∗i ; ei − e∗i ) ≥ 0, ∀e ∈ Rn. (17)

∀ε2 ∈ (0, 1), �ê = (ê1, . . . , ên)> ∈ Rn÷v

êi =

(1− ε2)e∗i , i ∈ P3(e
∗),

e∗i , i ∈ P4(e
∗).

duP3(e
∗)��, �(ê− e∗)Ø´"�þ, ?

n∑
i=1

h′α(aTi x
∗ + e∗i − yi)(êi − e∗i ) = ε2

∑
i∈P3(e∗)

h′α(aTi x
∗ + e∗i − yi)e∗i

≤ ε2
∑

i∈P3(e∗)

|h′α(aTi x
∗ + e∗i − yi)| · |e∗i |. (18)

,��¡,

n∑
i=1

ϕ′(e∗i ; êi − e∗i ) =
∑

i∈P3(e∗)

ϕ′(e∗i ; êi − e∗i ) = −ε2
v

∑
i∈P3(e∗)

sgn(e∗i )(e
∗
i ) = −ε2

v

∑
i∈P3(e∗)

|e∗i |. (19)

d(17)-(19), �

λ2
ε2
v

∑
i∈P3(e∗)

|e∗i | ≤
ε2
n

∑
i∈P3(e∗)

|h′α(aTi x
∗ + e∗i − yi)| · |e∗i | ≤

ε2
n

n∑
i=1

|h′α(aTi x
∗ + e∗i − yi)|

∑
i∈P3(e∗)

|e∗i |,

1

v
≤ 1

λ2n

n∑
i=1

|h′α(aTi x
∗ + e∗i − yi)|.

du
∑

i∈P3(e∗)

|e∗i | 6= 0, òÙ��� 1
v
≤M(x∗, e∗), �b�gñ, �P3(e

∗) = ∅. y.. �
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Ü�Ê�

3.2. ¯K(7)�(8))��d5

e¡/Ï½n3.1ïÄ�¯K(7)�tµ¯K(8)��Û�`)�m�'X.

½n 3.2 �(x∗, e∗) ∈ Rp+n ÷vM(x∗, e∗) < 1
v
, K(x∗, e∗) ´tµ¯K(8)��Û�`)��=

�(x∗, e∗)´�¯K(7)��Û�`).

y². (1) �(x∗, e∗) ∈ Rp+n´tµ¯K(8)��Û�`), dÚn2.1, (x∗, e∗)´tµ¯K(8)�

��½:. d½n3.1, Φ1(x
∗) = ‖x∗‖0, Φ2(e

∗) = ‖e∗‖0. 5¿�, ∀(x, e) ∈ Rp+n, okΦ1(x) ≤
‖x‖0,Φ2(e) ≤ ‖e‖0. l, ∀(x, e) ∈ Rp+n, k

H(x∗, e∗) + λ1‖x∗‖0 + λ2‖e∗‖0 = H(x∗, e∗) + λ1Φ1(x
∗) + λ2Φ2(e

∗)

≤ H(x, e) + λ1Φ1(x) + λ2Φ2(e)

≤ H(x, e) + λ1‖x‖0 + λ2‖e‖0.

Ïd, (x∗, e∗)´�¯K(7)��Û�`).

(2) �(x∗, e∗) ∈ Rp+n´�¯K(7)��Û�`), �b�§Ø´tµ¯K(8)��Û�`).

�(x′, e′)´tµ¯K(8)��Û�`), d½n3.1, �Φ(x′) = ‖x′‖0, Φ(e′) = ‖e′‖0. u´,

H(x′, e′) + λ1‖x′‖0 + λ2‖e′‖0 = H(x′, e′) + λ1Φ1(x
′) + λ2Φ2(e

′)

< H(x∗, e∗) + λ1Φ1(x
∗) + λ2Φ2(e

∗)

≤ H(x∗, e∗) + λ1‖x∗‖0 + λ2‖e∗‖0.

ù�(x∗, e∗)´�¯K(7)��Û�`)gñ, Ïd(x∗, e∗) ∈ Rp+n´tµ¯K(8)��Û�`). �

4. tµ¯K(8)�1wz�{

duæ^
�à�1w��K, tµ¯K(8)´�1w`z, ¦)tµ¯K(8)��~;.��a

�{´1wz�{. 1wz�{��Ø%¯K´1wzc�ü��.)���5.

�!k�Ñtµ¯K(8)�1wz�., ,�y²1w¯K�½:�tµ¯K(8)���½

:äk��5.

4.1. ¯K(8)�1wz�.

Capped-`1¼ê´�a�~;.�òU]¼ê, §�±��ü�à¼ê��(DC) [21, 25], Ù1

wz¼ê��EÄuÙà�L«:

ϕ(t) = min

{
1,
|t|
v

}
= 1−max

{
0, 1− |t|

v

}
= g(t)− h(|t|), (20)
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Ù¥

g(t) = 1, h(|t|) = max

{
0, 1− |t|

v

}
.

Pm(t) = |t|, N´�yÙ���ê�:

m′(t; d) =

|d|, t = 0,

t
|t|d, t 6= 0.

dug(t)´1w�, ·��Iòh(|t|)1wz. ®�1w¼ê�EÜ¼êE´1w�, Ïd·��±©

O�E	¼êh(s)�S¼êm(t)�1w¼êh̃µ(s)�m̃µ(t), 2ò§�EÜ, B���ëY���1w

¼êh̃µ(t) = h̃µ ◦ m̃µ(t).

m(t)�1wz: �m(t)�1w¼ê�:

m̃µ(t) =
√
t2 + µ, µ > 0, (21)

Ù¥µ´1wzëê. m̃µ(t)��êÚ���ê©O�:

m̃′µ(t) =
t√
t2 + µ

, m̃′µ(t; d) = m̃′µ(t)d =
td√
t2 + µ

.

�±y²1w¼êm̃µ(t)÷vXe5� [21]:

(1) (1w¼ê���Âñ5):

lim
w→t,µ↓0

m̃µ(w) = m(t), ∀t ∈ R.

(2) (���ê���Âñ5�f��Âñ5):

lim
w→t,µ↓0

m̃′µ(w; d) = lim
w→t,µ↓0

m̃′µ(w)d = m′(t)d = m′(t, d), ∀t ∈ R \ {0}, ∀d ∈ R,

lim sup
w→0,µ↓0

m̃′µ(w; d) = lim sup
w→0,µ↓0

td√
t2 + µ

= |d| = m′(0, d), ∀d ∈ R.

h(s)�1wz: éh(s) = max{0, 1− s
v
}, �±æ^ŝ(z, µ) = 1

2

(
z +

√
z2 + µ2

)
51wz�Ü¼

êmax{0, z} [21, 26]. 2òz = 1− s
v
�\ŝ(z, µ), ��h(s)�1wz¼ê�

h̃µ(s) = ŝ(1− s

v
, µ) =

1

2

[
1− s

v
+

√
(1− s

v
)2 + µ2

]
. (22)

N´y²1w¼êh̃µ(s)äkXe5�:

(1) (1w¼ê���Âñ5):

lim
w→s,µ↓0

h̃µ(w) =
1

2

(
1− s

v
+ |1− s

v
|
)

= h(s), ∀s ∈ R.
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(2) (���ê���Âñ5�f��Âñ5):

lim
w→s,µ↓0

h̃′µ(w; d) = h′(s, d), ∀s ∈ R \ {0}, ∀d ∈ R,

lim sup
w→0,µ↓0

h̃′µ(w) = h′+(0).

(Ü1w¼êm̃µ(x)Ú1w¼êh̃µ(s), ·���tµ¯K(8)�1wz�.Xe:

min
x,e

F̃µ(x, e) := H(x, e) + λ1p+ λ2n− λ1

p∑
j=1

h̃µ ◦ m̃µ(xj)− λ2

n∑
i=1

h̃µ ◦ m̃µ(ei). (23)

4.2. 1w¯K(23)�tµ¯K(8)½:���5

¯K(23)´1w�, Ù½:´¦∇F̃µ(x, e) = 0�:.

�!y²1w¯K(23)�½:�tµ¯K(8)���½:äk��5.

½Â�I8:

P1(x) = {j ∈ {1, . . . , p} : xj 6= 0}, P2(x) = {j ∈ {1, . . . , p} : xj = 0},

Q2(e) = {i ∈ {1, . . . , n} : ei 6= 0}, Q2(e) = {i ∈ {1, . . . , n} : ei = 0}.

½n 4.1 �3µ = µk�, (x∗µk
, e∗µk

)´1w¯K(23)�½:, K�1wëêµk ↓ 0 (k → ∞)�,

{(x∗µk
, e∗µk

)}∞k=1�?¿à:Ñ´tµ¯K(8)���½:.

y². �(x∗, e∗)�:�{(x∗µk
, e∗µk

)}∞k=1���à:, Ø��

lim
k→∞

x∗µk
= x∗, lim

k→∞
e∗µk

= e∗.

Ï�(x∗µk
, e∗µk

)´1w¯K(23)�½:, �∇F̃µ(x∗µk
, e∗µk

) = 0. K ∀d(1) ∈ Rp, ∀d(2) ∈ Rn, k

0 = F̃ ′µ(x∗µk
, e∗µk

; d(1), d(2)) = 〈∇F̃ ′µ(x∗µk
, e∗µk

), d(1), d(2)〉

= 〈∇H(x∗µk
, e∗µk

), d(1), d(2)〉 − λ1

p∑
j=1

h̃′µ ◦ m̃µ(x∗µk(j)
)m̃′µ(x∗µk(j)

)d
(1)
j

−λ2

n∑
i=1

h̃′µ ◦ m̃µ(e∗µk(i)
)m̃′µ(e∗µk(i)

)d
(2)
i

= 〈∇H(x∗µk
, e∗µk

), d(1), d(2)〉 − λ1

 ∑
j∈P1(x∗)

+
∑

j∈P2(x∗)

 h̃′µ ◦ m̃µ(x∗µk(j)
)m̃′µ(x∗µk(j)

)d
(1)
j

−λ2

 ∑
j∈Q1(e∗)

+
∑

j∈Q2(e∗)

 h̃′µ ◦ m̃µ(e∗µk(i)
)m̃′µ(e∗µk(i)

)d
(2)
i . (24)
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�â1w¼êm̃µ(x)Úh̃µ(t)�5�, é�ª(24)ü>�4�(k →∞), K ∀d(1) ∈ Rp, ∀d(2) ∈ Rn, k

0 = lim
k→∞

F̃ ′µ(x∗µk
, e∗µk

; d(1), d(2))

= lim
k→∞
〈∇H(x∗µk

, e∗µk
), d(1), d(2)〉 − λ1

∑
j∈P1(x∗)

lim
k→∞

h̃′µ ◦ m̃µ(x∗µk(j)
)m̃′µ(x∗µk(j)

)d
(1)
j

−λ1

∑
j∈P2(x∗)

lim
k→∞

h̃′µ ◦ m̃µ(x∗µk(j)
)m̃′µ(x∗µk(j)

)d
(1)
j − λ2

∑
i∈Q1(e∗)

lim
k→∞

h̃′µ ◦ m̃µ(e∗µk(i)
)m̃′µ(e∗µk(i)

)d
(2)
i

−λ2

∑
i∈Q2(e∗)

lim
k→∞

h̃′µ ◦ m̃µ(e∗µk(i)
)m̃′µ(e∗µk(i)

)d
(2)
i

≤ lim
k→∞
〈∇H(x∗µk

, e∗µk
), d(1), d(2)〉 − λ1

∑
j∈P1(x∗)

lim
k→∞

h̃′µ ◦ m̃µ(x∗µk(j)
)m̃′µ(x∗µk(j)

)d
(1)
j

−λ1

∑
j∈P2(x∗)

lim sup
k→∞

h̃′µ ◦ m̃µ(x∗µk(j)
) · lim sup

k→∞
m̃′µ(x∗µk(j)

)d
(1)
j

−λ2

∑
i∈Q1(e∗)

lim
k→∞

h̃′µ ◦ m̃µ(e∗µk(i)
)m̃′µ(e∗µk(i)

)d
(2)
i

−λ2

∑
i∈Q2(e∗)

lim sup
k→∞

h̃′µ ◦ m̃µ(e∗µk(i)
) · lim sup

k→∞
m̃′µ(e∗µk(i)

)d
(2)
i

= 〈∇H(x∗, e∗), d(1), d(2)〉 − λ1

p∑
j=1

h′ ◦m(x∗j )m
′(x∗j )d

(1)
j − λ2

n∑
i=1

h′ ◦m(e∗i )m
′(e∗i )d

(2)
i

= 〈∇H(x∗, e∗), d(1), d(2)〉 − λ1

p∑
j=1

h′(m(x∗j ))m
′(x∗j ; d

(1)
j )− λ2

n∑
i=1

h′(m(e∗i ))m
′(e∗i ; d

(2)
i )

= 〈∇H(x∗, e∗), d(1), d(2)〉+ λ1

p∑
j=1

[g′(m(x∗j ))− h′(m(x∗j ))]m
′(x∗j ; d

(1)
j )

+λ2

n∑
i=1

[g′(m(e∗i ))− h′(m(e∗i ))]m
′(e∗i ; d

(2)
i )

= H ′(x∗, e∗; d(1), d(2)) + λ1

p∑
j=1

ϕ′(x∗j ; d
(1)
j ) + λ2

n∑
i=1

ϕ′(e∗i ; d
(2)
i )

= H ′(x∗, e∗; d(1), d(2)) + λ1Φ
′
1(x
∗; d(1)) + λ2Φ

′
2(e
∗; d(2)).

Ïd, (x∗, e∗)´tµ¯K(8)���½:. �

5. o(

Äuõ��5£8�.!Huber��¼êÚþ�¤£�., �©éäk`0¨v��¯K�.(7),

^Capped-`1¨v?1tµ��tµ¯K(8), ½Â
tµ¯K(8)���½:, ©Û
tµ¯

K(8)��½:�e.5�, ¿&?
�¯K(7)Útµ¯K(8))��d5, �¦)tµ¯K(8), �

E
tµ�.�1wz%C¯K, ¿y²
1wz¯K�½:�tµ�.���½:äk��

5, ��Y¦^1w�{O��.���½:Jø
nØ�æ. e�ÚòÏLê�¢�Ú�~?
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