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Abstract

Weak degeneracy of graphs is a new definition proposed by Bernshteyn and Lee. It
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is the deformation of the degeneracy of graphs. By definition, every d-degenerate

graph is also weakly d-degenerate. On the other hand, if G is weakly d-degenerate,

then χ(G) ≤ χl(G) ≤ χDP (G) ≤ d + 1. In this paper, we prove that planar graphs with

K5-minor-free are weakly 4-degenerate, planar graphs without 4-cycles are weakly

3-degenerate and planar graphs without 4-cycles adjacent to 3-cycles are weakly 3-

degenerate.
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1. Úó

��©Ù¥¤k�ãÑ´k�{üã. G��� kº:/Ú´� k«ôÚ 1, 2, ..., kéu G�

�º:���©�; XJ?¿ü����º:Ñ©��ØÓ�ôÚ, @o·�¡T/Ú´�~�. �

Gk���~ kº:/Ú�, Ò¡ G´ k�/�. ã G�Úê χ(G)´� G�/�ê k����.

�L/Ú´ãº:/Ú��«í2. 1976 c, Vizing [1] Äg0�
ã��L/ÚVg, 1979

c, Erdős, Rubin ±9Taylor [2] JÑ¿í2
ã��L/ÚVg.

�ã G�z��º: v �½��ôÚ�L L(v). XJéz��º: v ∈ V (G), Ñ�3��ô

Ú ϕ(v) ∈ L(v), ¦�� xy ∈ V (G)�, ϕ(x) 6= ϕ(y), @o·�¡ G´ L-�/�. XJé?¿�½�

ôÚ�L L, ¦�éz� v ∈ V (G), ÷v |L(v)| ≥ k, GÑ�3�� L-/Ú, @o·�¡ G´ k-�

L�/�. G��LÚê, ^ χl(G)L«, ´¦�ã G´ L-�/������ê k. w,, éu?¿

�ã G§ χl(G) ≥ χ(G).

DP -/Ú´�L/Ú�?�Úí2, 32015 c, �
y²Ø¹ 4-8 ��²¡ã´ 3-�À�,

Dvořák ÚPostle [3] Ú\
éA/Ú�Vg(=: DP -/Ú). 32018 c, Bernshteyn ÚKostochka [4]

JÑ
 DP -/Ú.

� G´äk n�º:�{üã, L´ V (G)����L��. éuz^> uv ∈ E(G), - L(u)

Ú L(v)�m������Muv (Ø�½´�{��, ��U´��). �ML = {Muv : uv ∈ E(G)},
HL´÷ve¡o�^��ã:
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• éuz��:� u ∈ V (G), L(u)/¤����ã;

• éuz��:� u ∈ V (G)'é HL¥���:8 L(u);

• e uv /∈ E(G), @o L(u)Ú L(v)�mØ¹>;

• e uv ∈ E(G), @o L(u)Ú L(v)�m�>3Muv ¥.

XJ HL ´���¹k n ����Õá8, @oã G k��ML-/Ú. eéu u ∈ V (G),

[k] ⊆ L(u)�?¿��ML, §Ñk��ML-/Ú, K¡ã G´ DP -�/�. G� DP -Úê, ^

χDP (G)5L«, ´¦�ã G´ DP -�/�����ê k. �L/Ú´ DP -/Ú��«AÏ�¹,

eéu?¿: u ∈ V (G), �L�� L′ ÷v |L′(u)| = k. ·��±3L′(u)Ú [k]�mïá��V

�. éuz^> uv ∈ E(G), -: u Ú: v �m�� L′(u) Ú L′(v) ¥�����éA�ôÚ/

¤������Muv. ·��±��, ù�ML-/Ú�du�� L′-/Ú. Ïd, éu?¿�ã G,

χDP (G) ≥ χl(G).

3ù�©Ù¥, ·�ïÄ
ã/Ú��8�{. Ä���8�{´zg��Ä G���º:,

�·��Ä: u�, l L(u)¥�§©���?¿�ôÚ, 'X α. d�, �
(�/Ú´�~�, ·

�7Ll u��Ø�^�ôÚ�L¥£Ø α. Ïd, u�z��Ø��L���U¬~�1, Ù§

¤k�L�±ØC. XJ3��L§¥vk��:��L��~�� 0 (=z��/Ú�º:o´

��k�«�^�ôÚ), @o·�Ò��
 G����~/Ú. ù��{ÚÑ
òzÝ�Vg.

½Â1.1 �G´��ã, f : V (G)→ N���¼ê, éu:u ∈ V (G),/íØ0ö� (G, f, u)

��
ãG′ := G− u, ¼êf ′ : V (G′)→ Z de¡ªf�Ñ

f ′(v) :=

f(v)− 1, XJuv ∈ E(G);

f(v), Ù§�¹.

XJ�ª���¼êf ′ ´�K�, =é?¿�v ∈ V (G′), Ñkf ′(v) ≥ 0, @o·�¡T/íØ0ö

�´k��. XJ·��±ÏL�X�k��/íØ0ö��KG ¥¤k�:, @o·�¡ãG

´f -òz�.

ã� DP -/ÚÚ�L/Ú��«O´: 3�L/Ú¥, XJ n´óê, @o χl(Cn) = 2, XJ n

´Ûê, @o χDP (Cn) = 3. �3DP -/Ú¥, éu¤k� n ≥ 3, Ñk χDP (Cn) = 3. Ïd, ·��

Ä´Ä�±?U�8/ÚL§5/��0�
ôÚ, �� χDP (G)����Ð�.�. ù´ék�

�, Ïd, ·�ïÄ�«{ü�%ér���{.

�Ä: u ∈ V (G), � w´§��Ø. ��5`, XJ·�� u/�«ôÚ c, @o w�U¬�

�ôÚ c. �´, b� |L(u)| > |L(w)|, =î�5` u��^ôÚ' wõ. 3ù«�¹e, L(u) ¥�

½k�«ôÚØÑy3 L(w)¥, ¿�ù«ôÚ©�� u¿Ø¬K� L(w) (�,, u�Ù§�Ø�U

E,¬���«ôÚ). ÏLù«�ª, ·�� w/��0
�«�	�ôÚ. Bernshteyn ÚLee [5]

JÑ
±e½Â:

½Â1.2 � G ´��ã, f : V (G) → N ���¼ê, éu�é���:u,w ∈ V (G), /í
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Ø��0ö�(G, f, u, w)��
ãG′ := G− u, ¼êf ′ : V (G′)→ Zde¡ªf�Ñ

f ′(v) :=

f(v)− 1, XJuv ∈ E(G), v 6= w;

f(v), Ù§�¹.

XJf(u) > f(w) ��ª���¼êf ′ ´�K�, @o·�¡T/íØ��0ö�´k��.

XJ·��±ÏL�X�k��/íØ0Ú/íØ��0ö��KG ¥¤k�:, @o·�¡ãG

´ f -fòz�. �½ d ∈ N , XJ f = d, @o·�¡ G´ d-fòz�. G �fòzÝ, P� wd(G),

´¦� G´ d-fòz���� d�.

�½��8Ü S ⊆ V (G), XJl (G, f)m©, ¦� S ¥�:=ÏLk��/íØ0ö��K§

Ù§:�±ÏL�X�k��/íØ0Ú/íØ��0ö��K, @o·�¡G´/� S-f -fò

z�0. AO/, G´/� S-f -fòz�0��=� G´ f -òz�.

Bernshteyn ÚLee [5] y²
±e·Kµ

·K1.3 [5] é?¿ã G, Ñ÷v

χ(G) ≤ χl(G) ≤ χDP (G) ≤ χDPP (G) ≤ wd(G) + 1 ≤ ∆(G) + 1.

ùp χDP (G)L« G� DP -Úê, χDPP (G)L« G� DP -3�Úê.

3[5] ¥, �öy²
Brooks ½n�fòz��: XJ G´����Ý ∆ ≥ 3�ëÏã, @o

G´ (∆ − 1)-fòz�½ö G ∼= K∆+1. ·���, GDP ä´��ëÏã, z�¬´����ã½

ö���. 3[5] ¥�öy²
- G´��ëÏã, @oe¡ü^´�d�: (1) G´ (d − 1)- fò

z�; (2) GØ´��GDP ä. �ö�y²
- G´����ã, XJ G�fòzÝ��� d ≥ 3,

@o G�¹�� (d+ 1)-ì½ö

mad(G) ≥ d+
d− 2

d2 + 2d− 2
.

¯¢y², ¦^/íØ0Ú/íØ��0ö���{�±y²A��²��þ.. 1994 c,

Thomassen [6] y²
¤k�²¡ã´5-�À�; 2015 c, Dvořák ÚPostle [3] y²
¤k�²¡ã

´DP -5-�/�; 2021 c, Bernshteyn ÚLee [5] JÑ
fòzÝ�Vg, 2grù�(J?1\r,

¦�y²
¤k�²¡ã´4-fòz�.

Škrekovski [7] y²
Ø¹ K5 -fª�ã´5-�À�; �5§Shen [8] �<�Ñ
,�«�{y

²Ø¹K5 -fª�ã´ 5-�À�; Wang [9] �<y²
Ø¹K5 -fª�ã´DP -5-�/�. ·�\

rT(J§y²Xe½n:

½n1.4 ¤kØ¹K5-fª�ã´4-fòz�.

Lam [10] �<y²
Ø¹ 4-��²¡ã´ 4-�À�; Kim ÚOzeki [11] y²
Ø¹ 4-��²¡

ã´ DP -4-�/�. e¡òT(Jí2�ùaã�´3-fòz�.

½n1.5 Ø¹4-��²¡ã´3-fòz�.
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Wang [12] �<y²
Ø¹ 4-��3-����²¡ã´ 4-�À�; Kim ÚYu [13] y²
Ø¹

4-��3- ����²¡ã´ DP -4- �/�. ·�U?
ù�(J§y²e¡½n:

½n1.6 Ø¹4-��3-����²¡ã´3-fòz�.

ò Gi\���²¡¥, ·�����²¡ã G = (V,E, F ), Ù¥ V,E, F ©OL« G�º

:!>Ú¡�8Ü. éu��8Ü S ⊆ V (G), G[S]L«d S p�� G�fã. éu: v ∈ V , v3

G¥�ÝêL«� dG(v), Ý� d (��� d½�õ� d )�:¡� d-:(d+-:½ d−-:). ÎÒ d-¡,

d+-¡, d−-¡�aq½Â. éu¡ f ∈ F , XJ f >.þ�:Uì^��^S v1, v2, ..., vk ü�§@

o·�P� f = [v1v2...vkv1], ¿�¡ f ��� ( dG(v1), dG(v2), ..., dG(vk) )-¡. ã G���ÝÚ�

�Ý©O� δ(G) = min{dG(v)|v ∈ V (G)}Ú ∆(G) = max{dG(v)|v ∈ V (G)}. XJü�¡(�) �

�k�^ú�>, @o§�´���. XJü�¡(�) ���TÐk�^ú�>, K·�¡§�´

�~���. éu²¡ãG ¥��C, XJ�C �SÜÚ	ÜÑ¹kG ¥�:, @o·�¡�C �G

���©l�. Â �^>, ·���´lã¥íKù^>, Ó�rù^>�à:Ê3�å. XJ

ÏLÂ G �,
>Ú(½ö) íØ:Ú>���ã¥, �±/¤��Ó�uH �ã, @o·�¡H

�G ���fª. XJH Ø´G ���fª, @oG ¡�Ø¹H-fª. �x Úy �G ¥ü�ØÓ�

:. XJ3G ¥x Úy ´Ø���, ·�^G+ xy L«3G ¥rxy ë�å5��ã. G− v L«
3G ¥íK:v Ú¤k�Ù'é�>���ã.

2. Ø¹K5-fª�ã

²¡n�¿©´�«i\ª²¡ã, §�z�¡Ñ±���Ý�3 ���., Cqn�¿©ã

�´�«i\ª²¡ã, Ù¥z�k.¡±��n�/�., Ã.¡(	Ü¡) ±����.. ü�

ã G1Ú G2� `-Ú´� G = G1

⋃
G2� G = G1

⋂
G2 = K`.

Wagner ã[14] (�ã 1)��k8 �º:, 12 ^>�3 �Kã. 5¿�Tã´�²¡ã, Ïd, §

ØU´²¡ã�fã. Ø¹K5-fª�4�>�ã G�§��Ø¹K5-fª, �´éu G¥?¿ü

�Ø���º: xÚ y, G+ xy�¹��K5-fª.

Figure 1. Wagner graph

ã 1. Wagner ã
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½n2.1£Wagner [14]¤ z�Ø¹K5-fª�4�>�ãÑ�±ÏLWagner ãÚ²¡n�

¿©ã�2-Ú� 3-ÚØäÊë¤.

½n2.2 [5] � G´����k 3�:�²¡ã, Ù¥z��	Ü�¡Ñ´n�/, �	Ü�

¡´�� k��� C, C>.þ�:Uì^��^S v1, v2, ..., vkü�. ½Â f : V (G)\{v1, v2} → Z
�

f(u) :=

2− |NG(u) ∩ {v1, v2}| , XJu ∈ V (C);

4− |NG(u) ∩ {v1, v2}| , Ù§�¹.

@o G− v1 − v2´/� (V (G) \ {v1, v2})-f -fòz�0.

Ún2.3 �G ´��Cqn�¿©�ã, f �G ���~¼ê, ¿�é?¿v ∈ V (G)þ÷

vf(u) = 4 − |NG(u) ∩ {v1, v2}|. b�H �G ���Ó�uK3 �fã, λ´ H ¥¤k:���S

�§¦�3ù�S�e�±²L�X�k��/íØ0Ú/íØ��0ö��KH ¥¤k�:. @

o·��±3ù�S�Ä:þ?U¤��#�S�, ¦�3dS�e�±ÏL�X�k��/í

Ø0Ú/íØ��0ö��KG¥¤k�:. = G ´4-fòz�.

y² æ^�y{, b�ù�Ún´�Ø�, -G ´��:ê���4��~. ·�b

�H ' K3 ÚV (H) = (u, v, w).

�¹1µ H Ø´G ���©l3-�. duG ´��Cqn�¿©ã, ·��±#xÑTã,

¦�H ´G �	Ü�¡. 5¿�G′ = G − w �´Cqn�¿©ã, k� H þ�: wüS, XJ x

Úw ´���, - f ′(x) = 3− |NG(x) ∩ {u, v}|. Ù¦�¹e, Ñkf ′ = f . �â½n2.2, �±3 u, v

�S�Ä:þ?U¤ã G���S�, ¦�3ù�S�e�±ÏL�X�k��/íØ0Ú/íØ

��0ö��KG¥¤k�:, l�¤
Ún�y².

�¹2µ H ´G ���©l3-�. -G1 L«¤k:Ú>3H �SÜ½H þ���ã, G2 L

«¤k:Ú>3 H �	Ü½H þ���ã. aquþãy², ·��±3 H �S� λÄ:þ?U

¤G1 ���S�, Ó�?U¤G2 ���S�. (Üüö, ·���
G ���S�§¦�3ù�

S�e, �±ÏL�X�k��/íØ0Ú/íØ��0ö��KG¥¤k�:. Ïd G´ f -fò

z�, Ún2.3 y..

Ún2.4 �G ´��¹k4�>�Ø¹K5-fª�ã, �é?¿u ∈ V (G), f(u) = 4 −
|NG(u) ∩ {v1, v2}|. b�H ´G ���Ó�uK2 ½öK3 �fã, λ´ H ¥¤k:���S�§¦

�3ù�S�e�±²L�X�k��/íØ0Ú/íØ��0ö��KH ¥¤k�:. @o·�

�±3ù�S�Ä:þ?U¤ã G���S�, ¦�ÏL�X�k��/íØ0Ú/íØ��0ö

��KG¥¤k�:. =d H ´f -fòz��±��ã G´f - fòz�.

y² ·�é |V (G)|�8B5y²TÚn, XJG ´Cqn�¿©ã, @où�(J�±��

lÚn2.3 ��. XJ H = y1y2, ·��±b� y1y2 ��u�� 3-¡ [y1y2y3], @ow,3 H �S

�Ä:þ�±?U¤ G′ = [y1y2y3]���S�. lT¯K�±{z�Ún2.3 ��¹.

XJG ´Wagner ã, @ow, G´ f -fòz�.

b�G QØ´��²¡n�¿©�Ø´Wagnerã, 3ù«�¹e, dWagner½n[14] �±�

ÑG = G1

⋃
G2, Ù¥G1, G2 ´G �fã, ÷vG1

⋂
G2 ' K2 ½öK3. w,, H ⊆ G1 ½G2. Ø��
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H ⊆ G1, 3G1 þA^8Bb�, 3 H �S�Ä:þ�±?U¤G1 ���S�, ù�)
 G1

⋂
G2

���S�. 3G2 þA^8Bb�, �±ò H 3 G1

⋂
G2 �S�Ä:þ?U¤ G2 ��S�. ù

Ò�)
G ���S�, �3ù�S�e, �±ÏL�X�k��/íØ0Ú/íØ��0ö��

KG¥¤k�:, Ïd G´ f -fòz�. Ún2.4 y..

½n1.4 ¤kØ¹K5-fª�ã´ 4-fòz�.

y² duz�Ø¹K5-fª�ã´��¹k4�>�Ø¹ K5-fªã�)¤fã, Ïd, ·�

�I�y²¹k4�>�Ø¹K5-fªã�)¤fã´ 4-fòz�=�. ·��±Äk� G ¥ü�

���º:üS, �âÚn2.4 ��§·��±3dÄ:þ?U¤ã G���S�§¦�3ù�S

�e�±²L�X�k��/íØ0Ú/íØ��0ö��KG ¥¤k�:. ½n 1.4y..

3. Ø¹4-��²¡ã

½n4.1 éu k ∈ {3, 5, 6}, XJ G´Ø¹ k-��ã, @o G´ 3-òz�.

y² � GØ¹ 3-��, G ������ 4. ·��±��lî.úªy²Ø¹ 3-��²¡ã

´ 3-òz�. Lih ÚWang [15]y²
Ø¹ 5-��²¡ã´ 3-òz�. Mohar ÚJuvan [16]�<y²


Ø¹ 6-��²¡ã´ 3-òz�. ½n 4.1y..

éuØ¹ 4-��²¡ã, �3ù��ãGØ´ 3-òz�(~X�Ä��¡Nã��ã), ·�ò

y²Ø¹ 4-��²¡ã´ 3-fòz�. Ø��Ø¹ 4-��²¡ã� G, 3 [10]¥, �ö� F 3
5 ´d�

� 5-�Ú����� 3-�|¤�ã. = V (F 3
5 ) = {v1, v2, v3, v4, v5, v6}, Ù¥ v1, v2, v3, v4, v5, v6 /¤


��6-�, v2v6 ��^u, - H ´ G���fã, XJ H � F 3
5 Ó�, ¿�éu?¿: v Ñ÷v

dG(v) = 4, @o H ¡� F 3
5 fã.

Ún4.2 [10] �G ´��Ø¹4-��Ø¹�� 3-��²¡ã, XJ δ(G) = 4, @oG �¹�

� F 3
5 -fã.

½n1.5 Ø¹4-��²¡ã´3-fòz�.

y² �G´��4��~, =éu��Ø¹4-��²¡ãG , GØ´3-fòz�, �´éuG

�?¿fãÑ´ 3-fòz�. �âÚn4.2, ·��� G�¹�� F 3
5 -fã H. - G′ := G− V (H),

f ≤ 3 ´ V (G) ���~¼ê. �â G �4�5, ·��±ÏL�X�k��/íØ0Ú/í

Ø��0ö��K(G′, f) ¥�¤k:. y3·��Äã H, Äk/íØv6 ��v50 , ,�U

ìv1, v2, v3, v4, v5 �^S/íØ/�e�:. 3dL§¥ù�/íØ��0Ú/íØ0ö�´k�

�, ÏdH �´3- fòz�. ù�·�ÀJ�G gñ, ½n1.5 �y.

4. Ø¹4-��3-����²¡ã

½n1.6 Ø¹4-��3-����²¡ã´3-fòz�.

y² b�½nØ¤á, -G ´��:ê���4��~, �â·��b�, G ke¡�5�:

• (a) G´ëÏã;
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• (b) G¥vkÓ�u4-��3-����fã;

• (c) GØ´3-fòz�;

• (d) G�z�fã G′´ 3-fòz�.

Ún4.1 G ¥vk 3−-:.

y² b� G¥�3�� 3−-: v, @o·�òy²G´3-fòz�. - f ´ V (G)þ�~¼

ê. �â G�4�5, ·��±ÏL�X�k��/íØ0Ú/íØ��0ö��K (G− v, f)¥

¤k:. du v ´�� 3−-:, ·��I���/íØ0: v=�. Ún4.1 y..

�e5, ·�½ÂA�ØÓ�5-¡. � f ´ G��� 5-¡.

• (a)XJ f ´��(4,4,4,4,4)-¡, @o·�¡ f �� 5-¡. XJ f ���3-¡ f ′ = [vv1v2v]�

�, Ùú�>� v1v2, @o·�¡ v´ f ���. Ó�, ¡ f ¡�v ���®. (�ã 2¥ F1).

• (b) XJ f ´��(5+, 4, 4, 4, 4)-¡, ¿� f �o�3-¡Ú��4+-¡��, ¿� 4+-¡� f þ

5+-:'é, @o·�¡ f ����5-¡. (�ã 2¥ F2).

• (c)XJ f ´�� (5+, 4, 4, 4, 4)-¡, ¿� f �Ê�3-¡��, @o·�¡ f ���AÏ5-¡. Ó

�, ·�¡ f þ� 5+-:���AÏº:. (�ã 2¥� F3).

Figure 2. Definition of different 5-faces

ã 2. ØÓ 5-¡�½Â

I54.2

• (1) ��AÏº:��'é��AÏ5-¡, ��AÏ5-¡TÐ���AÏº:'é;

• (2) XJ3��5-¡ f þ�3ü� 5+-:, @o f QØ´��AÏ¡�Ø´���¡.

Ún4.3 z�Ñ´�� 5+-:.

y² � f = [v1v2v3v4v5v1] ´���5-¡, z ´ f ���. dÚn4.1 �� G ¥Ø�3

3−-:,Ïd·��±b� dG(z) = 4. Ø���5, ·��±b�z � v1 Ú v2 ��. � G[S] �

S = {z, v1, v2, v3, v4, v5}p�� G�fã. �Ä G�fã G′ := G − V (G[S]). �â(d), G′ ´3-f

òz�. ,�·��Ä G[S], Äk/íØv1 �� z0, ,�Uì v5, v4, v3, v2, z �^S/íØ0�{
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�:. dL§¥/íØ��0Ú/íØ0ö�´k��, ¤± G[S]´ 3-fòz�. � G�´3-fò

z�. ù�(c) ´gñ�, Ïd dG(z) ≥ 5. Ún4.3 y..

äó4.4 � v´ G��� 5+-:, Ke¡(Ø¤á:

• (1) v�õ'é
⌊
d(v)

2

⌋
�3-¡; ¿�

• (2) XJ v� t �3-¡'é� 2t < dG(v)§@o v�õ'é t− 1�AÏ 5-¡.

y² 5¿(1) w,l(b) ¥�±��.

�âAÏ 5-¡�½Â, XJ v´ G��� 5+-:, @oz�� v'é�AÏ 5-¡Ñ�ü� 3-¡

��, ¿�ùü� 3-¡Ñ� v'é, Ïd(2) ¤á. äó4.4 y..

Ún4.5 � v ´ G��� 5+-:, b� v ���AÏ 5-¡½ö� 5-¡ f1 Ú��3-¡ f2 'é,

¿� f1Ú f2��, @o vvk��u f2�®.

y² � f1 = [vv4v3v2v1v]´��AÏ 5-¡½ö� 5-¡. �âAÏ 5-¡½ö� 5-¡�½Â, �

�ko� 3-¡� f1 ��. b� f2 = [vv5v4v], � f2 � f1 ��(�ã 3). |^�y{, b� vk��

® f3 = [v4v5v6v7v8v4]� f2��, Ù¥ v4v5�§��ú�>, @o v3´ f3���. ,, v3´�

� 4- :, ù�Ún4.3 gñ. Ún4.5 y..

Figure 3. Illustration of Lemma 4.5

ã 3. Ún4.5 «¿ã

Ún4.6 � f1 Ú f2 ´ü�� 5-¡, @o§�ØU��^ú�> vv1 �~��, Ù¥ v ´f1

Ú f2þ�5+-:.

y² b� f1 Ú f2 ´ü�� 5-¡, §�´�~���, §�k��ú� 5+-: v Ú�^ú�

> vv1 (�ã 4). Ï� f1 Ú f2 Ñ´� 5-¡, @o v1 ´��4-:, f3 = [v1v3v4v1]Ú f4 = [v1v2v3v1]

´ü� 3-¡. Ïd, f3Ú f4´���, ù� (b)gñ, Ïdb�´�Ø�. Ún4.6 y..

�=£ Äk, ·�½Â��Xã 5¤«����.. 3ã 5¥, xÚº:�Ýê��´'é>

�êþ, çÚº:�Ýê�u'é>�êþ. ùÚº: v´��AÏ 5-:, §���AÏ 5- ¡ f1,

��� 5-¡ f2Ú�� 5-¡ f3'é, �÷v±e^�:

• f3QØ´AÏ 5-¡�Ø´� 5-¡;¿�

• f3���AÏ 5-:v'é, � v���� 5-¡ f2'é;¿�

• f3�f2�~��.
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Figure 4. Illustration of Lemma 4.6

ã 4. Ún4.6 «¿ã

Figure 5. Special 5-vertex and
incident 5-faces

ã 5. AÏ 5-:�'é� 5-¡

·�¡ F5 � f3�8Ü, = F5´d¤k5-¡|¤�8Ü, §�� f3k�Ó�5�. ·�¡ù�

��AÏ 5-: v�«¡�AÏ 5-:.

I54.7 � w�f3 ���º:, Xã 5¤«. XJ dG(w) = 4, @o�â(b), w�õ'é��

3-¡.

dî.úª |V | − |E|+ |F | = 2Úúª
∑

v∈V dG(v) = 2|E| =
∑

f∈F dG(f). ·��±�Ñ∑
v∈V

(2dG(v)− 6) +
∑
f∈F

(dG(f)− 6) = −12.

y3·�éz� x ∈ V
⋃
F ½Â��Ð©� ch(x), �éz�v ∈ V , ch(v) = 2dG(v) − 6,

z� f ∈ F , ch(f) = 2dG(f) − 6. ·�ò�O·���=£5K. du�=£L§¥, o���

´�½�, XJ·�òÐ©�� ch(x)UC��ª�� ch′(x), ¦�éuz� x ∈ V
⋃
F , Ñ÷v

ch
′
(x) ≥ 0, @o

0 ≤
∑

x∈V ∪F

ch(x) =
∑

x∈V ∪F

ch′(x) = −12.

ùò´��gñ. ù¿�X½n¥��~Ø�3, Ïd½n¤á.

DOI: 10.12677/aam.2022.117501 4769 A^êÆ?Ð

https://doi.org/10.12677/aam.2022.117501


¶��

·�^ c(v → f) L«lv=£� f ���, Ù¥ v ∈ V (G) Úf ∈ F (G).

�=£L§Xe:

• (R1) XJ v´�� 4+-:� f ´§'é� 3-¡, @o c(v → f) = 1;

• (R2) XJ v´�� 4+-:� f ´§'é� 4-¡, @o c(v → f) = 1
2
;

• (R3)XJ v´���õ��� 3-¡'é� 4-:, � f ´��� v'é� 5-¡, @o c(v → f) ={
1
4
,XJ vTÐ��� 3-¡Ú�� 4-¡'é;

1
3
,Ù¦�¹.

• (R4) �âIP 4.2(1), ��AÏ 5-¡TÐ���AÏº:'é. � v´��AÏ 5+-:, f ´�

�� v'é� 5-¡, @o c(v → f) =
1,XJ f ´AÏ 5-¡;
2
3
,XJ dG(v) = 5� f ´� 5-¡(�ã 5¥� f2);

1
3
,XJ dG(v) = 5, v´«¡�, � f ∈ F5 (�ã 5¥� f3).

• (R5) XJ vØ´��AÏ 5-:½ 6+-:, � f ´��� v'é�� 5-¡, @o c(v → f) = 3
4
;

• (R6) XJ v´ f ���, @o c(v → f) = 1
5
;

• (R7) XJ v´ 6+-:½Ø´��AÏ 5-:, ½ö´��Ø���� 5-¡'é�AÏ 5-:, �X

J f Ø´��AÏ 5-¡½ö� 5-¡, Ù¥ f � v'é, @o c(v → f) = 1
2
.

��¤½n1.6 �y², �I�u� V
⋃
F ¥z�����ª��´Ä´�K�, e¡ü^ä

óòéd?1`².

äó4.8 éu¤k� v ∈ V (G), ch′(v) ≥ 0.

y² �âÚn 4.1, G¥Ø�3 3−-:, Ïd·�I�3e¡�Ä 4+-:.

�¹1µ dG(v) = 4.

3ù«�¹e, ·�kch(v) = 4× 2− 6 = 2. �âÚn 4.3, vvk?Û®. XJ v�ü� 3-¡

'é, @o�âR1, ch′(v) = ch(v)− 2× 1 = 0.

XJ vTÐ��� 3-¡'é, @o�â(b) ��, v�õ��� 4-¡'é. b� v��� 4-¡'

é, @o§�õ�ü�5-¡'é. �â R1, R2 ÚR3, ch′(v) ≥ ch(v)− 1− 1
2
− 1

4
× 2 = 0. ÄK, v�

õ'én� 5-¡. �â R1Ú R3, ch′(v) ≥ ch(v)− 1− 1
4
× 3 > 0.

XJ vØ�?Û 3-¡'é, @o�â R2Ú R3, ch′(v) ≥ ch(v)− 1
2
× 4 = 0.

�¹2µ dG(v) = 5.

3ù«�¹e, ·�kch(v) = 5 × 2 − 6 = 4. �âI54.2 (1), b� v ´AÏ:, = v ���

AÏ 5-¡'é. dÚn4.4 ÚAÏ 5-¡½Â��, v TÐ�ü� 3-¡Ú��AÏ 5-¡'é. �âÚ

n4.5, vvk®. XJ v���� 5-¡'é, �âÚn4.6 ��, v�õ���� 5-¡'é. Ïd·�
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�±l R1 ÚR4 ¥�� ch′(v) ≥ ch(v)− 1× 2− 1− 2
3
− 1

3
= 0. ÄK vØ�?Û� 5-¡'é, �â

R1, R4 ÚR7, ch′(v) ≥ ch(v)− 1× 2− 1− 1
2
× 2 = 0.

�e5·�b� v Ø´AÏ:, =dI54.2 (1)��, v Ø�?ÛAÏ 5-¡'é. �âÚn4.4

(1), v�õ�ü� 3-¡'é.�âÚn4.6, v�õ�ü�� 5-¡'é.

• XJ v ��uü� 3-¡, @o�âÚn4.6, � 5-¡�½ÂÚ (b) ��, v �õ����

5-¡'é. �â(b), v Ø�?Û 4-¡'é. Ïd, �â R1, R4, R6 ÚR7, ·��±�Ñ

ch′(v) > ch(v)− 1× 2− 1− 3
4
− 1

2
× 2 > 0.

• XJ vTÐ��� 3-¡'é, @o�â� 5-¡�½Â, v�õ�ü�� 5-¡'é, Ïd�â R1,

R4, R6 ÚR7, ch′(v) > ch(v)− 1− 1
5
− 3

4
× 2− 1

2
× 2 > 0.

• XJ vØ�?Û 3-¡'é§@o vØ�?Û� 5-¡'é. �âR2ÚR7, ch′(v) ≥ ch(v)− 1
2
×5 >

0.

�¹3µ dG(v) = 6.

5¿� ch(v) = 2× 6− 6 = 6. �âÚn4.4, v�õ'én� 3-¡, �õ'én�AÏ 5-¡.

• b� v �n� 3-¡'é. XJ v �n�AÏ 5-¡'é, @o�âÚn4.5 ��, v vk?Û®.

�â R1Ú R4, ch′(v) ≥ ch(v)− 3− 3 = 0. ÄK v�õ'éü�AÏ 5-¡. �âÚn4.5 ��,

vvk?Û®. �â R1, R4Ú R5, ch′(v) ≥ ch(v)− 3− 2− 3
4
> 0.

• b� v�õ�ü� 3-¡'é, @o�âÚn4.4 (2)��, v�õ���AÏ 5-¡'é. XJ v�

��AÏ 5-¡'é, @o�âR1, R4, R5ÚR6��, ch′(v) > ch(v)−2(1 + 1
5
)−1− 3

4
×3 > 0.

ÄK�âÚn4.6, v�õ�ü�� 5-¡'é. Ïd, �â R1, R4, R5, R6 ÚR7, ·��±�Ñ

ch′(v) > ch(v)− 2(1 + 1
5
)− 3

4
× 2− 1

2
× 2 > 0.

�¹4µ dG(v) = 7.

3ù«�¹e§ch(v) = 2× 7− 6 = 8. �âÚn4.4, v�õ'én� 3-¡, �õ'éü�AÏ

5-¡. �â R1, R4, R5Ú R6, �ª����� ch′(v) > ch(v)− 3(1 + 1
5
)− 2− 3

4
× 2 > 0.

�¹5µ dG(v) = k ≥ 8.

5¿� ch(v) = 2k − 6. �âÚn4.4, v�õ'é
⌊
d(v)

2

⌋
� 3-¡, �õ'é

⌊
d(v)

2

⌋
�AÏ 5-¡.

�â R1, R4 ÚR6, �±�Ñ ch′(v) ≥ ch(v)− (1 + 1
5
)×

⌊
d(v)

2

⌋
− 1×

⌊
d(v)

2

⌋
> 0.

äó4.8 y..

äó4.9 éu¤k� f ∈ F (G), ch′(f) ≥ 0.

y² � f ´ G���¡, Ï� G´{üã, ¤± Gvk�Úõ>. � dG(f) ≥ 3. XJ

dG(f) ≥ 6,@o f QØlO?����,�Ø�	=Ñ��.Ïd§ch′(f) = ch(f) = dG(f)−6 ≥ 0.

XJ dG(f) = 3, @o�â R1, � f 'é�z�:=�1 � f . Ïd, ·��±�� ch′(f) =

ch(f) + 3 × 1 = dG(f) − 6 + 3 = 0. XJ dG(f) = 4, @o�â R2, � f 'é�z�:=� 1
2
�

f , Ïd�ª�� ch′(f) = ch(f) + 4 × 1
2

= dG(f) − 6 + 2 = 0. �e5·�b� dG(f) = 5, @o

ch(f) = 5− 6 = −1.
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�¹1µ f´� 5-¡, =� f 'é�¤k:Ñ´ 4-:.

éu 0 ≤ t ≤ 5, � t� f þ�ü� 3-¡'é� 4-:�ê8, @o f þk (5 − t)� 4-:�õ'

é�� 3-¡, ¿� f ��k (t + 1)�. Ïd, �â R3 ÚR6, éuz� t ∈ {0, 1, 2, 3, 4, 5}§Ñk
ch′(f) ≥ −1 + 1

4
× (5− t) + 1

5
× (t+ 1) = 9−t

20
> 0.

�¹2µ f ´��(5+, 4, 4, 4, 4)-¡.

^ vL« 5+-:, XJ f ´��AÏ 5-¡, @o�â R4, ch′(f) ≥ −1 + 1 = 0. �e5·�b�

f Ø´��AÏ 5-¡, @o�âAÏ 5-¡�½Â��, �3�� 4-:�õ� f ��� 3-¡'é.

• b� v ´��AÏ 5-:, � v ���� 5-¡'é. XJ f ´��, @ok�� 4-:(ã5

¥� v ��� 4-:) TÐ��� 3-¡'é, Ø� f þ�?Û 4-¡'é. �â R3 ÚR4,

ch′(f) ≥ −1 + 2
3

+ 1
3

= 0. ÄK f Ø´� 5-¡, @o f ∈ F5, v ´��«¡�AÏ 5- :. 5¿

�ã5 ¥� f Ò´ f3. Ïd, �âI54.7, f ���ü� 4-:'é, �ùü� 4-:�õ'é��

3-¡, �ØÓ�'é�� 3-¡Ú�� 4-¡. �â R3, R4 ÚR7, ch′(f) ≥ 1 + 1
3

+ 1
3

+ 1
3

= 0.

• ÄK, v´�� 6+-:, ½ö vØ´��AÏ 5-:, ½ö v´��AÏ 5-:� vØ���� 5-¡

'é. XJ f ´� 5-¡, @o�3��� f 'é� 4-:, ¿�ù� 4-:�õ'é�� 3- ¡. �

â R3 Ú R5, ch′(v) ≥ −1 + 1
4

+ 3
4

= 0. XJf Ø´� 5-¡, @o f ��'éü� 4+-:, ¿�

ùü� 4+-:�õ'é�� 3-¡. �â R3ÚR7, ch′(f) ≥ −1 + 1
4
× 2 + 1

2
= 0.

�¹3µ f þ���3ü� 5+-:.

lI54.2 (2) ��, f QØ´AÏ 5-¡�Ø´� 5-¡.

• XJ f ∈ F5, @o�âI54.7, R3, R4ÚR7, ch′(f) ≥ −1 + 1
3
× 2 + 1

3
= 0.

• XJ f /∈ F5, = f Ø���AÏ 5-:'é, Ù¥ù� 5-:3��AÏ� 5-¡þ����� 5-¡

'é. �â R7, ch′(f) ≥ −1 + 1
4
× 2 + 1

2
= 0.

½n1.6 y..
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