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Abstract

In this paper, a piecewise smooth SI pest control model with saturation incidence

rate is established, in order to draw the management strategy of chemical control

only when the number of susceptible pests reaches the economic threshold. Using

the qualitative analysis theory of Filippov system, the global dynamics of the model

in different thresholds and parameter ranges are analyzed, and the global stability

of endemic equilibrium and pseudo equilibrium is obtained. Particularly, when the

parameters and thresholds are properly selected, the two endemic equilibrium points

will be bi-stable. The research shows that increasing or decreasing the dosage of

pesticides can effectively control the number of pests and avoid economic losses under

different economic threshold ranges.
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1. Úó

2019c§éÜI²LÚ�¬¯ÖÜu©L«.<�32030cýOO��85·�m,32050c

ò��97· [1].�
�æFÃO��<�I¦,÷ )�¡�ã�]Ô.³Á��à�Ô�U',�à

�Ô�)��5îK�,No�é³Á?1£n´<���'5�9:{K.zÆ£nÚ)Ô£n

´·�~^��{,�ª�/¦^àÁJé<aèxÚ�¸Ø|.)Ô�£��ªÏ~´Ý�U',D

Â;¾�.~X,©z [2]¥JÑ
�«|^M)·�à�Ô³ÁD4�·¾Ó5�o�Ô��{.)

Ô�£wq´é�¸vkÀ/�k��ª,�Ý�U'�U¬Ú5Ù¦Á³,�¢�¿���¾³Á

�¤��p,¤±��3é�6à.

�
)ûü������5�6à,é³Á?1£n�  òùü«�ªkÅ(Ü,=nÜ³Á

£n£IPM¤ [3].�³Áêþ�L²LK�£ET¤�,æ���§¦³Áêþ3²L�³Y²(EIL)

±e,ù«�ªØ=�±¼��Z�²L�Ã�U~�Ï��üÑé�¸�5�K¡K�.é
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uIPM üÑ,NõÆöïá
êÆ�.é³Á£n?1ïÄ,XØëY���³Á£n [4–6]!äk

óÀ�A�)ÔêÆ�.�.

©Ù¥3©z [7]�Ä:þ,b�;¾®3³Á¥DÂ,ò³Á©�´a³Á(S)Úa/³Á(I).

a/³ÁØ¬éà�ÔE¤K�,¤±·�ò´a³Á�����I,��´a³Áêþ��ET,æ

�IPM��.,,©z [8] ¥JÑa/ö�´aö�DÂêþØ�U���I¤�5O�,dua/³

ÁêþLõ;¾DÂgêò���Ú.Ïd,�©ò���Úu¾Ç βI
1+αI

�Ä�Filippov ¾Á³£n

�.¥,éÙ?1ÄåÆ©Û,&?¦�´a³Áêþ$uET ���.

2. �.0�9ý��£

2.1. ³Á£nSI�.

�©ïáäk�Úu¾Ç�³Á�£�.{
dS
dt

= rS − βSI
1+αI

− dS − ηq1S,
dI
dt

= βSI
1+αI

− (d+ ε)I + η(p− q2)I,
(2.1)

Ù¥, S(t)ÚI(t)©OL«´a³ÁÚ/¾³Á3t ���«+êþ¶r L«´a³Á�Ñ)Ç;βL

«D/Ç,dÚεL«³Á�g,k�ÇÚÏ¾k�Ç;α > 0 ��Úëê,q1 Úq2 ©OL«du�h

àÁJ��^¦�´a³Á�/¾³Á«+êþ~��'Ç;p�/¾³Á�º��Ç.

η =

{
0, S < ET,

1, S > ET,

���¼ê, ET���K�.��¼êηL«�´a³Áêþ�uET,�hàÁJ,�´a³Áêþ$

uET�,Øæ���.-q = p− q2,Ó�b�r > d+ q1.

-H(Z) = S(t)− ET ,Z = (S, I)T .�

F1 (Z) = (f11, f12)
T =

[
rS− βSI

1+αI
− dS, βSI

1+αI
− (d+ ε) I

]T

F2 (Z) = (f21, f22)
T =

[
rS− βS (t) I

1+αI
− dS − q1S,

βSI

1+αI
− (d+ ε) I − qI

]T
XÚ(2.1))��¤Xe�FilippovXÚ

Ż=

{
F1 (Z) , Z ∈ G1

F2 (Z) , Z ∈ G2

(2.2)

Ù¥G1 =
{
Z ∈ R2

+ : H (Z) < 0
}

,G2 =
{
x ∈ R2

+ : H (Z) > 0
}
"Ó�PΣ =

{
Z ∈ R2

+ : H (Z) = 0
}

�XÚ(2.1))����.

du�þ|�ØëY5§�©ò?ØXÚ(1.1)Filippov ¿Âe�)§Ù½ÂXeµ
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½Â2.1. e�þ¼ê(S(t),I(t))3[0, T )�?¿k.4f«m(t1, t2)þýéëY(0 < T ≤
+∞),÷vÐ©^�S(0) = S0ÚI(0) = I0,��3�ÿ¼êλ = λ(t) : [0, T ) → [0, 1]¦�éA�

¤k�t ∈ [0, T ) k 
dS
dt

= rS − βSI
1+αI

− dS − γq1S,

dI
dt

= βSI
1+αI

− (d+ ε)I + γqI,
(2.3)

@o¡�þ¼ê(S(t),I(t))´XÚ((2.1))LÐ©�(S0, I0)�).

½Â2.2. FilippovXÚ(2.1)²ï: [9]

1) eF1(Z
∗) = 0, H (Z∗) < 0½F2(Z

∗) = 0, H (Z∗) > 0 ¤á,KZ∗ �¢²ï:;

2) eF1(Z
∗) = 0, H (Z∗) > 0½F2(Z

∗) = 0, H (Z∗) < 0¤á,KZ∗ �J²ï:;

3) eλF1(Z
∗) + (1− λ)F2(Z

∗) = 0, H (Z∗) = 0, K¡Z∗ ��²ï:,Ù¥

λ(Z) =
〈HZ , F2〉

〈HZ , F2 − F1〉
.

2.2. fXÚÄåÆ©Û

3ù�Ü©,Ì�©Û
ü�fXÚ�ÄåÆ1�.

éufXÚS1,ÙÄ�2)ê�R1 = β
α(r−d) .fXÚS

1�3��"²ï:E0 = (0, 0),dJacabian

1�ª��E0 �Q:.�R1 > 1�,�3��/�¾²ï:E1 = (S1, I1) =
(

d+ε
β−α(r−d) ,

r−d
β−α(r−d)

)
.�

A/,éufXÚS2,ÙÄ�2)ê�R2 = β
α(r−d−q1) ,�3��Ã¾²ï:E0 = (0, 0),E0�Q:.

�R2 > 1�,�3/�¾ï:E2 = (S2, I2) = ( d+ε−q
β−α(r−d−q1) ,

r−d−q1
β−α(r−d−q1)).

·K2.3. XJR1 > 1,fXÚS13G1«��3��ìC½�/�¾²ï:E1;XJR2 > 1,f

XÚS23G2«��3��ìC½�/�¾²ï:E2.

y². òfXÚS1U�¤
dS
dt

= −β(I−I1)S
(1+αI)(1+αI1)

dI
dt

= β(S−S1)I+αβII1(S−S1)−αβIS1(I−I1)
(1+αI)(1+αI1)

�ÄoäÊìÅ¼ê

V1 = (1 + αI1)

(
S − S1 − S1 ln

S

S1

)
+

(
I − I1 − I1 ln

I

I1

)
.

��dV1

dt
= −αβ(I − I1)2

(
1

(1+αI1)(1+αI)

)
≤ 0.�âLasallaØC�n,��E13G1«��ÛìC½.

aq/,�ÄoäÊìÅ¼ê

V2 = (1 + αI2)

(
S − S2 − S2 ln

S

S2

)
+

(
I − I2 − I2 ln

I

I2

)

ddV2

dt
= −αβ (I − I2)2

(
1

(1+αI2)(1+αI)

)
≤ 0, ��E23G2«��ÛìC½. �
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3. w�ÄåÆ©Û

�âw���½Â,·��±��Σs = {x ∈ Σ| 〈Hz, F1 (x)〉 > 0, 〈Hz, F1 (x)〉 < 0} =

〈Hz, F1 (x)〉 > 0⇒ I < I1

〈Hz, F2 (x)〉 < 0⇒ I > I2

�I2 < I1,��Σs = {x ∈ Σ|I2 < I < I1, S = ET}

dFilippovà�{��XÚ(2.1)÷Σs�w��§�

İ =
βET

1 + αI
I − qβ

q1 (1 + αI)
I2 − q1 (d+ ε)− q (r − d)

q1
I = g(I). (3.1)

-ξ = q1 (d+ ε) + q2 (r − d). �İ = 0,L«g (I) = 0§§��u

ϕ (I) = − (qβ + αξ) I2 + (q1βET − ξ) I = 0 (3.2)

Ïd,�ª(3.2)kü��

I(1) = 0.I(2) =
ξ − q1βET
q2β − αξ

@oXÚ�U�3���²ï:Ep = [ET.I(2)].

e¡·���I(2) ∈ [I2, I1]�¿�^�:

ϕ (I1) = βq1(r−d)[ET (β−α(r−d)−ε−d)]
[β−α(r−d)]2 = βq1I1 (ET − S1),

ϕ (I2) = βq1(r−d−q1)[ET (β−α(r−d−q1)−ε−d+q)]
[β−α(r−d−q1)]2

= βq1I2 (ET − S2) .

XJS2 < ET < S1 �,��ϕ (I1) < 0,ϕ (I2) > 0,d":�3½n��I(2) ∈ [I2, I1],�²ï:EP�

3.,�,·��±��

ġ
(
I(2)
)

= −(βETq1 − ξ) (βq + αξ)

βq1 (q + αETq1)
< 0.

4. �ÛÄåÆ©Û

�
�yXÚ¥�3�²ï:��35,·�b�R1 > 1.�!ò©ÛFilippov��ÛÄåÆ,Ä

küØ¤k�U�4��,,�2ò²ï:�¢JÚÛÜ½5�(Ü,�±3nØÚê��[þ�

�XÚ��ÛÄåÆ.duET���ØÓ,¤k�U�²ï:��35Ú½5�ØÓ,¤±©e�

n«�¹?1?Ø.3��XÚ��Û½5c,·�küØXÚ�3�4��.

Ún4.1. XÚ(2.1)Ø�3�¹Ü©w�ãΣs�4��.

y². �S2 < ET < S1�,�²ï:Ep�3�ÛÜìC½,ùL²lGiÑu�;���w�

ãI1I2�ª��²ï:EP .d�,XÚSØ�3�¹Ü©w�ã�4��.
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�ET > S1�§�3¢²ï:E1.b��3�¹Ü©w�ãΣs�4��Γ,;�Γ²L�

:(ET, I1) ¿�2g��Σs, Xã 1(a)¤«.ù�½n3.1¥E1 �ÛìC½�gñ,¤±l�

:(ET, I1) Ñu�;�Ø¬��Σs,=Ø�3�¹Ü©w�ã�4��.·���±^aq��{y

²eET < S2�Ø�34��. �

Figure 1. Schematic diagram of excluding limit cycle

ã 1. üØ�«¿ã

Ún4.2. XÚ(2.1)Ø�3�7w�ãΣs�4��.

y². b��3���7w�ãI1I2�4��L,Xã 1(b)¤«.-L = L1 +L2,�Li = L
⋂
Gi.4

��Ú��S = ET − ε,S = ET + ε3:P1,Q1 �P2,Q2 ?��.-∂D1��ãL1�B1A1 ¤�¤�

«�D1�>.,-∂D2��ãL2�A2B2¤�¤�«�D2 �>..Ó�§A,B,A1,A2,B1,B2 �p�I

©O�a, b,a− δ1(ε),a− δ2(ε),b+ δ3(ε),b+ δ4(ε)§¿�÷vlimε→0 δi(ε) = 0, (i = 1, 2, 3.4).�Dulac¼

êB (SI) = 1
SI

,@o∫∫
D1

[
∂ (Bf11)

∂S
+
∂ (Bf12)

∂I

]
dSdI +

∫∫
D2

[
∂ (Bf21)

∂S
+
∂ (Bf22)

∂I

]
dSdI =

−2α

(1 + αI)2
< 0 (4.1)

3D1¥A^��úªk∫∫
D1

[
∂ (Bf11)

∂S
+
∂ (Bf12)

∂I

]
dSdI =

∮
∂D1+

−−−→
B1A1

B (f11dI − f12ds)

=

∮
∂D1

B (f11dI − f12dS) +

∫
−−−→
B1A1

Bf11dI

=

∫
−−−→
B1A1

Bf11dI

=

∫ a−δ1(ε)

b+δ3(ε)

(
r

I
− β

1 + αI
− d

I

)
dI
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Ó�/,3D2¥A^��úªk∫∫
D2

[
∂ (Bf21)

∂S
+
∂ (Bf22)

αI

]
dSdI =

∫
−−−→
A2B2

Bf21dI

=

∫ b+δ4(ε)

a−δ2(ε)

(
r

I
− β

1 + αI
− d

I
− q1
I

)
dI

@o��

lim
ε→0

(∫∫
D1

[
∂ (Bf11)

∂S
+
∂ (Bf21)

∂I

]
+

∫∫
D2

[
∂ (Bf21)

∂S
+
∂ (Bf22)

αI

])
dSdI

= lim
ε→0

(∫ a−δ1(ε)

b+δ3(ε)

r

I
− β

1 + αI
− d

I
dI +

∫ b+δ4(ε)

a−δ2(ε)

r

I
− β

1 + αI
− d

I
− q

I
dI

)
.

=

∫ a

b

q

I
dI > 0.

ù�(4.1)Ñygñ.Ïd,Ø�3�7w�ãI1I2�4��. �

�/1.1 �S2 < S1 < ET�,/�¾²ï:E1�¢²ï:,E2�J²ï:.3��XÚ��Û

½5c,·�küØXÚ�3�4��.

½n4.3. XJS2 < S1 < ET ,¢²ï:E1�ÛìC½.

y². �S2 < S1 < ET�,E1�¢²ï:,E2�J²ï:.qdª(3.1)�5���g(I1) >

0, g(I2) > 0,¤±[I2, I1]þ,g(I) > 0,ù`²d�Ø�3�²ï:,�w�ãþ�;���le 

þ.dÚn(4.1)�(4.2)��XÚ(2.1) Ø�34��.Ïd,3G2¥�;�ÃØ´Ä�¥w�ã�ªª

uG1,G1 ¥�;�òª�uE1,d·K(2.3)��E1�ÛìC½.¤±ÃØÐ© �XÛ,;��

ªÑ¬½�E1,¤±E1�ÛìC½Xã 2(a))¤«. �

�/1.2�S2 < ET < S1�,E1ÚE2Ñ�J²ï:.

½n4.4. XJS2 < ET < S1,�²ï:Ep�ÛìC½.

y². �S2 < ET < S1�,E1ÚE2Ñ�J²ï:,dª(3.1)�5���g(I1) < 0, g(I2) > 0,¤

±3[I2, I1]þ�3���":,�Ò´`�²ï:Ep�3�ÛÜìC½.3ù«�¹e,��E1 

uG2«�,E2 uG1 «�,¤±;�Ñª���«�±��g�²ï,qÏ�EpÛÜìC½,�d

Ún(4.1)�(4.2)��Ø�34��.¤±¤k;��ªÑ¬Â¥w�ã¿Âñ��²ï:§Ïd�

��²ï:Ep �ÛìC½,Xã 2(b)) ¤«. �

�/1.3�ET < S2 < S1�,�3¢²ï:E2,J²ï:E1.��±e(Ø,Ùy²L§aqu½

n(4.5), ;�ã�Xã 2(c))¤«.

½n4.5. XJET < S2 < S1,¢²ï:E2 �ÛìC½.

5. )ÔÆ¿Â

�©±FilippovÄåÆXÚ�Ä:,ïá
äk�Úu)Ç�³Á£nSI �.,éÙ?1XÚ

©Û,¿�ÑzÆ�£Ú)Ô�£é³Á£n��^.ïÄ�Ñ,�R2 < 1 �,�kÃ¾²ï:E0�
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Figure 2. The system (2.1) is globally asymptotically stable in three cases: (a) ET = 6,(b) ET = 3 and (c)
ET = 0.5. Other parameters are r = 0.7, d = 0.3, q1 = 0.2, q = 0.3, β = 0.3, ε = 0.2, α = 0.5

ã 2. XÚ(2.1)©O3(a) ET = 6,(b) ET = 3,(c) ET = 0.5n«�¹e��ÛìC½�ã§Ù¦ëê
�r = 0.7, d = 0.3, q1 = 0.2, q = 0.3, β = 0.3, ε = 0.2, α = 0.5

3,�E0�Q:,ù`²³ÁØ��Ur�«ý. 3R1 > 1�cJe,1oÙ¥é/�¾²ï:Ú

�²ï:��Û½5?1
©Û.�S2 < S1 < ET½öS2 < ET < S1�§/�¾²ï:E1½

�²ï:EP�ÛìC½,d�´a³Á�êþ½3K�ET±e½ö½3ET?,U
;�

³Áêþ��u.�Ò´`����ëêq,O\/¾³Á�Ý�þ±9~�àÁJ�¦^þ¦

� d+ε−q
β−α(r−d) < ETU;�³Áêþ�ué²LE¤��,�±�³Á£nJøüÑÚ�{.
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