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Abstract

Boolean functions and linear codes with few-weights have important applications in
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designing sequence ciphers and in designing shared schemes. In this paper, we con-

struct a class Boolean functions with five-valued Walsh spectra using Kasami functions

and investigate the distribution of Walsh spectral values of the new functions. Final-

ly, a class of minimal linear codes with five-weights is constructed by using the new

functions.
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1. Úó

Ù�¼ê´�è¼ê¥��¼ê��,36�èÚé¡�èN���OÚ©Û¥åXÌ��

^.�EÓ�ä�õ«`û�èÆ5��Ù�¼ê��´ïÄ�9:. WalshC�´ïÄÙ�¼ê

�èÆ5����óä��,äk��WalshÌ���è¼ê3é¡�èN���{�O!�ê

?èÚ|Ü�OnØïÄ¥åX��^, ÏÉ�IS	Æö�2�'5. Bent¼ê��Ù�¼

ê¥��5Ý�`,��äkü�WalshÌ [1],3A^�è!Å�?ènØ!S��OnØ�+�

®�2�ïÄ.

�5è'��5è�N´?èÚÈè�Dx&E�¯,¤±3ÏÕXÚ!O�ÅXÚ�+�

kX2��A^. AO/, éuäk�$þ��5è3ïÄ@yè [2]!(Ü�Y [3]!r�K

ã [4]!�����Y [5]��¡�'�. 1998c AshikhminÚ Barg [6]�Ñ
�5è�4��5

è�¿©^�; 2015c Ding [7, 8]ÏL 2-�O�E�Ñ
Aaäk�$þ��5è; 2018c Ding

�< [9, 10]�Ñ
�5è´4��5è�¿�^�¿�E
nq��4��5è,(½
Ùþ©

Ù; 2019c Zhang�< [11]�E
oq4��5è,¿(½
Ùþ©Ù.

�©|^ Kasami¼ê�E
�aäkÊ�WalshÌ�Ù�¼ê,¿ïÄ
#¼ê�WalshÌ

�©Ù.��|^#¼ê�E
�aÊ4��5è,(½
è��Ý,�ê9þ©Ù.

�©|�(�Xe,1�Ü©0��©�9��Ä�Vg9Ä:�£;1nÜ©Äk|^Ù�

¼ê����E, Äu Kasami¼ê�E
�aäkÊ�WalshÌ�Ù�¼ê¿(½
#¼ê�Ì

�©Ù, Ó�|^#¼ê�O
�a��4��5è,��Ñ
Ùþ©Ù;��,o(�©.
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2. Ä:�£

� n���ê, F2n �k 2n ����k��, F∗2n = F2n \ {0}.éu?Û��ê r|n,,¼ê Trnr

½ÂXe

Trnr (x) = x+ x2
r

+ . . .+ x2
n−r

, x ∈ F2n ,

�k Trnr (x) = Trnr (x2).AO/,� r = 1�, Trn1 (x)¡�ýé,¼ê. � F2´��k��, Fn2 ´ F2

þ� n��þ�m,l Fn2 � F2�N� f : Fn2 → F2�¡� n�Ù�¼ê.- Bn�¤k n�Ù�¼

ê�8Ü. Ù�¼ê�WalshC�,´ïÄÙ�¼ê5����êÆóä��,Ù½ÂXe

½½½ÂÂÂ1. � f ´l F2n � F2 �¼ê,K f �WalshC�´��¢�¼ê f̂ : F2n → Z,�é?
¿� α ∈ F2n ,¼ê f 3 α?�WalshÌ�½Â�

f̂(α) =
∑
x∈F2n

(−1)f(x)+Trn1 (αx).

e¼ê f �WalshÌ�=k t�ØÓ���,K¡¼ê f äk t�WalshÌ.- Ni = |{α ∈
F2n : f̂(α) = vi}|,Ù¥ 1 ≤ i ≤ t, vi´ f ØÓ�WalshÌ�.dWalshC��5�,kXe�§|



t∑
i=1

Ni = 2n,

t∑
i=1

Nivi = 2n(−1)f(0),

t∑
i=1

Niv
2
i = 22n,

(1)

e©¥ò|^ (1)ªO�¼ê f �WalshÌ�©Ù.

� n = m+ k, mÚ k´��ê, F2n Ú F2m × F2k Ó�, (y, z) ∈ F2m × F2k ,K F2n þ�õC�

Ù�¼ê f(y, z)3?¿ (a1, a2) ∈ F2m × F2k ?�WalshC�½Â�

f̂(a1, a2) =
∑

y∈F2m ,z∈F2k

(−1)f(y,z)+Trm1 (a1y)+Trk1 (a2z). (2)

½½½ÂÂÂ2. � n´óê, f ∈ Bn,eé?¿� α ∈ F2n ,Ñk f̂(α) = ±2n/2,K¡ f(x)� bent¼ê.

e f(x)´ bent¼ê,K f �éó¼ê f∗ �ÙWalshC�kXe'X

f̂(α) = 2n/2(−1)f
∗(α).

ÚÚÚnnn1. [12] � n = 2m � λ ∈ F∗2m , K f(x) = Trm1 (λx2
m+1) ´�� bent ¼ê. é?¿�
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a ∈ F2m , f(x)3 a:?�WalshC��

f̂(a) = 2m(−1)Tr
m
1 (λ−1a2

m+1)+1. (3)

w,Ùéó¼ê´ f∗(x) = Trm1 (λ−1x2
m+1) + 1.

� f(x)´ F2n � F2þ÷v f(0) = 0�Ù�¼ê,�éu?¿� v ∈ F2n , f(x) 6= Trn1 (vx),�Ñ

F2þ���5è Cf Xe:

Cf = {(αf(x) + Trn1 (βx))x∈F∗
2n

: α ∈ F2, β ∈ F2n}. (4)

e¡�Ñ�ä���5è´4��5è�¿©^�.

ÚÚÚnnn2. [6] ���5è C XJ÷v wmin

wmax
> 1

2
,KÙ3 F2þ´4��,Ù¥ wmin� wmax©OL

«è C �4�Ç²þ�4�Ç²þ.

3. Ì�(Ø9y²

3.1. #¼ê�E9Ì�©Û

Äk�EÙ�¼êXe:

f(x, y) = Trm1 (λx2
m+1) + Trk1(c1y)Trk1(c2y)Trm1 (r(x+ 1)2

m+1), (5)

Ù¥ r, λ ∈ F∗2m ,� λ 6= r, c1, c2 ∈ F2k �5Ã'.

e¡·�O�T¼ê�WalshÌ�9Ù©Ù. k�Ñ���Ún.

ÚÚÚnnn3. � f(x, y)d (5)ª¤½Â,Kéu?¿� (u, v) ∈ F2n × F2k , f(u, v)�WalshÌ��

f̂(u, v) =



−2k−2+
m
2 (3(−1)Tr

m
1 ((λ)−1u2m+1) + (−1)Tr

m
1 ((λ+r)−1(r+u)2

m+1)+Trm1 (r)), v = 0,

−2k−2+
m
2 ((−1)Tr

m
1 ((λ)−1u2m+1) − (−1)Tr

m
1 ((λ+r)−1(r+u)2

m+1)+Trm1 (r)), v ∈ {c1, c2},

−2k−2+
m
2 ((−1)Tr

m
1 ((λ+r)−1(r+u)2

m+1)+Trm1 (r) − (−1)Tr
m
1 ((λ)−1u2m+1)), v = c1 + c2,

0 Ù¦,

(6)

y²éu?¿ (ε1, ε2) ∈ F2
2,½ÂXe8Ü

T (ε1, ε2) = {y ∈ F2k | Trk1(c1y) = ε1,Trk1(c2y) = ε2},
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Ké?¿� (u, v) ∈ F2n × F2k ,k

f̂(u, v)

=
∑

x∈F2n ,y∈F2k

(−1)f(x,y)+Trn1 (ux)+Trk1 (vy)

=
∑
x∈F2n

∑
(ε1,ε2)∈F2

2

∑
y∈T (ε1,ε2)

(−1)Tr
m
1 (λx2m+1)+ε1ε2Tr

m
1 (r(x+1)2

m+1)+Trn1 (ux)+Trk1 (vy)

=
∑
x∈F2n

∑
(ε1,ε2)∈F2

2

∑
y∈F

2k

(−1)Tr
m
1 (λx2m+1)+ε1ε2Tr

m
1 (r(x+1)2

m+1)+Trn1 (ux)+Trk1 (vy)

2∏
j=1

(
1 + (−1)Tr

k
1 (cjy)+εj

2
)

=


−2k−2+

n
2 (3(−1)Tr

m
1 (λ−1u2m+1) + (−1)Tr

m
1 ((λ+r)−1(r+u)2

m+1)+Trm1 (γ)), v = 0,

−2k−2+
n
2 ((−1)Tr

m
1 (λ−1u2m+1) − (−1)Tr

m
1 ((λ+r)−1(r+u)2

m+1)+Trm1 (r)), v ∈ {c1, c2},
−2k−2+

n
2 ((−1)Tr

m
1 ((λ+r)−1(r+u)2

m+1)+Trm1 (r) − (−1)Tr
m
1 ((λ)−1u2m+1)), v = c1 + c2,

0 Ù¦,

(7)

w,y²�.. �

½½½nnn1. ÎÒ¹Â�Ún 3�Ó,eC = 1, K(5)ª½Â�¼êf(x, y)�WalshÌ�©ÙXe

f̂(u, v) =


0, Ñy 2n+k − 5 · 2n−1 + 3 · 2n

2−1g,

±2
n
2 +k, Ñy 2n−2 + 2

n
2−2g,

2
n
2 +k−1, Ñy 2n − 2

n
2 +1g,

−2
n
2 +k−1, Ñy 2ng.

(8)

y²Äk?Ø¼ê f(x, y)�WalshÌ�,-A = Trm1 (λ−1u2
m+1), B = Trm1 ((r+λ)−1u2

m+1), C =

Trm1 (γ),dÚn 1�� ∑
u∈F2n

(−1)A = 2
n
2 (−1)Tr

m
1 (λ02

m+1)+1 = −2
n
2 . (9)

� C = 1�, dÚn 3é?¿� (u, v) ∈ F2n × F2k ,©ü«�/?Ø:

(1) A 6= B �,k

f̂(u, v) =

{
(−1)A+12

n
2 +k, v = 0,

0, Ù¦.

(2) A = B �,k

f̂(u, v) =


(−1)A+12

n
2 +k−1, v = 0, v = c1½ v = c2,

(−1)A2
n
2 +k−1, v = c1 + c2,

0, Ù¦.

�e5?Ø f(x, y)�WalshÌ�©Ù.Äk�Ä f̂(u, v) = −2
n
2 +k Ñy�gê,5¿� v = 0�
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A = 0, B = 1�, f̂(u, v) = −2
n
2 +k,� N4L« F2n × F2k ¥÷vd^�� (u, v) ��ê,Kk

N4 =
1

22

∑
u∈F2n

(1 + (−1)A)(1− (−1)B)

=
1

22

∑
u∈F2n

(1 + (−1)A − (−1)B − (−1)A+B),

� (9)ªaq,
∑

u∈F2n

(−1)B =
∑

u∈F2n

(−1)A+B = −2
n
2 ,Ïd

N4 =
1

22
(2n − 2

n
2 + 2

n
2 + 2

n
2 ) = 2n−2 + 2

n
2−2.

Ùg�Ä f̂(u, v) = 2
n
2 +k Ñy�gê,5¿� v = 0� A = 1, B = 0�, f̂(u, v) = 2

n
2 +k,� N5

L« F2n × F2k ¥÷vd^�� (u, v)��ê,Kk

N5 =
1

22

∑
u∈F2n

(1− (−1)A)(1 + (−1)B)

=
1

22

∑
x∈F2n

(1 + (−1)B − (−1)A − (−1)A+B)

=
1

22
(2n + 2

n
2 + 2

n
2 − 2

n
2 )

= 2n−2 + 2
n
2−2.

e¡Ú\ Ni (1 ≤ i ≤ 3)�½Â,

N1 = |{(u, v) ∈ F2n × F2k : f̂(u, v) = 0}|, (10)

N2 = |{(u, v) ∈ F2n × F2k : f̂(u, v) = 2
n
2 +k−1}|, (11)

N3 = |{(u, v) ∈ F2n × F2k : f̂(u, v) = −2
n
2 +k−1}|. (12)

Ï� f(0, 0) = 0,ò (10)ª±9 N4, N5�\�§| (1)¥,k

2n+k = 2n−1 + 2
n
2−1 +N1 +N2 +N3,

2n+k = −2
n
2 +k(2n−2 + 2

n
2−2) + 2

n
2 +k(2n−2 + 2

n
2−2)

−2
n
2 +k−1 ·N2 + 2

n
2 +k−1 ·N3,

22(n+k) = 2n+2k(2n−2 + 2
n
2−2) + 2n+2k(2n−2 + 2

n
2−2)

+2n+2k−2 ·N2 + 2n+2k−2 ·N3,

DOI: 10.12677/aam.2023.128361 3636 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.128361


ÜC¥

)� 
N1 = 2n+k − 5 · 2n−1 + 3 · 2n

2−1,

N2 = 2n − 2
n
2 +1,

N3 = 2n.

Ï�y. �

3.2. #¼ê�E9Ì�©Û

�!�Ì�ó�´|^�E�#Ù�¼ê�O�a4��5è.

ÚÚÚnnn4. [13] �è Cf d (4)ª½Â,K Cf ��Ý� 2n−1,�ê� n+ 1,Ùþ©Ù�deãõ

8�Ñ

{{2n − f̂(ω)

2
: ω ∈ F2n} ∪ {2n−1 : ω ∈ F∗2n} ∪ {0}}.

½½½nnn2. �ÎÒ½ÂXþ,Kd (5)ª½Â�¼ê f(x, y)Äu (4)ª�E��5è Cf ´ëê�
[2n+k−1, n+ k + 1, 2n+k−1 − 2m+k−1]�Ä4�è,Ùþ©Ù�L1,Ù¥

Table 1. The weight distribution of Cf(x,y)

L 1. Cf(x,y) �þ©Ù

þ ªê

0 1
2n+k−1 2n+k − 5 · 2n−1 + 3 · 2n

2−1

2n+k−1 ± 2m+k−1 2n−2 + 2
n
2−2

2n+k−1 − 2m+k−2 2n − 2
n
2 +1

2n+k−1 + 2m+k−2 2n

y² d½n 1 ¥�¼ê f(x, y) � Walsh Ì�©ÙÚÚn 4 �(Ø�� Cf �þ©Ù�
L1. dþL�� wmin = 2n+k−1 − 2m+k−1, wmax = 2n+k−1 + 2m+k−1, l wmin

wmax
> 1

2
, ¤±÷v

Aschikhmin-Barg^�,��Ä4�è. �

~~~1. b� n = 8, k = 2, � ζ ´ F28 þ÷v ζ8 + ζ6 + ζ5 + ζ + 1 = 0 ����, - c1 = 1,

c2 = ζ85, λ = ζ17, r = ζ85, Trn1 (r) = 0ÏLMagma§S�yè Cf�ëê� [542, 11, 510], ÙþO

êì�

1 + 408z512 + 241z526 + 68z542 + 256z558 + 68z574

ù�½n 2 �(Ø��.

4. (Ø

�©Äu Kasami¼ê�E
�aäkÊ�WalshÌ�Ù�¼ê¿(½
#¼ê�Ì�©Ù.

Ó�,^Magma§S�y
(Ø��(5.,	|^#¼ê�O
�a�5è,��Ñ
Ùþ©
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