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Abstract

Let n be a positive integer, ϕ(n) is Euler function, the value is equal to the sequence

0, 1, 2, ..., n− 1 which are prime to n. In fact, discussing the solutions of Euler function

equation is a meaningful work, moreover, the properties of the function are very

important to discuss the solution. In this paper, using the properties of the Euler

function, we discuss the necessity of integer solution of the Euler function equation

ϕ(mn) = aϕ(m) + bϕ(n) + c, and then gives all solutions if a = 5, b = 6, C = 16.
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Æ�s

Á �

�n´��ê, ϕ(n)´Í¶�î.¼ê§§���uS�0, 1, 2...n − 1¥�np���ê��

ê"éu�9î.¼ê��§)�?Ø´��Lk¿Â��K§î.¼ê�5�3?Øî

.¼ê�§�)¥�'�"�©|^î.¼ê5���'(Ø§?Ø
�aî.¼ê�

§ϕ(mn) = aϕ(m) + bϕ(n) + c �3�ê)�7�^�§¿�Ñ
�a = 5, b = 6, c = 16 �§Tî

.¼ê�§��Ü)"

'�c

î.¼ê, î.¼ê5�, �ê)
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1. Úó

�n´��ê§ϕ(n)´Í¶�î.¼ê§§���uS�0, 1, 2...n−1¥�np���ê��ê"

'uEuler¼êϕ(n)��§´êØ¥�~�Úk¿Â��K§ék'uϕ(n)�5�Úϕ(n)k'�

Ø½�§�ïÄ§NõÆö?1
&?(�ëw©z [1–13])"Ù¥©z [1, 2] éu�§ϕ(x) = m

�)?1
?Ø§©z [3]�Ñ
�m = 2p, 2pn, 2pq ��§ϕ(x) = m�)(Ù¥p, q��ê§n�

��ê)"3©z [4–7]¥K©O?Ø
�§ϕ(mn) = k(ϕ(m) + ϕ(n)) Ù¥k ∈ Z§3k�

ØÓ���)"é/Xϕ(mn) = aϕ(m) + bϕ(n) + c �î.¼ê��5�§§©z [13] �Ñ


�a = 7, b = 8, c = 16��§��Ü)"�©?Ø
�§ϕ(mn) = aϕ(m) + bϕ(n) + c(Ù

¥a, b, c ∈ Z)��ê)§¿�Ñ
ϕ(mn) = 5ϕ(m) + 6ϕ(n) + 16 ��Ü�ê)"

2. î.¼ê5���'(J

Ún1 [14] �m,n�?¿��ê§em|n§Kϕ(m)|ϕ(n)"

Ún2 [14] é?¿��êm,n§egcd(m,n) = d§Kϕ(mn) = dϕ(m)ϕ(n)
ϕ(d)

"

Ún3 [14] �n ≥ 1�§ϕ(n) ≤ n§�n ≥ 3�§ϕ(n)7�óê"

íØ4 é?¿n���êx1, x2, ..., xn§k

ϕ(x1x2...xn) ≥ ϕ(x1)ϕ(x2)...ϕ(xn)
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y² dÚn29Ún3á�"

Ún5 [15] é?¿��ên, p´�ê§K

ϕ(np) =

{
(p− 1)ϕ(n), (n, p) = 1,

pϕ(n), (n, p) = p.

3. Ì�(J9y²

Ún6 [3] p��ê§ϕ(x) = 2p�)�

(1) �p = 2�§x = 5, 8, 10, 12

(2) �p = 3�§x = 7, 9, 14, 18

(3) �p ≥ 5�§g = 2p+1��ê§ϕ(x) = 2p kü�)x = g, 2g¶g = ϕ(2p+1)Ø��ê�§

Kϕ(x) = 2pÃ�ê)"

Ún7 [3] eϕ(x) = 2, Kx = 3, 4, 6"

ϕ(x) = 22§Kx = 5, 8, 10, 12.

ϕ(x) = 23§Kx = 15, 16, 20, 24, 30.

ϕ(x) = 24§Kx = 17, 32, 34, 40, 48, 60.

ϕ(x) = 25§Kx = 51, 64, 68, 80, 96, 102, 120.

½n6 î.¼ê�§ϕ(mn) = aϕ(m) + bϕ(n) + c(Ù¥a, b, c ∈ Z)§e�3�ê)(m,n)§

Kϕ(gcd(m,n))|c"

y² Ø��gcd(m,n) = d§Kd|m, d|n"dÚn1��ϕ(d)|ϕ(m)�ϕ(d)|ϕ(n)"-ϕ(m) =

m1ϕ(d),

ϕ(n) = n1ϕ(d), Ù¥m1, n1 ∈ Z+§2dÚn2�ϕ(d)(dm1n1 − am1 − bn1) = c§=ϕ(d)|c§�y"

½n7 î.¼ê�§ϕ(mn) = 5ϕ(m) + 6ϕ(n) + 16 ��ê)�21|§©O�

(m,n) = (53, 7), (53, 9), (53, 14), (53, 18), (106, 7), (106, 9),

(15, 29), (16, 29), (20, 29), (24, 29), (30, 29), (15, 58), (8, 38),

(8, 54), (10, 38), (10, 54), (12, 38), (75, 12), (12, 18), (20, 10), (30, 10).

y² -gcd(m,n) = d§dÚn2��ϕ(d)(dm1n1−5m1−6n1) = 16§2d½n6��ϕ(d)|16§
Kϕ(d) = 1, 2, 4, 8, 16"e¡©�¹?Øµ

I. �ϕ(d) = 1§Kd = 1½2"

d = 1�§Km1n1 − 5m1 − 6n1 = 16§=(m1 − 6)(n1 − 5) = 46 dd��(m1, n1) =

(7, 51), (52, 6), (8, 28), (29, 7)§�(m1, n1) = (7, 51), (29, 7)�§duϕ(d) = 1§¤±ϕ(m)ϕ(n)þ

�Ûê§ù�Ún3gñ§¤±(m1, n1) = (52, 6), (8, 28)"�(m1, n1) = (52, 6)�§d�ϕ(m) = 52§
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KO���m = 53, 106§ϕ(n) = 6§Kn = 7, 9, 14, 18,¤±(m,n) = (53, 7), (53, 9)(53, 14), (53, 18),

(106, 7), (106, 9)"�(m1, n1) = (8, 28)�§ϕ(m) = 8,Km = 15, 16, 20, 24, 30"ϕ(n) = 28§Kn =

29, 58"¤±

(m,n) = (15, 29), (16, 29)(20, 29), (24, 29), (30, 29), (15, 58).

d = 2�§K2m1n1 − 5m1 − 6n1 = 16§=(m1 − 3)(2n1 − 5) = 31, dd��(m1, n1) =

(4, 18), (34, 3)"(34,3)Ø÷v^�§��"=(m1, n1) = (4, 18)§Kϕ(m) = 4§Km = 5, 8, 10, 12"

ϕ(n) = 18§Kn = 19, 27, 38, 54"¤±

(m,n) = (8, 38), (8, 54), (10, 38), (10, 54), (12, 38).

II.�ϕ(d) = 2§Kd = 3, 4, 6"

d = 3�§K3m1n1 − 5m1 − 6n1 = 8§=(3m1 − 6)(3n1 − 5) = 54"K(m1, n1) = (20, 2)§d

�ϕ(m) = 40§Km = 41, 55, 75, 82, 88, 100, 110, 132, 150, ϕ(n) = 4§Kn = 5, 8, 10, 12"¤±

(m,n) = (75, 12)

d = 4�§K4m1n1 − 5m1 − 6n1 = 8§=(2m1 − 3)(4n1 − 5) = 31§K(m1, n1) = (2, 9)§d

�ϕ(m) = 4§Km = 5, 8, 10, 12”ϕ(n) = 18, Kn = 19, 27, 38, 54"Ïgcd(m,n) = 4§¤±�§Ã�

ê)"

d = 6�§K6m1n1−5m1−6n1 = 8§=(2m1−2)(6n1−5) = 26§K(m1, n1) = (14, 1), (2, 3)"

�(m1, n1) = (14, 1)§d�ϕ(m) = 28§Km = 29, 58.ϕ(n) = 2§Kn = 3, 4, 6§gcd(m,n) = 6§

d��§Ã�ê)"�(m1, n1) = (2, 3)§d�ϕ(m) = 4§Km = 5, 8, 10, 12.ϕ(n) = 6§Kn =

7, 9, 14, 18"¤±

(m,n) = (12, 18).

III.�ϕ(d) = 4§Kd = 5, 8, 10, 12"

d = 5�§5m1n1 − 5m1 − 6n1 = 4§=(5m1 − 6)(n1 − 1) = 10§d�Ø�3m1, n1 ∈ Z+ ¦

��ª¤á§��§Ã�ê)"

d = 8�§8m1n1 − 5m1 − 6n1 = 4§=(4m1 − 3)(8n1 − 5) = 31§d�Ø�3m1, n1 ∈ Z+¦

��ª¤á§��§Ã�ê)"

d = 10�§10m1n1 − 5m1 − 6n1 = 4§=(5m1 − 3)(2n1 − 1) = 7§K(m1, n1) = (2, 1)§d

�ϕ(m) = 8§Km = 15, 16, 20, 24, 30.ϕ(n) = 4§Kn = 5, 8, 10, 12"¤±

(m,n) = (20, 10), (30, 10).

d = 12�§12m1n1−5m1−6n1 = 4§=(2m1−1)(12n1−5) = 13§d�Ø�3m1, n1 ∈ Z+¦

��ª¤á§��§Ã�ê)"
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IV.�ϕ(d) = 8§Kd = 15, 16, 20, 24, 30"

d = 15�§15m1n1 − 5m1 − 6n1 = 2§=(5m1 − 2)(3n1 − 1) = 4.

d = 16�§16m1n1 − 5m1 − 6n1 = 2§=(8m1 − 3)(16n1 − 5) = 31.

d = 20�§20m1n1 − 5m1 − 6n1 = 2§=(10m1 − 3)(4n1 − 1) = 7.

d = 24�§24m1n1 − 5m1 − 6n1 = 2§=(24m1 − 5)(4n1 − 1) = 13.

d = 30�§30m1n1 − 5m1 − 6n1 = 2§=(5m1 − 1)(6n1 − 1) = 3.

d�§éþã5«�¹þØ�3m1, n1¦��ª¤á§���§Ã�ê)"

V.�ϕ(d) = 16§Kd = 17, 32, 34, 40, 48, 60"ÓþO���§þØ�3m1, n1¦��ªdm1n1−
5m1 − 6n1 = 1¤á§���§Ã�ê)"nþ½n�y"
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