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Abstract

The objective of this paper is to investigate exact solutions for the generalized K(m,n)
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with variable coefficients. An extended approach is proposed for reducing the order

of the equations with higher order nonlinearity. New exact solutions are found by

symbolic computation.
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1. Úó

¯¤±�§Korteweg-de Vries (KdV)�§

ut + auux + buxxx = 0, (1.1)

´��^5£ã�fYÅ3�Ê56NL¡�$Ä [1], Ù¥a Úb ´?¿�"~ê"

Cc5§duK(n, n)�§�2�A^§�
ïÄÆöò81=�CXê�KdV.�§ [2–6]"

ÏLe¡�C�

u(x, t) = v
1

n−1 (x, t), (1.2)

�9Ï�§E|§Lv�< [7]¼�
XeK(n, n)�§�Nõwª�äkØÓ(��1Å)

ut + a(t)ux + b(t)(un)x + k(t)(un)xxx = 0, n 6= 0, 1. (1.3)

ù
)�)n�¼ê±ÏÅ)ÚV¼ê)"

ù�©Ù§É©Ù [7]�éu§·�ÏLXeC�ïÄ2Â�KdV�§µ

ut + a(t)ux + b(t)(um)x + k(t)(un)xxx = 0, m, n 6= 0, 1, (1.4)

Ù¥a(t)b(t)k(t) 6= 0.

ùp§·��é�§(1.4)�compacton)a,�"compacton)(Ò´äk;|8��áÅ))"

Compacton)®²3©z [8–12]�2�ïÄ"�´éu�m 6= n��§(1.4)�compacton)�vk

�ïÄ"
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2. �§(1.4)��z

�
¼�compacton)§·�òe¡�§

u(x, t) = c1 + c2z(ξ), ξ = p(t)x+ q(t), (2.1)

�\�(1.4)¥, Ù¥z′ = ε
√
a1 + a2z + a3z2, ε = ±1, a1, a2, a3, c1 �c2 ´¢~ê§p(t) �q(t)

´��¼ê"4∆ = a2
2 − 4a1a3, Ò¬ke¡�¯¢ [13]"�a3 < 0 �∆ > 0, ·�kz(ξ) =

ε
√

∆
2a3

sin(
√
−a3ξ)− a2

2a3
�z(ξ) = ε

√
∆

2a3
cos(
√
−a3ξ)− a2

2a3
.

5�1. �m = n, |^C�

u = vp, (3.1)

Ù¥p = α
n−1

, α ∈ Z �α 6= 0, �§(1.4)U
C¤e¡ü«�/"

(i) XJα ≥ 2, �§(1.4)UC�¤

vt+a(t)vx+ b(t)nvαvx+k(t)n(np−1)(np−2)vα−2v3
x+3k(t)n(np−1)vα−1vxvxx+k(t)nvαvxxx = 0.

(3.2)

(ii) XJα < 2, �§(1.4)UC�¤

v2−αvt+a(t)v2−αvx+b(t)nv2vx+k(t)n(np−1)(np−2)v3
x+3k(t)n(np−1)vvxvxx+k(t)nv2vxxx = 0.

(3.3)

5�2. �m 6= n Ú n−1
m−1

= β+2
α
6= 1, |^C�

u = vp, (3.4)

Ù¥α, β ∈ Z, α 6= 0, β 6= −2 and p = α
m−1

= β+2
n−1

, �§(1.4)Uz{¤

vt+a(t)vx+b(t)mvαvx+k(t)n(np−1)(np−2)vβv3
x+3k(t)n(np−1)vβ+1vxvxx+k(t)nvβ+2vxxx = 0.

(3.5)

5�1Ú2�y² |^C�(3.1), ·�k
ut = pvp−1vt,

ux = pvp−1vx,

(um)x = mpvmp−1vx,

(un)xxx = np(np− 1)(np− 2)vnp−3v3
x + 3np(np− 1)vnp−2vxvxx + npvnp−1vxxx.

(3.6)

ò(3.6)�\��§(1.4), ·���

pvp−1vt + a(t)pvp−1vx + b(t)mpvmp−1vx + k(t)np(np− 1)(np− 2)vnp−3v3
x

+3k(t)np(np− 1)vnp−2vxvxx + k(t)npvnp−1vxxx = 0.
(3.7)
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þªüà¦±vs, ·�k

vs[pvp−1vt + a(t)pvp−1vx + b(t)mpvmp−1vx + k(t)np(np− 1)(np− 2)vnp−3v3
x

+3k(t)np(np− 1)vnp−2vxvxx + k(t)npvnp−1vxxx] = 0,
(3.8)

½ö

pvs+p−1vt + a(t)pvs+p−1vx + b(t)mpvs+mp−1vx + k(t)np(np− 1)(np− 2)vs+np−3v3
x

+3k(t)np(np− 1)vs+np−2vxvxx + k(t)npvs+np−1vxxx = 0,
(3.9)

Ù¥s´��?¿~ê"4 
s+ p− 1 = A,

s+mp− 1 = B,

s+ np− 3 = C,

(3.10)

Ù¥A, B ÚC ´?¿~ê"l(3.10)·��±��

p =
B −A
m− 1

=
C −A+ 2

n− 1
. (3.11)

e¡§·�ò©m = n Úm 6= n5©Oy²5�1Ú2"

Case (1) �m = n, i.e. B = C + 2, ÏL|^(3.10) Ú(3.11), �§(3.9)�±z�

vAvt + a(t)vAvx + b(t)mvBvx + k(t)n(np− 1)(np− 2)vB−2v3
x

+3k(t)n(np− 1)vB−1vxvxx + k(t)nvBvxxx = 0.
(3.12)

�B − 2 ≥ A, þªüà¦±v−A, ·���

vt + a(t)vx + b(t)mvB−Avx + k(t)n(np− 1)(np− 2)vB−A−2v3
x

+3k(t)n(np− 1)vB−A−1vxvxx + k(t)nvB−Avxxx = 0.
(3.13)

�
{üå�§·�4B−A = α. �§(3.13)Us¤�§(3.2)"�B−2 < A, þªüà¦±v−B+2,

·���

vA−B+2vt + a(t)vA−B+2vx + b(t)mv2vx + k(t)n(np− 1)(np− 2)v3
x

+3k(t)n(np− 1)vvxvxx + k(t)nv2vxxx = 0.
(3.14)

?�Ú��§(3.14)ÒUz¤�§(3.3). u´·�Ò�¤
5�1�y²"

Case (2) �m 6= n, |^(3.10)�(3.11), �§(3.9)U
�¤

vt + a(t)vx + b(t)mvB−Avx + k(t)n(np− 1)(np− 2)vC−Av3
x

+3k(t)n(np− 1)vC−A+1vxvxx + k(t)nvC−A+2vxxx = 0.
(3.15)

4B −A = αÚC −A = β, ·�Ò�¤
5�2�y²"
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3. �§(1.4)�Compacton)

3.1 m = n

4α = 2, �§(3.2)C¤

vt + a(t)vx + nb(t)v2vx +
2n(n+ 1)

(n− 1)2
k(t)v3

x +
3n(n+ 1)

n− 1
k(t)vvxvxx + nk(t)v2vxxx = 0. (4.1)

ò(2.1)�\(4.1)4Xêxszi(ξ)
√
a1 + a2z + a3z2(s = 0, 1, i = 0, 1, 2)�u0, ·�Ò�±��'

uc2, p(t) �q(t)��ê�§"ÏLêÆ^�Mathematica¦)ù
�§§·���

c2 = 2a3c1
a2

,

p(t) = ±n−1
2n

√
−b(t)
a3k(t)

,

p′(t) = 0,

q′(t) = ∓ n−1
4n2a22

√
−b(t)
a3k(t)

(2na(t)a2
2 + (n+ 1)b(t)(a2

2 − 4a1a3)c2
1) ,

(4.2)

Ù¥a2a3c1 6= 0, a1, a2, a3 �c1´?¿~ê"3(4.2), ·��¦ b(t)
k(t)
7L´��~ê"

(i) XJa3 < 0, ∆ > 0 � b(t)
k(t)

> 0, ·���

u1(x, t) =

[
c1

√
∆

a2

sin

(
n− 1

2n

√
b(t)

k(t)
x+
√
−a3q(t)

)] 2
n−1

,

Ú

u2(x, t) =

[
c1

√
∆

a2

cos

(
n− 1

2n

√
b(t)

k(t)
x+
√
−a3q(t)

)] 2
n−1

.

3.2 m 6= n

�m 6= n, �§(3.5)�±�¤

v3vt + a(t)v3vx +mb(t)v4vx + k(t)(2−m)

(
(3− 2m)(4− 3m)

(m− 1)2
v3
x +

9− 6m

m− 1
vvxvxx + v2vxxx

)
= 0.

(4.7)

ò(2.1)�\�(4.7)¿4Xêxszi(ξ)
√
a1 + a2z + a3z2(s = 0, 1, i = 0, 1, 2, 3)�u0 §·��±

¼�'ua3, c2, p(t) Úq(t)��ê�§"ÏL^�Mathematica§·��±��

q′(t) = −16M3
2M5a(t)a31−mM

3
3 b(t)a

3
2c

4
1

4M3
2M6a31

,

c2 = M3a2c1
4M2a1

,

p(t) = ± 4M5

M6
,

p′(t) = 0,

a3 = 3M4a
2
2

8(3m−4)M2
1a1

,

(4.8)
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Ù¥M1 = 14m2−41m+29, M2 = −116+251m−179m2+42m3, M3 = −164+374m−281m2+69m3,

M4 = −2460+8726m−12305m2+8618m3−2997m4+414m5, M5 =
√

(m− 1)2m(3m− 4)M2
1 b(t)a1c2

1,

M6 =
√

(m− 2)3M4k(t)a2
2, a1a2a3c1 6= 0. 3(4.8)¥, ·��¦Ïf b(t)

k(t)
7L´��~ê"?�Ú

�§·�kµ

(i) �a3 < 0 �∆ > 0, ·�¼�
�§(1.4)�)

u6(x, t) =

[
c1 + c2

(
ε
√

∆

2a3

sin(
√
−a3(p(t)x+ q(t)))− a2

2a3

)] 1
m−1

,

�

u7(x, t) =

[
c1 + c2

(
ε
√

∆

2a3

cos(
√
−a3(p(t)x+ q(t)))− a2

2a3

)] 1
m−1

.

4. (Ø

ù�©Ù¥·�ÏL��{ü�E|¼�
2ÂK(m,n)�§�°()"¯¢þ§�·�ÏL

e¡�C�

u(x, t) =

n∑
i=0

ciz
i(ξ), ξ = p(t)x+ q(t),

Ù¥ci(i = 0, 1, 2, 3, · · ·) ´¢~ê"Ó�·�Ú\9Ï�§

z′ = ε
√
a1 + a2z + a3z2 + a4z3 + a5z4,

Ù¥ai(i = 1, 2, 3, 4, 5) ´¢~ê"·��±¼�2ÂK(m,n)�§�Ù{�°()"

Ä7�8

�H���e]Ï�8(17C1363)"
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