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Abstract

In this paper, we define the higher order of Schwarzian derivative of the harmonic
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functions. We also prove that it is still Möbius invariant. Finally, we give an equivalent

characterization of the higher order of Schwarzian derivative of the harmonic functions.
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1. Úó

eNÚ¼êf3ü �SÜÛÜü�§Kf�L«�f = h+ g§Ù¥hÚgþ�ü �S�)Û

¼ê"�ω = g′/h′�NÚ¼êf�1�EA�§Jf = |h′|2 − |g′|2�f �ä�'"Lewy [1]y²
N

Ú¼êf3ü �SÛÜü���=�Jf 6= 0"ü �SÛÜü��NÚ¼êf§XJJf > 0§·�

¡f´���¶XJJf < 0§K¡f ´���"eNÚ¼êf = h+ g�ü �S�)Û¼ê§w,

��f = h§Ù¥g = 0"¿�§f�1�EA�ω = 0"

��3üëÏ«�SÛÜü��)Û¼êf�pre-Schwarzian�êP (f)ÚSchwarzian�êS(f)©

O½Â�

P (f) =
f ′′

f ′
, S(f) = P ′(f)− 1

2
P 2(f) = (

f ′′

f ′
)′ − 1

2
(
f ′′

f ′
)2. (1)

3���?Ø¥§·�=�Äü �S�)Û¼ê§§�pre-Schwarzian�êÚSchwarzian�

ê÷v±e5�µ

(1)�ψ ◦ fÚfÛÜü�)Û�§P (ψ ◦ f) =
(
P (ψ) ◦ f

)
· f ′ + P (f)§S(ψ ◦ f) =

(
S(ψ) ◦ f

)
·

(f ′)2 + S(f)"

(2)�ψ = A(w) = aw + b, a 6= 0§=A(w)���C��§P (A ◦ f) = P (f)"

(3)�ψ = T (w) = aw+b
cw+d

, ad− bc 6= 0§=T (w)�MöbiusC��§S(T ◦ f) = S(f)"

Hernández-Martin [2] [3]�Ñ
�A�NÚ¼êf�pre-Schwarzian�êPH(f) ÚSchwarzian�

êSH(f)½Â"eNÚ¼êf = h + g3ü �SÛÜü�§�ω = g′/h′´§�1�EA�§

Jf = |h′|2 − |g′|2§K
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PH(f) =
∂

∂z
logJf =

h′′

h′
− ωω′

1− |ω|2
(2)

-S(h) = (h′′

h′
)′ − 1

2
(h′′

h′
)2�)Û¼êh�Schwarzian�ê§�

SH(f) =
∂

∂z
PH(f)− 1

2
P 2
H(f) = S(h) +

ω

1− |ω|2
(
h′′ω′

h′
− ω′′)− 3

2
(

ωω′

1− |ω|2
)2 (3)

N´�yNÚ¼ê�pre-Schwarzian�êÚSchwarzian�ê÷v±e5�µ

(1)�f)Û�§PH(f)ÚSH(f)÷v(1)ª"

(2)PH(f) = PH(f)ÚSH(f) = SH(f)§Ù¥f�f��Ý¼ê"

(3)�ψ ◦ fÛÜü�NÚ§fÛÜü�)Û�§

PH(ψ ◦ f) =
(
PH(ψ) ◦ f

)
· f ′ + P (f), SH(ψ ◦ f) =

(
SH(ψ) ◦ f

)
· (f ′)2 + S(f).

(4)�A(w) = aw + bw + c, a2 + b2 6= 0§=A(w)���NÚC�§PH(A ◦ f) = PH(f)"

(5)�T (w) = aw+b
cw+d

, ad− bc 6= 0§=T (w)�MöbiusC�§SH(T ◦ f) = SH(f)"

3)Û¼ê�ïÄ¥§Schwarzian�ê�p�/ª´��­��ïÄ��§NõÆölØÓ�

�Ý�Ñ
Nõ­�(J [4] [5] [6] [7]"

ef3ü �S)Û§Ùp�Schwarzian�êσn(f) (n ≥ 3)§½Â�

σ3(f) = S(f), σn+1(f) = σ′n(f)− (n− 1)P (f)σn(f) (4)

´�σn(f)äk,«MöbiusØC5§=eR´ü �þ�MöbiusC�§K

σn(f ◦R) = (σn(f) ◦R) · (R′)n−1

¿�ÏLO�§·���§ew = f(z)§

( ∂n−3

∂wn−3σ3(f
−1)

)
◦ f =

σn(f)

(f ′)n−1
(5)

Ïd§·�aq/½Â
ü �SÛÜü��NÚ¼êf�p�Schwarzian�êσn(f)/ª§¿

�·�òy²σn(f)E,äkMöbiusØC5Úþã5�"

2. Ì�SN

eNÚ¼êf3ü �SÛÜü�"f��L«�f = h+ g§Ù¥hÚgþ´ü �S�)Û¼§
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K§�p�Schwarzian�êσn(f)½ÂXe(n ≥ 3)µ

σ3(f) = SH(f), σn+1(f) =
∂

∂z
σn(f)− (n− 1)PH(f)σn(f). (6)

N´�yNÚ¼ê�σn(f)÷v±e5�µ

(1)�f)Û�§σn(f)÷v(4)ª"

(2)σn(f) = σn(f)"

(3)�A(w) = aw + bw + c, a2 + b2 6= 0§=A(w)���NÚC�§σn(A ◦ f) = σn(f)"

(4)�T (w) = aw+b
cw+d

, ad − bc 6= 0§=T (w)�MöbiusC�§f3üëÏ«�SÛÜü�NÚ�§

σn(T ◦ f) = σn(f)"

5�2.1. eR´ü �þ�MöbiusC�§f´ü �S�ÛÜü�NÚ¼ê§K

σn(f ◦R) = (σn(f) ◦R) · (R′)n−1

y²:

�n = 3�§w,¤á"

�n > 3�§¦^êÆ8B{y²"b��n = k�§(Ø¤á"

�n = k + 1�§

σk+1(f ◦R) =
∂

∂z
σk(f ◦R)− (k − 1)PH(f ◦R)σk(f ◦R)

=
∂

∂z

(
(σk(f) ◦R) · (R′)k−2

)
− (k − 1)

(
(PH(f) ◦R) ·R′ + R′′

R′
)
·
(
(σk(f) ◦R) · (R′)k−1

)
=

( ∂

∂w
σk(f) ◦R

)
· (R′)k + (k − 1)(σk(f) ◦R) · (R′)k−2R′′

− (k − 1)(σk(f) ◦R)(PH(f) ◦R)(R′)k − (k − 1)(σk(f) ◦R) · (R′)k−1R′′

= (σk+1(f) ◦R) · (R′)k.

·�Eò¦^êÆ8B{y²±e5�"

5�2.2. ef = h + g´ü �S�ÛÜü�NÚ¼ê"b�¼êf�3�¼êf−1§�f−1�NÚ

¼ê"K

( ∂n−3

∂wn−3σ3(f
−1)

)
◦ f = (

h′

Jf
)n−1 · σn(f) (7)

y²µ
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Äk§�w = f(z)§·���§

f−1w =
h′

Jf
, f−1w = − g

′

Jf
, Jf−1 = |f−1w |2 − |f−1w |2 =

1

Jf
.

¿�½Â ∂z
∂w

= f−1w "

�n = 3�§

σ3(f) =
∂2

∂z2
logJf −

1

2
(
∂

∂z
logJf )2 =

∂2

∂z2Jf

Jf
− 3

2

( ∂
∂z
Jf )2

J2
f

Ù¥§
∂

∂z
Jf = h′′h′ − g′′g′, ∂2

∂z2
Jf = h′′′h′ − g′′′g′.

aq/

σ3(f
−1) =

∂2

∂w2Jf−1

Jf−1

− 3

2

( ∂
∂w
Jf−1)2

J2
f−1

K

σ3(f
−1) ◦ f = Jf · (

∂2

∂z2
1

Jf
) · ( ∂z

∂w
)2 + Jf · (

∂

∂z

1

Jf
) · ( ∂z

∂w
) · ∂
∂z

(
∂z

∂w
)− 3

2
J2
f (
∂

∂z

1

Jf
)2 · ( ∂z

∂w
)2

=
(h′)2

Jf
·

( ∂2

∂z2Jf )J2
f − 2( ∂

∂z
Jf )2Jf

J4
f

− (
h′ ∂

∂z
Jf

J2
f

)2 +
3

2
(h′)2(

∂
∂z
Jf

J2
f

)2

=
(h′)2

J2
f

· (
∂2

∂z2Jf

Jf
− 3

2

( ∂
∂z
Jf )2

J2
f

).

¤±§�n = 3�§(7)ª¤á"

�n > 3�§¦^êÆ8B{y²"b��n = k�§(Ø¤á"

�n = k + 1�§

( ∂k−2

∂wk−2σ3(f
−1)

)
◦ f =

∂

∂z

(
(
h′

Jf
)k−1 · σk(f)

) ∂z
∂w

= −(k − 1)σk(f)(
h′

Jf
)k−1

h′( ∂
∂z
Jf )

J2
f

+ (
h′

Jf
)k(

∂

∂z
σk(f))

= −(k − 1)σk(f)(
h′

Jf
)k

∂
∂z
Jf

Jf
+ (

h′

Jf
)k
(
σk+1(f) + (k − 1)PH(f)σk(f)

)
= (

h′

Jf
)k · σk+1(f).

Ù¥PH(f) =
∂
∂z Jf

Jf
"

·�I�5¿�´3 [8]¥§ÜÚ4�Ñ
ü�NÚNì��¼êENÚ��d�x"�´¢

Sþ§eü�¼êf�3fzÚfz§·�þ�dä�'¼êJf = |fz|2−|fz|2§½ÂÙpre-Schwarzian�
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