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Abstract

Let G be a graph with n vertex, the permanental sum of G is the sum of the absolute
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x=f

valutes of the cofficients. Computing the permanental polynomials of graphs is ]p.

In this paper, we will determine the graph minimizing the permanental sum among

all unicyclic graphs with diameter 3 and 4 , and the corresponding extremal bicyclic

graphs are also determined.
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1. 0�

n��
M = (mij)�ÈÚª½ÂXe:

per(M) =
∑
σ

n∏
i=1

miσ(i)

ùpÚª�H {1, 2, ..., n} ¥�¤k�� σ"- A(G) �ã G ���Ý
, õ�ª π(G, x) =

per(xI − A(G)) =
∑n

k=0 bk(G)xn−k �ã G�ÈÚõ�ª,Ù¥ I �ü Ý
"bk(G)L«ã G�

ÈÚõ�ª�Xê"Merris [1]��Ñ
e¡O�ÈÚõ�ªXê� Sachsúª,

bk(G) = (−1)k
∑

H∈Sk(G)

2C(H) (0 ≤ k ≤ n)

ùp�Ú�Hã G � k �º:� Sachs fã, Sk(G) ´ã G ¥ k �º:� Sachs fã"~X

b1(G) = 0 ,Ï� S1(G)´�8; b2(G) = n ,Ï� S2(G) = |E(G)|"PS(G)½Â�ã G�[ÈÚ,

= Π(G, x)�z��Xê�ýé��Ú,K

PS(G) =
n∑
k=0

|bk(G)| =
n∑
k=0

∑
H∈Sk(G)

2C(H)

·��½µ�ã�[ÈÚ� 1"
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dKasum [2]�<ïÄ
zÆ©z¥�ã/�ÈÚõ�ª,¦�©OO�´»Ú��ÈÚõ�

ª±9ù
õ�ª�":"Cash [3]ïÄ
zÆã(�)�,��`�,)L, C20LVL)�ÈÚõ�

ª"¦�ÑïÄÈÚõ�ª´k¿Â�"�´,ã�ÈÚõ�ª�Xê�O�´ ]p���"��

y3�k�ê'uzÆã�ÈÚõ�ª�Xê±9§�d3A^�Ñ� [4]- [14]"@oXÛïÄz

Æã�ÈÚõ�ª�Xê=XÛ�xzÆã�[ÈÚ"[ÈÚ�zÆy��mkX;�éX"é

g,.�ïÄL², C50 ¥�3 271��Ó��LVL"�8c��,3C50 ¥�k�êLVL�é

�"2004 c Xie [15]�<��
��Ø½�LVL C50 (C5h)"Tong�< [16]O�
 C50¥ 271

�LVL�[ÈÚ,¦�uy C50 �[ÈÚ33 271�LVL¥�����"¦���Ñ[ÈÚ�

©fã�½5���'"[ÈÚ�O�´ ]p��� [17]"¦+Xd,Cc5é[ÈÚ�ïÄÚå


ïÄö�2�'5" Chou�< [18]ïÄ
 C70�5�"o�< [19]�x
8�ó�[ÈÚ"Li

ÚWei [20]�<�x
A�l�ó�[ÈÚ" WuÚ Lai [21]ïÄ
��ã�[ÈÚ�Ä�5�,

¦��Ñ
[ÈÚ�ÜÅ@êê�k'X,'uÈÚª��µ±9k'�(Ø��� [22]- [25]"d

	,[ÈÚ� Hosoya�êk'X"ã G� Hosoya�ê^ Z(G)L«,½Â�ã G�Õá>8�

oê [26]" Hosoya�ê�zÆã�£:���'"WuÚ Lai [21]ïÄL² PS(G) ≥ Z(G) ,3ã

G´ä��¹e�Ò¤á"ùL²[ÈÚé�U)ºzÆ©f�,
A�"

©z [27]�x
 n��»Ø�L 4�ü�ã� Harary�ê����"3dÄ:þ,�©�x


 n��»� 3�ü�ã [27]Ú�»� 4 [27]�ü�ã�[ÈÚ�.,9��U.�4ã"

2. Ä�Vg

- G = (V (G), E(G))L«��ã,ã G�º:8P� V (G) ,>8P� E(G) ,º:8��¡

�ã G��,Ù¥�� 0�ã¡��ã"NG(v)L«�º: v ���º:�¤�8Ü, n�º:�

(,´,�©OL«� Sn, Pn, Cn"eW ⊆ V (G), ·�^ G−W L«lã G¥íK8ÜW ¥��

Üº:±9�ù
:�'é�>� G�fã"aq�,e E′ ⊆ E(G) ,^ G− E′ L«lã G¥í

K8Ü E′ ¥�>� G�fã" Sachsfã�dØ��½�á>|¤�ã"� v ∈ V (G) , G¥�

: v 'é�>�^ê¡� v �Ý,P� dG(v)½ö d(v)"·�rÝ� 1�:¡�]!:,Ý� 0�

:¡��á:"� D´Ã�ã, x, y ∈ V (D)"l X � y�ål´� D¥�á (x, y)´��,P�

dD(x, y)"eã D¥Ø�3 (x, y)´,K�½ dD(x, y) = +∞"��/, dD(x, y) 6= +∞"ã D��

»P� d(D),½Â�: d(D) = max{dD(x, y) : ∀x, y ∈ V ∈ (D)}"

3. Ún

½Â 3.1 [28]� u´ã G0���º:,ã G1(�ã 1)L«rã G0���º: uÚä Tn��

�º: v^�^>�ë��ã,ã G2(�ã 1)L«r�º: uÚ( Sn �¥% v^�^>�ë��

ã,,rlã G1C��ã G2¡�C��"

Ún 3.2 [28] �ã G1 Úã G2 X½Â 2.1 ¤½Â, K PS(G1) ≥ PS(G2) , �Ò¤á��=

�T´��(¿� u´ T �¥%"

½Â 3.3 [28]�ã G2 (�ã 1)X½Â 2.1¤½Â,^ G3 (�ã 1)L«r( Sn+1 �¥% vÚ�

º: uÅ3�å�ã,rã G2C��ã G3¡�C��"
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Figure 1. G1, G2, G3

ã 1. G1, G2, G3

Ún 3.4 [28]�ãG2X½Â 2.1¤½Â,ãG3X½Â 2.3¤½Â,K PS(G2) ≥ PS(G3),�Ò

¤á��=� T = K1½ö u´ G0��á:"

½Â 3.5 [28] � G0´��ü�ã� Cr = u1u2u3 · · · ur ´����,� uiÚ uj ´�ü�Ý�

2�º:, 1 ≤ i ≤ j ≤ r"^ G1 (�ã 2)L«©Or s ≥ 1Ú t ≥ 1�]!:ë��ã�ü�º

: uiÚ uj �ã;^ G2 (�ã 2)L«r s+ t�]!:ë�� G0�º: uj �ã; G3 (�ã 2)L«r

s + t�]!:ë��� G0 º: ui �ã,rlã G1 C��ã G2 ,½lã G1 C��ã G3 ¡�C

�n"

Figure 2. G2, G1, G3

ã 2. G2, G1, G3

Ún 3.6 [28] �ã G1, G2, G3 X½Â 2.5 ¤½Â, K PS(G1) > PS(G2) ½ö PS(G1) >

PS(G3)"

Ún 3.7 [28] n ≥ 5 , 4 ≤ r ≤ n− 1 , G(r, n− r) (�ã 3)L« Cr �,��º:� Sn−r+1 �¥

%�Ê�� n�ü�ã, PS(G(r, n− r)) > PS(G(r − 1, n− r + 1))"

Figure 3. G(r, n− r), G(r − 1, n− r + 1)

ã 3. G(r, n− r), G(r − 1, n− r + 1)

Ún 3.8 [28]ã�[ÈÚ÷vXe5�:
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(1)ã GÚã H�ëÏã, V (G)� V (H)©OL«ã GÚã H �º:8, V (G)
⋂
V (H) = φ ,

K PS(G
⋃
H) = PS(G)PS(H)"

(2) e = uv ∈ E(G) ,K

PS(G) = PS(G− e) + PS(G− u− v) + 2
∑

C∈CG(e)

PS(G− V (C))

(3) v ∈ V (G) ,K

PS(G) = PS(G− v) +
∑

u∈NG(v)

PS(G− u− v) + 2
∑

C∈CG(v)

PS(G− V (C))

NG(v)L« G¥ v���:�8Ü, CG(e)L« G¥�¹> e���8Ü, CG(v)L« G¥�¹º

: v���8Ü"

4. �»� 3�ü�ã (�ã 4)[ÈÚ4�ïÄ

Figure 4. Single circle diagram G1
3(a, b), G

2
3(a, b, c), G

3
3(a, b), G

4
3(a, b) with diameter 3

ã 4. �»� 3�ü�ã G1
3(a, b), G

2
3(a, b, c), G

3
3(a, b), G

4
3(a, b)

ã G1
3(a, b), G

2
3(a, b, c), G

3
3(a, b), G

4
3(a, b)¥� a, b, cI�÷v±e^�:

G1
3(a, b)¥, a, bþ�u�u 0, a+ b+ 5 = n"

G2
3(a, b, c)¥ a, b, c��ü�ê�u�u 1 , a+ b+ c+ 3 = n""

G3
3(a, b)¥ a, b����ê�u�u 1 , a+ b+ 4 = n"

G4
3(a, b)¥ a, b����ê�u�u 1 , a+ b+ 5 = n"

±þ a, b, cþ�g,ê, n ≥ 7"

½n 4.1- G3(n) = {G1
3(a, b), G

2
3(a, b, c), G

3
3(a, b), G

4
3(a, b)}L«�»� 3� n�ü�ã�8

Ü, G ∈ G3(n) ,K PS(G) ≥ 3n− 4,��=� G ∼= G1
3(a+ b+ c− 1, 0, 1) (�ã 5)��Ò¤á"

y²

(I)é G2
3(a, b, c)A^C�n,C� G1

3(a + b, 0, c) ,=r�º: v3 �ë�¤k]!:íØ�Ú
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º: v2�ë,dÚn 3.6��

PS(G1
3(a, b, c) ≥ PS(G1

3(a+ b, 0, c)) (1)

Figure 5. G2
3(a+ b+ c− 1, 0, 1), G4

4(1,m+ t− 1))

ã 5. G2
3(a+ b+ c− 1, 0, 1), G4

4(1,m+ t− 1))

- a + b = s, c = t, s + t + 3 = n, PS(G1
3(a + b, 0, c)) = PS(G1

3(s, 0, t)) (s ≥ 1, t ≥ 1),dÚn

3.8��

PS(G1
3(s, 0, t)) = 2s+2t+st+6, PS(G1

3(s+1, 0, t−1)) = 2(s+1)+2(t−1)+(s+1)(t−1)+6"

K PS(G1
3(s, 0, t))−PS(G1

3(s+1, 0, t−1)) = PS(G1
3(a+ b, 0, c))−PS(G1

3(a+ b+1, 0, c−1)) =

s− t+ 1,©ü«�¹"

�¹� s− t+ 1 ≥ 0�, PS(G1
3(s, 0, t)) ≥ PS(G1

3(s+ 1, 0, t− 1))"��

PS(G1
3(s+ t− 1, 0, 1)) ≤ PS(G1

3(s+ t− 2, 0, 2)) ≤ · · · ≤ PS(G1
3(s, 0, t))"

¤± PS(G1
3(a+ b, 0, c)) = PS(C3(s, 0, t)) ≥ PS(C3(s+ t− 1, 0, 1)) = 3n− 4"

�¹� s− t+ 1 < 0�, PS(G1
3(s, 0, t)) < PS(G1

3(s+ 1, 0, t− 1))"��

PS(G1
3(1, 0, s+ t− 1)) < PS(G1

3(2, 0, s+ t− 2)) < · · · < PS(G1
3(s, 0, t))"

PS(G1
3(a+ b, 0, c)) = PS(G1

3(s, 0, t)) ≥ PS(G1
3(1, 0, s+ t− 1)) = 3n− 4"

��:

PS(G1
3(a+ b, 0, c)) ≥ 3n− 4 (2)

d (1) (2)�� G ∼= G1
3(a, b, c), PS(G) ≥ 3n− 4,� G ∼= G1

3(a+ b+ c− 1, 0, 1)�Ò¤á"

(II)é G3
3(a, b)A^C�nC¤ G3

3(a + b, 0),=r�º: v1 �ë�]!:�ÜíØÚº: v4

ë�,dÚn 3.6��PS(G3
3(a, b)) ≥ PS(G3

3(a+ b, 0))"

dÚn 3.8��PS(G2
3(a+ b, 0)) = 3n− 3"

¤±

PS(G2
3(a, b)) ≥ 3n− 3 (3)

(III)é G4
3(a, b)A^C�n,C¤ G4

3(a + b, 0)=r�º: v3 �ë�]!:íØÚº: v4 ë

�,dÚn 3.6�� PS(G4
3(a, b)) ≥ G4

3(a+ b, 0)
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dÚn 3.8�� PS(G4
3(a+ b, 0)) = 5n− 12"

¤±

PS(G4
3(a, b)) ≥ 5n− 12 (4)

(IV)dÚn 3.8�� PS(G1
3(a, b)) = 2(a+ 3)(b+ 2) + 2"

PS(G1
3(a+ 1, b− 1)) = 2(a+ 4)(b+ 1) + 2, PS(G1

3(a, b))− PS(G1
3(a+ 1, b− 1)) = a− b+ 2"

©ü«�¹"

�¹� a− b+ 2 ≥ 0�, PS(G1
3(a, b)) ≥ G1

3(a+ 1, b− 1)),��:

PS(G1
3(a+ b, 0)) ≤ PS(G1

3(a+ b− 1, 1) ≤ · · · ≤ PS(G1
3(a, b))"

¤± PS(G1
3(a, b)) ≥ PS(G1

3(a+ b, 0)) = 4n− 6"

�¹� a− b+ 2 < 0�, PS(G1
3(a, b)) < G1

3(a+ 1, b− 1)),,��:

PS(G1
3(0, a+ b)) ≤ PS(G1

3(1, a+ b− 1)) ≤ · · · ≤ PS(G1
3(a, b))"

¤± PS(G1
3(a, b)) ≥ PS(G1

3(0, a+ b)) = 6n− 18"

du 6n− 18 > 4n− 6,¤±

G1
3(a, b)) ≥ 4n− 6 (5)

� G ∼= G2
3(a+ b+ c− 1, 0, 1)�,d (.)�� PS(G) = 3n− 4"

� G 6= G2
3(a+ b+ c− 1, 0, 1)�,©o«�¹"

�¹�� G ∼= G2
3(a, b, c)�,d (2)�� PS(G) > 3n− 4"

�¹�� G ∼= G3
3(a, b)�,d (3)�� PS(G) ≥ 3n− 3 > 3n− 4"

�¹n� G ∼= G4
3(a, b)�,d (4)�� PS(G) ≥ 5n− 12 > 3n− 4"

�¹o� G ∼= G1
3(a, b)�,d (5)�� PS(G) ≥ 4n− 6 > 3n− 4"

¤±�� G ∈ G3(n) (n ≥ 7),K PS(G) ≥ 3n− 4,��=� G ∼= G2
3(a+ b+ c− 1, 0, 1)��Ò

¤á"

5. �»� 4�ü�ã (�ã 6)[ÈÚ4�ïÄ

ã G1
4, G

2
4, G

3
4, G

4
4G

5
4, G

6
4, G

7
4, G

8
4, G

9
4 ¥�ëêI�÷v±e^�:

G1
4¥, aiþ�u�u1, i ∈ {1, 2, ..., k}"

G2
4¥©ü«�¹:(1) p1,p2����ê�u�u 1 , aiþ�u 1" i ∈ {1, 2, ..., k}"

(2) p1 = p2 = 0 , ai��kü�ê�u�u 1 , i ∈ {1, 2, ..., k}"

(3) G3
4¥� p1 = p2 = 0, ai��k��ê�u�u 1, i ∈ {1, 2, ..., k}"
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Figure 6. Diagram of a single circle with a diameter of 4

ã 6. �»�4�ü�ã

(4) G4
4¥÷v p1p3 6= 0½ö p2p4 6= 0"

(5) G5
4¥,� p1 = p2 = 0, ai��k��ê�u�u 1, i ∈ {1, 2, ..., k}"

(6) G6
4¥, p1p3 6= 0 , p1p4 6= 0 , p2p4 6= 0 , p2p5 6= 0Ú p3p5 6= 0±þ�¹���«�¹¤á"

(7) G7
4 , G8

4, G
9
4��k�� pi�u�u 1 , i ∈ {1, 2, 3}"

±þ s , r , ai , pi , i ∈ {1, 2, ..., k}þ�g,ê, n ≥ 8"

Ún 5.1 PS(G1
4(s, r, a1, a2, ..., ak)) ≥ 6n− 14"

y²

(I)� k ≥ 2�"

éã G1
4(s, r, a1, a2, ..., ak),A^C��òÚº: u2, u3, ..., uk �ë�]!:íØ�Úº: v4 ë

�"-m = r + (1 + a2) + (1 + a3) + ...+ (1 + ak) ( m ≥ 2 , m+ s ≥ 2), t = a1 (t ≥ 1),d½n 3.4

��

PS(G1
4(s, r, a1, a2, ..., ak)) ≥ PS(G1

4(s,m, t)) (6)

dÚn 3.8��
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PS(G1
4(s,m, t)) = (6m+ 8t+ 4s) + (6tm+ 2ts+ 2ms) + 2tms+ 14

PS(G1
4(s,m, t))− PS(G1

4(s+ 1,m− 1, t)) = 2(t+ 1)(3 + s−m)− 2,©ü«�¹"

�¹� 3 + s > m, PS(G1
4(s,m, t)) > PS(G1

4(s+ 1,m− 1, t)),��

PS(G1
4(s+m, 0, t)) < PS(G1

4(s+m− 1, 1, t)) < · · · < PS(G1
4(s,m, t))

¤± PS(G1
4(s,m, t)) ≥ PS(G1

4(s+m, 0, t))"

�¹� 3 + s ≤ m, PS(G1
4(s,m, t)) < PS(G1

4(s+ 1,m− 1, t)),��

PS(G1
4(0, s+m, t)) < PS(G1

4(1, s+m− 1, t)) < · · · < PS(G1
4(s,m, t))

¤± PS(G1
4(s,m, t)) ≥ PS(G1

4(0, s+m, t)))"

PS(G1
4(0, s+m, t)))− PS(G1

4(s+m, 0, t)) = 2(m+ s)(2t+ 1) > 0"

¤±

PS(G1
4(s,m, t)) ≥ PS(G1

4(s+m, 0, t)) (7)

(II)� k = 1�"

-m = r, m ≥ 0"

d (7)ª�� PS(G1
4(s,m, t)) ≥ PS(G1

4(s+m, 0, t))"

PS(G1
4(s+m, 0, t))− PS(G1

4(s+m+ 1, 0, t− 1)) = 2(m+ s+ 3− t),©ü«�¹"

�¹� t ≥ m+ s+ 3, PS(G1
4(s+m, 0, t)) ≤ PS(G1

4(s+m+ 1, 0, t− 1)),��

PS(G1
4(2, 0, s+m− 2)) ≤ PS(G1

4(3, 0, s+m− 3)) ≤ · · · ≤ PS(G1
4(s+m, 0, t))"

¤± PS(G1
4(s+m, 0, t)) ≥ PS(G1

4(2, 0, s+m− 2)) = 12n− 62"

�¹� t < m+ s+ 3, PS(G1
4(s+m, 0, t)) > PS(G1

4(s+m+ 1, 0, t− 1)),��

PS(G1
4(s+m− 1, 0, 1)) ≤ PS(G1

4(s+m− 2, 0, 2)) ≤ · · · ≤ PS(G1
4(s+m, 0, t))

¤± PS(G1
4(s+m, 0, t)) ≥ PS(G1

4(s+m− 1, 0, 1)) = 6n− 14"

du 12n− 62 > 6n− 14,��

PS(G1
4(s+m, 0, t) ≥ 6n− 14 (8)

(Ü (6) (7)Ú (8)�� PS(G1
4(s, r, a1, a2, ..., ak)) ≥ 6n− 14"

Ún 5.2 PS(G2
4(p1, p2, r, a1, a2, · · ·, ak)) ≥ 5n− 11"

y² (I) p1, p2����Ø� 0"

(i)� k ≥ 2�,é G2
4(p1, p2, r, a1, a2, · · ·, ak),A^C��òÚòÚº: v1 ë��]!:íØ

�Úº: v2ë�"2|^C�nòÚº: u2, u3, ..., uk�ë�]!:íØ�Úº: v3ë�,éA�
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ãP� G2
4(s, t,m)"- p1 + p2 = s, t = r + (a2 + 1) + (a3 + 1) + ...(ak + 1)(t ≥ 2), a1 = m(m ≥ 1) ,

dÚn 3.4ÚÚn 3.7��

PS(G2
4(p1, p2, r, a1, a2, · · ·, ak)) ≥ PS(G2

4(s, t,m)) (9)

dÚn 3.8�� PS(G2
4(s, t,m)) = (m+ 1)(st+ 2s+ 2t+ 4) + s+ 2"

PS(G2
4(s, t,m))− PS(G2

4(s, t+ 1,m− 1)) = (s+ 2)(t+ 2−m),©ü«�¹"

�¹�m ≤ t+ 2, PS(G2
4(s, t,m)) ≥ PS(G2

4(s, t+ 1,m− 1)),��

PS(G2
4(s, t+m− 1, 1)) ≤ PS(G2

4(s, t+m− 2, 2)) ≤ · · · ≤ PS(G2
4(s, t,m))"

¤± PS(G2
4(s, t,m)) ≥ PS(G2

4(s, t+m− 1, 1))"

�¹�m > t+ 2, PS(G2
4(s, t,m)) < PS(G2

4(s, t+ 1,m− 1)),��

PS(G2
4(s, 0, t+m)) < PS(G2

4(s, 1, t+m− 1)) ≤ · · · ≤ PS(G2
4(s, t,m))"

¤±

PS(G2
4(s, t,m)) ≥ PS(G2

4(s, t+m− 1, 1)) (10)

(ii)� k = 1, t ≥ 0�"

dÚn 3.8�� PS(G2
4(s, t,m)) = (m+ 1)(st+ 2s+ 2t+ 4) + s+ 2"d (10)��

PS(G2
4(s, t,m)) ≥ PS(G2

4(s, t+m− 1, 1))"

PS(G2
4(s, t+m− 1, 1))− PS(G2

4(s− 1, t+m, 1)) = 2(m+ t− s+ 1)− 1,©ü«�¹"

�¹� s < m+ t+ 1, PS(G2
4(s, t+m− 1, 1)) > PS(G2

4(s− 1, t+m, 1)),��

PS(G2
4(1, s+ t+m− 2, 1)) < PS(G2

4(2, s+ t+m− 3, 1)) < · · · < PS(G2
4(s, t+m− 1, 1))

¤± PS(G2
4(s, t+m− 1, 1)) ≥ PS(G2

4(1, s+ t+m− 2, 1)) = 6n− 21"

�¹� s ≥ m+ t+ 1, PS(G2
4(s, t+m− 1, 1)) < PS(G2

4(s− 1, t+m, 1)),��

PS(G2
4(s+ t+m− 1, 0, 1)) < PS(G2

4(s+ t+m− 2, 1, 1))) < · · · < PS(G2
4(s, t+m− 1, 1))

¤± PS(G2
4(s, t+m− 1, 1)) ≥ PS(G2

4(s+ t+m− 1, 0, 1))) = 5n− 11"

du 6n− 21 > 5n− 11,(Ü (8)Ú (9) (10)��

PS(G2
4(s, t+m− 1, 1)) ≥ 5n− 11 (11)

(II)� p1 = p2 = 0�,

(i) k ≥ 3A^C��ò�º: u3, u4, ..., uk ë��]!:íØÚº: v3 �ë,���ãP�

G2∗
4 (m, s, t),- r+ (a3 + 1) + (a4 + 1) + ...+ (ak + 1) = m, a1 = s, a2 = t ( s ≥ 1, t ≥ 1, m ≥ 2),d
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Ún 3.4��

PS(G2
4(p1, p2, r, a1, a2, · · ·, ak)) ≥ PS(G2∗

4 (m, s, t)) (12)

dÚn 3.8�� PS(G2∗
4 (m, s, t) = 2(m+ 3)(t+ 1)(s+ 1) + 2(s+ 1) + 2(t+ 1)"

PS(G2∗
4 (m, s, t)− PS(G2∗

4 (m+ 1, s− 1, t) = 2[(t+ 1)(m+ 3− s) + 1],©ü«�¹"

�¹� s ≤ m+ 3, PS(G2∗
4 (m, s, t) > PS(G2∗

4 (m+ 1, s− 1, t),��

PS(G2∗
4 (m+ s− 1, 1, t) < PS(G2∗

4 (m+ s− 2, 2, t) < · · · < PS(G2∗
4 (m, s, t)

¤± PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (m+ s− 1, 1, t)"

�¹� s > m+ 3, PS(G2∗
4 (m, s, t) < PS(G2∗

4 (m+ 1, s− 1, t),��

PS(G2∗
4 (2,m+ s− 2, t) < PS(G2∗

4 (3,m+ s− 3, t) < · · · < PS(G2∗
4 (m, s, t)

¤± PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (2,m+ s− 2, t)"

PS(G2∗
4 (2,m+ s− 2, t)− PS(G2∗

4 (m+ s− 1, 1, t) = 2(3t+ 4)(m+ s− 3) ≥ 0"

¤± PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (m+ s− 1, 1, t)"

(ii)� k = 2�, r = m ≥ 0, a1 = s, a2 = t

dÚn 3.8�� PS(G2∗
4 (m, s, t) = 2(m+ 3)(t+ 1)(s+ 1) + 2(s+ 1) + 2(t+ 1)"

PS(G2∗
4 (m, s, t)− PS(G2∗

4 (m+ 1, s− 1, t) = 2[(t+ 1)(m+ 3− s) + 1],©ü«�¹"

�¹� s ≤ m+ 3, PS(G2∗
4 (m, s, t) > PS(G2∗

4 (m+ 1, s− 1, t),��

PS(G2∗
4 (m+ s− 1, 1, t) < PS(G2∗

4 (m+ s− 2, 2, t) < · · · < PS(G2∗
4 (m, s, t)

¤± PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (m+ s− 1, 1, t)"

�¹� s > m+ 3, PS(G2∗
4 (m, s, t) < PS(G2∗

4 (m+ 1, s− 1, t),��

PS(G2∗
4 (0,m+ s, t) < PS(G2∗

4 (1,m+ s− 1, t) < · · · < PS(G2∗
4 (m, s, t)

¤± PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (0,m+ s, t)"

PS(G2∗
4 (0,m+ s, t)− PS(G2∗

4 (m+ s− 1, 1, t) = 2(t+ 2)(m+ s− 1) ≥ 0"

¤± PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (m+ s− 1, 1, t)"

¤±nÜ (i)Ú (ii)��

PS(G2∗
4 (m, s, t) ≥ PS(G2∗

4 (m+ s− 1, 1, t) (13)

PS(G2∗
4 (m+ s− 1, 1, t)− PS(G2∗

4 (m+ s, 1, t− 1) = 4(m+ s− t) + 10,©ü«�¹"

�¹�m+ s ≥ t− 2, PS(G2∗
4 (m+ s− 1, 1, t) > PS(G2∗

4 (m+ s, 1, t− 1),��

PS(G2∗
4 (m+ s− 2, 1, 1) < PS(G2∗

4 (m+ s− 3, 1, 2) < · · · < PS(G2∗
4 (m+ s− 1, 1, t)
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¤±

PS(G2∗
4 (m+ s− 1, 1, t) ≥ PS(G2∗

4 (m+ s− 2, 1, 1) = 8n− 24 (14)

�¹�m+ s < t− 2, PS(G2∗
4 (m+ s− 1, 1, t) < PS(G2∗

4 (m+ s, 1, t− 1),��

PS(G2∗
4 (0, 1,m+ s− 1) < PS(G2∗

4 (1, 1,m+ s− 2) < · · · < PS(G2∗
4 (m+ s− 1, 1, t)

¤± PS(G2∗
4 (m+ s− 1, 1, t) ≥ PS(G2∗

4 (0, 1,m+ s− 1) = 14n− 66"

Ï� 14n− 66 > 8n− 24,�â (11) (12) (13) (14)��

PS(G2∗
4 (m+ s− 1, 1, t) ≥ 8n− 24

du 8n− 24 > 5n− 11,(Ü (I) (II)�(Ø�Ñ PS(G2
4) ≥ 5n− 11"

Ún 5.3 PS(G3
4(p1, p2, r, a1, a2, · · ·, ak)) ≥ 6n− 15"

y² (I)� p1, p2 ����Ø� 0 ,ÏLCzn,ò� v2 �ë�]!:íØ�Úº: v3 �ë"

2ÏLCz�ò u2, ..., uk �ë�]!:íØÚº: v4 ë�"- p1 + p2 = t, r + (a2 + 1) + (a3 +

1) + ...+ (ak−1 + 1) = m, a1 = s£ t ≥ 1, s ≥ 1,m ≥ 1,m+ t+ s+ 5 = n )"

dÚn 3.4Ú 3.6�� PS(G3
4(p1, p2, r, a1, a2, · · ·, ak)) ≥ PS(G1

4(s,m, t))"

dÚn 3.8��

PS(G3
4(s,m, t)) = (3m+ 3t+ 2mt+ 9)(s+ 1) + 2t+ 3"

é G3
4(s,m, t) A^C�n, ò�º: v3 ë��]!:íKÚº: v4 ë�éA�ãP�

G3
4(s,m+ t, 0)"

dÚn 3.6�� PS(G3
4(s,m, t)) ≥ G3

4(s,m+ t, 0)"

é G3
4(s,m, t) A^C�n, ò�º: v4 ë��]!:íKÚº: v3 ë�éA�ãP�

G3
4(s, 0,m+ t)"

dÚn 3.6�� PS(G3
4(s,m, t)) ≥ G3

4(s, 0,m+ t)"

dÚn 3.8�� G3
4(s, 0,m+ t)−G3

4(s,m+ t, 0) = 2(m+ t) > 0"

¤± PS(G3
4(s,m, t)) ≥ G3

4(s,m+ t, 0)"

(II)� p1 = p2 = 0�,ÏLCz�ò u2, ..., uk �ë�]!:íØÚº: v4ë�"- p1 + p2 =

t = 0, r + (a2 + 1) + (a3 + 1) + ...+ (ak−1 + 1) = m, a1 = s£ s ≥ 1,m ≥ 1,m+ t+ s+ 5 = n )"

dÚn 3.6�� PS(G3
4(s,m, t)) ≥ G3

4(s,m, 0) = G3
4(s,m+ t, 0)"

dÚn 3.8��

PS(G3
4(s,m+t, 0)) = (9+3m+3t)(s+1)+3, PS(G3

4(s,m+t, 0))−PS(G3
4(s−1,m+t+1, 0)) =

3(m+ t+ 3− s),©ü«�¹"

�¹� s ≤ m+ t+ 3, PS(G3
4(s,m+ t, 0)) ≥ PS(G3

4(s− 1,m+ t+ 1, 0)),��

PS(G3
4(1,m+ t+ s− 1, 0)) ≤ PS(G3

4(2,m+ t+ s− 2, 0)) ≤ · · · ≤ PS(G3
4(s,m+ t, 0))
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¤± PS(G3
4(s,m+ t, 0)) ≥ PS(G3

4(1,m+ t+ s− 1, 0)) = 6n− 15"

�¹� s > m+ t+ 3, PS(G3
4(s,m+ t, 0)) < PS(G3

4(s− 1,m+ t+ 1, 0)),��

PS(G3
4(s+m+ t, 0, 0)) < PS(G3

4(s+m+ t− 1, 1, 0)) ≤ · · · ≤ PS(G3
4(s,m+ t, 0))

¤± PS(G3
4(s,m+ t, 0)) ≥ PS(G3

4(s+m+ t, 0, 0)) = 9n− 33"

du 9n− 33 > 6n− 15,¤± PS(G3
4(s,m+ t, 0)) ≥ PS(G3

4(1,m+ t+ s− 1, 0)) = 6n− 15"

Ún 5.4 G ∼= G4
4(p1, p2, p3, p4), PS(G) ≥ 4n− 8,�Ò¤á��=� G ∼= G4

4(1,m+ t− 1)"

y² éã G4
4(p1, p2, p3, p4) $^C�n, ò� v1 ë��]!:íØÚº: v2 ë�, - p1 +

p2 = m ≥ 1, ò� v3 ë��]!:íØÚº: v4 ë�, - p3 + p4 = t ≥ 1, éA�ãP�

G4
4(m, t),m+ t+ 4 = n"

dÚn 3.6�� PS(G4
4(p1, p2, p3, p4)) ≥ PS(G2

4(m, t))"

dÚn 3.8��

PS(G2
4(m, t)) = 3m+ 3t+mt+ 9, PS(G2

4(m, t))− PS(U2
4 (m+ 1, t− 1)) = m− t+ 1,©ü«

�¹

�¹�� t ≤ m+ 1�, PS(G4
4(m, t)) ≥ PS(G4

4(m+ 1, t− 1)) , ��

PS(G4
4(m+ t− 1, 1)) < PS(G4

4(m+ t− 2, 2)) < · · · < PS(G4
4(m, t))

¤± PS(G4
4(m, t)) ≥ PS(G4

4(m+ t− 1, 1)) = 4n− 8"

�¹�� t > m+ 1�, PS(G4
4(m, t)) < PS(G4

4(m+ 1, t− 1)) , ��

PS(G4
4(1,m+ t− 1)) < PS(G4

4(2,m+ t− 2)) < · · · < PS(G4
4(m, t))

¤± PS(G4
4(m, t)) ≥ PS(G4

4(1,m+ t− 1)) = 4n− 8"

�â (i)Ú (ii)�� PS(G4
4(m, t)) ≥ 4n− 8"

PS(G4
4(p1, p2, p3, p4)) ≥ 4n− 8"

Ún 5.5 PS(G5
4(p1, p2, r, a1, a2, · · ·, ak)) > 5n− 12"

y²éã G5
4(p1, p2, r, a1, a2, · · ·, ak)A^C��ÚC�n��ã G(5, n− 5)"

dÚn 3.4Ú 3.6�� PS(G5
4(p1, p2, r, a1, a2, · · ·, ak)) > PS(G(5, n− 5))"

Ún 5.6 PS(G6
4(p1, p2, p3, p4)) > 5n− 12"

y²éã G5
4(p1, p2, r, a1, a2, · · ·, ak)A^C�n��ã G(5, n− 5)"

dÚn 3.6�� PS(G5
4(p1, p2, r, a1, a2, · · ·, ak)) > PS(G(5, n− 5))"

Ún 5.7 PS(G7
4(p1, p2, p3)) > 5n− 12"

y²éã G7
4(p1, p2, p3)A^C�n��ã G(6, n− 6)"

dÚn 3.6�� PS(G7
4(p1, p2, p3)) > PS(G(6, n− 6))"

dÚn 3.7�� PS(G(6, n− 6)) > PS(G(5, n− 5)) = 5n− 12"
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¤± PS(G7
4(p1, p2, p3)) > 5n− 12"

Ún 5.8 PS(G8
4(p1, p2, p3)) > 5n− 12"

y²éã G8
4(p1, p2, p3)A^C�n��ã G(6, n− 6)"

dÚn 3.6�� PS(G8
4(p1, p2, p3)) > PS(G(6, n− 6))"

dÚn 3.7�� PS(G(6, n− 6)) > PS(G(5, n− 5)) = 5n− 12"

¤± PS(G8
4(p1, p2, p3)) > 5n− 12"

Ún 5.9 PS(G9
4(p1, p2, p3)) > 5n− 12"

y²éã G9
4(p1, p2, p3)A^C�n��ã G(7, n− 7)"

dÚn 3.6�� PS(G8
4(p1, p2, p3)) > PS(G(7, n− 7))"

dÚn 3.7�� PS(G(7, n− 7)) > PS(G(6, n− 6)) > PS(G(5, n− 5)) = 5n− 12"

¤± PS(G9
4(p1, p2, p3)) > 5n− 12"

½n 5.10 - G4(n) L« n �º:�»� 4 �¤kü�ã�8Ü, G ∈ G4(n) , K PS(G) ≥
4n− 8,�Ò¤á��=� G ∼= G4

4(1,m+ t− 1))(�ã 5)"

y² G ∈ G4(n), � G ∼= G4
4(1,m + t − 1) �, dÚn 4.1 �� PS(G) = 4n − 8"� G ∈

G4(n)− {G4
4(1,m+ t− 1)},éã G©Ê«�¹"

�¹� G ∼= G1
4(s, r, a1, a2, ..., ak), dÚn 5.1 �� PS(G1

4(s, r, a1, a2, ..., ak)) ≥ 6n − 14 >

4n− 8"

�¹� G ∼= G2
4(p1, p2, r, a1, a2, · · ·, ak), dÚn 5.2 �� PS(G2

4(p1, p2, r, a1, a2, · · ·, ak)) ≥
5n− 11 > 4n− 8"

�¹n G ∼= G3
4(p1, p2, r, a1, a2, · · ·, ak), dÚn 5.3 �� PS(G3

4(p1, p2, r, a1, a2, · · ·, ak)) ≥
6n− 15 > 4n− 8"

�¹o G ∼= G4
4(p1, p2, p3, p4),dÚn 5.4�� PS(G) > 4n− 8"

�¹Ê G ∼= G5
4(p1, p2, r, a1, a2, · · ·, ak), dÚn 5.5 �� PS(G5

4(p1, p2, r, a1, a2, · · ·, ak)) >

5n− 12 > 4n− 8"

�¹8 G ∼= G6
4(p1, p2, p3, p4),dÚn 5.6�� PS(G6

4(p1, p2, p3, p4)) > 5n− 12 > 4n− 8"

�¹Ô G ∼= G7
4(p1, p2, p3),dÚn 5.7�� PS(G7

4(p1, p2, p3)) > 5n− 12 > 4n− 8"

�¹l G ∼= G8
4(p1, p2, p3),dÚn 5.8�� PS(G8

4(p1, p2, p3)) > 5n− 12 > 4n− 8"

�¹Ê G ∼= G9
4(p1, p2, p3),dÚn 5.9�� PS(G9

4(p1, p2, p3)) > 5n− 12 > 4n− 8"

¤± G ∈ G4(n) ,K PS(G) ≥ 4n− 8,�Ò¤á��=� G ∼= G4
4(1,m+ t− 1))"

Ä7�8

�°¬x�ÆïÄ)M#�8, �8?Ò: 07M2021006"
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