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Abstract

By using the early stopping theorem, Diaconis and Fill made a mistake when dealing

with the convergence to stationarity for a random walk. In the paper, we not only
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correct the mistake, but also give the speed estimation of convergence to stationarity

for the random walk, by using the Markov inequation and the early stopping theorem.
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1. ÚóÚÌ�(J

Diaconis Ú Fill [1] JÑ�r²­éó(SSD)´ïÄê¼óÂñ�Ý���kåóä. ·��

±ÏL�N´ïÄ�éóó5�O�ê¼óÂñ�²­©Ù�Âñ�Ý. SSDäkéõ­��A

^, äN�ë�©z [2–5]. éuG��m�lÑ8��/, Diaconis Ú Fill [1] �Ñ���E SSD

ó��{. AO/, �ék���SG��m, Diaconis Ú Fill 3 [1] ¥�Ñ��N´¦ SSD ó�

�/. 3d�/¥, 3�m_ê¼ó´�ÅüN�b�e, ¦�3Ó��G��me�E
 SSD ó.

Diaconis Ú Fill [6] òù«AÏ�/í2�
�ê�, �SG��m Z+þlÑ�mê¼ó, �E


Ù SSD ó. ¦�|^@ÏÊ�½n, ÏLïÄéóó�Â¥�©Ù5�O�ê¼óÂñ�²­©Ù

�Âñ�Ý. Ù¥, ¦�31 3 !�Ñ� Z+ þ��ÅiÄù�~f¥, Ñy
�Ø, �©Ø=Å�


ù��Ø, 
�|^Markov Ø�ªÚ@ÏÊ�½n, ��Ñ
�ÅiÄÂñ�²­©Ù��Ý

�O.

- X = (Xn)n≥0 �± E = {0, 1, . . .} �G��m�lÑ�mê¼ó, =£Ý
� P , d [7] �,

P ´�ÅüN���=�é?¿� y ∈ E,
∑

z≥y P (x, z)'u x´üN4O�. w,, P ´�ÅüN

�, �dué?¿� y ∈ E,
∑

z≤y P (x, z) 'u x üN4~.

�©- E = {0, 1, . . .}, E∗ = E ∪{∞}. -X = (Xn)n≥0 �½Â3VÇ�m (Ω,F ,P) þ�lÑ

�mê¼ó, Ð©©Ù� π0, =£Ý
� P . ·�{üP� X ∼ (π0, P ). ·�Äk5Qã Diaconis

Ú Fill [6] ¥k' SSD ó�359A^5�Ì�(J.

½½½nnn1. [6] XJ- X ∼ (π0, P ) ���Ø��, �±Ï, H{�lÑ�mê¼ó, ²­©Ù� π,

G��m� E. ½Â P ��m_�
←−
P (x, y) = π(y)

π(x)
P (y, x), - H(x) =

∑
y∈E:y≤x π(y), x ∈ E∗;

g(x) = π0(x)
π(x)

, x ∈ E. @o, 'u'éÝ
: Λ(x∗, x) = I(x≤x∗)
π(x)
H(x∗)

, x∗ ∈ E∗, x ∈ E, �3± E∗ �
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G��m� SSD óX∗ ∼ (π∗0 , P
∗) �¿©7�^�´±eü�^�Ó�¤á

(a) π0(x)
π(x)

'u x üN4~;

(b)
←−
P ´�ÅüN�.

d�, SSD óX∗ ∼ (π∗0 , P
∗) d±e��û½:

π∗0(x∗) = H(x∗)
[π0(x∗)
π(x∗)

− π0(x
∗ + 1)

π(x∗ + 1)

]
, x∗ ∈ E,

π∗0(∞) = lim
x→∞

π0(x)

π(x)
;

P ∗(x∗, y∗) =
H(y∗)

H(x∗)

[
Py∗(
←−
X 1 ≤ x∗)− Py∗+1(

←−
X 1 ≤ x∗)

]
, x∗ ∈ E∗, y∗ ∈ E,

P ∗(x∗,∞) =
1

H(x∗)
lim
y→∞

Py(
←−
X 1 ≤ x∗), x∗ ∈ E∗.

½Â�C�� ‖ πn − π ‖:= maxA⊂E | πn(A)− π(A) |, Ù¥ πn ´ Xn �©Ù.@ÏÊ�½n�

±ÏL©Û SSD ó�Â¥�©Ù5�O�ê¼óÂñ�²­©Ù�Âñ�Ý. Diaconis Ú Fill [6]

ò§äNA^�½n 1 ¥�ê¼ó, ��XeíØ.

íííØØØ1. [6] éu½n 1 ¥�ó (X∗,X), - T ∗ �X∗ ÄgÂ¥ {x∗, x∗ + 1, . . .} ∪ {∞} �Â¥�, @

o

‖ πn − π ‖≤ (1−H(x∗)) +H(x∗)P{T ∗ > n}.

duéóó�Â¥�©ÙØN´O�, Diaconis Ú Fill [6] �ÑXe�Å�'Ún, ^§5�O

éóó�Â¥�©Ù.

ÚÚÚnnn1. [6] e P1 Ú P2 �½Â3 E∗ þ�=£¼ê, KXeü�^��d:

(a) é?¿� 0 ≤ x1 ≤ x2 ≤ ∞, y ∈ E∗, k
∑

0≤z≤y P1(x1, z) ≥
∑

0≤z≤y P2(x2, z);

(b) ®�VÇÿÝ π
(1)
0 Ú π

(2)
0 ÷v: é?¿� y ∈ E∗, k

∑
0≤z≤y π

(1)
0 (z) ≥

∑
0≤z≤y π

(2)
0 (z), @

o�3½Â3�ÓVÇ�mþ�ê¼ó X(i) = (X
(i)
n )n≥0 ∼ (π

(i)
0 , Pi), i = 1, 2, ¦�é?¿�

n ≥ 0, k X
(1)
n ≤ X(2)

n .

�^� (a) ½ (b) ¤á�, ¡ P2 �Å�� P1, P� P1 ≤ P2.

ÚÚÚnnn2. [6] - P1 Ú P2 �½Â3 E∗ þ�=£¼ê, XJ

(a) P1 ½ P2 ´�ÅüN�;

(b) é?¿� x, y ∈ E∗, k
∑

0≤z≤y P1(x, z) ≥
∑

0≤z≤y P2(x, z).
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@o, P1 ≤ P2.

b�ü�ê¼ó X(i) ∼ (π
(i)
0 , Pi), i = 1, 2, ÷vé?¿� y ∈ E∗, k

∑
0≤z≤y π

(1)
0 (z) ≥∑

0≤z≤y π
(2)
0 (z), ¿� P1 ≤ P2, @od�Å�'Ún 1 �, P(T2 > n) ≤ P(T1 > n), n ≥ 0. Ù¥, Ti

� X(i) ÄgÂ¥ {x, x + 1, . . .} ∪ {∞} �Â¥�, Ïd, XJ�|^�Å�'Ún5�OéóóÄ

gÂ¥�©Ù, '�´Ïé��´u©Û�ê¼ó, ¦�éóó�Å��§. 
 [6] ¥¤Þ�k'�

ÅiÄ�~f, 3Ïéù��éóó�Å���ê¼ó�Ñy
�Ø.

[6] ¥¤Þ�ÅiÄ�.Xe.

-X ∼ P �lÑ�m�{ü�ÅiÄ, G��m� E = {0, 1, 2, · · · }. - 0 < p < 1, q := 1− p,
¿�, é?¿� 0 < x <∞, k

P (x, x− 1) = q, P (x, x) = 0, P (x, x+ 1) = p;

P (0, 0) = q, P (0, 1) = p.
(1)

du P (x, x+ 1) + P (x+ 1, x) ≤ 1, �Tó´�ÅüN�. ´�Tó�±Ï. b� 0 < p < 1
2
, K

Tó�~�, ²­©Ù�: π(x) = (1− p/q)(p/q)x, x ∈ E. H(x∗) =
∑

y≤x∗ π(y) = 1− (p/q)x
∗+1.

d [6] �, b�ó X l 0 Ñu, Kd½n 1 �, éóó�´l 0 Ñu�)«ó, ¿�=£Ý


P ∗ Xe: é?¿� 0 < x∗ <∞, k

P ∗(x∗, x∗ − 1) =
H(x∗ − 1)

H(x∗)
p, P ∗(x∗, x∗)∗ = 0, P ∗(x∗, x∗ + 1) =

H(x∗ + 1)

H(x∗)
q;

P ∗(0, 0) = 0, P ∗(0, 1) =1.

½Â=£Ý
 P0 �: é?¿� 0 < x <∞, k

P0(x, x− 1) = p, P0(x, x) = 0, P0(x, x+ 1) = q;

P0(0, 0) = 0, P0(0, 1) = 1.

[6] ¥�Ñ: éóó�Å��± P0 �=£Ý
��ÅiÄ, �´·�uyù´�Ø�. Ï�

P0(0, 0) ≤ P ∗(1, 0), ¿Ø÷v�Å�'Ún 1 ¥�(a).

�e5, ·�ÄkÏé�éóó�Å����ÅiÄ, ,�^ [6] ¥��{5�O¤Ïé��Å

iÄÄgÂ¥�©Ù, ?
�O��ÅiÄÄgÂ¥�©Ù, l
3�C�¿Âe�Ñ��ÅiÄ

Âñ�Ý��O. ,	, ·���|^Markov Ø�ª5�O¤Ïé��ÅiÄÄgÂ¥�©Ù, l


|^@ÏÊ�½n�Ñ��ÅiÄÂñ�Ý��O, ��Xe(J.

- 0 < ε < 1, p/q := 1− ε, dxe L«�u½�u x ����ê. ·��Ì�½nXe.

½½½nnn2. b��ÅiÄ X �=£Ý
 P � (1), ¿� 0 < p ≤ 1
3
, ε > 0. XJ n = d c

ε2
e, Ù¥ c > 1,

@o

‖ πn − π ‖≤
1√
c

(
1 +

1

2
ln c+

√
6ε
)
.
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½½½nnn3. b��ÅiÄ X �=£Ý
 P � (1), ¿� 0 < p < 1
2
, ε > 0. XJ n = d c

ε2
e, Ù¥ c > 1,

@o

‖ πn − π ‖≤
1

c

(√
c+

1

4
(ln c)2 − 1

2
ε ln c

)
.

2. ½n 2�y²

½Â=£Ý
 P1 �: é?¿� 0 < x <∞, k

P1(x, x− 1) =
1

3
, P1(x, x) = 0, P1(x, x+ 1) =

2

3
;

P1(0, 0) =
1

3
, P1(0, 1) =

2

3
.

Ï�é?¿� x ≥ 0, k P1(x, x+ 1) + P1(x+ 1, x) ≤ 1, ¤± P1 ´�ÅüN�. Ï� 0 < p ≤ 1
3
, ¤

±é?¿� x, y ∈ E, k
∑

0≤z≤y P1(x, z) ≥
∑

0≤z≤y P
∗(x, z). d�Å�'Ún 2 �, P ∗ �Å��

P1, = P1 ≤ P ∗.

·�e¡Ïé���N´©Û�{üé¡�ÅiÄ�ýé�L§, ¦�§� P1 ��, ,�Ò�

±d [6] ¥��{, =|^ [8] ¥� Berry-Esseen½n, 5�O§�ÄgÂ¥�©Ù. b�ÕáÓ©

Ù�ÅCþS� {Yi : i ≥ 1} ÷v

P{Yi = −1} = P{Yi = 1} =
1

3
;

P{Yi = 0} =
1

3
.

½Â V0 := 0, Vn :=
∑n

i=1 Yi, @o (Vn)n≥0 ´½Â3 Z þ�{üé¡�ÅiÄ, §�=£Ý
 Pv X

e: é?¿� x, y ∈ Z, k
Pv(x, x− 1) = Pv(x, x+ 1) =

1

3
;

Pv(x, x) =
1

3
.

w,, Vn�Ï"Ú��©O� E(Vn) = 0, D(Vn) = 2n
3

.

5¿� (| Vn |)n≥0 ´± E �G��m�lÑ�mê¼ó, §�=£Ý
 P|v| Xe: é?¿�

0 < x <∞, k

P|v|(x, x− 1) = P|v|(x, x+ 1) =
1

3
, P|v|(x, x) =

1

3
, 0 < x <∞;

P|v|(0, 1) =
2

3
, P|v|(0, 0) =

1

3
.

Ï� P1 ´�ÅüN�, ¿�é?¿� x, y ∈ E, k
∑

0≤z≤y P|v|(x, z) ≥
∑

0≤z≤y P1(x, z). d�Å�

'Ún 2 �, P1 �Å�� P|v|, = P|v| ≤ P1. q P1 ≤ P ∗, ¤± P|v| ≤ P ∗. - T ∗, T|v| ©O�éóó

Ú (| Vn |)n≥0 ÄgÂ¥ {x∗, x∗ + 1, . . .} �Â¥�, Ké?¿� n ≥ 0, k P(T ∗ > n) ≤ P(T|v| > n).

�e5·�òY [6] ¥�y²g´, |^@ÏÊ�½n, �Ñ��ÅiÄÂñ�²­©Ù��Ý
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�O. À� x∗ = db/εe − 1, �� 1−H(x∗) ≤ e−b.

- Z �IO���ÅCþ, C ≤ 0.7655 � [8] ¥��Û~ê. du D(Vn) = 2n
3
, ε0 :=∑n

i=1 E|Yi|3

(
√
D(Vn))3

=
√

3
2n

, À� n = dc/ε2e, x∗ = db/εe − 1, Kd [8] ¥� Berry-Esseen½n, k

P(T ∗ > n) ≤ P(T|v| > n) ≤ P{| Vn |< x∗}

≤ P
{
| Z |< x∗

√
3

2n

}
+ 2Cε0

≤ P
{
| Z |< b√

2c
3

}
+ ε

√
6

c
≤ b+

√
6ε√
c

.

Ïd,

‖ πn − π ‖≤ e−b +
b+
√

6ε√
c

.

XJ c > 1, ÏLÀ� b = 1
2

ln c, ·���

‖ πn − π ‖≤
1√
c

(
1 +

1

2
ln c+

√
6ε
)
.

3. ½n 3�y²

½Â=£Ý
 P2 �: é?¿� 0 < x <∞, k

P2(x, x− 1) = p, P2(x, x) = 0, P2(x, x+ 1) = q;

P2(0, 0) = p, P1(0, 1) = q.

d½n 2 �y²�, P2 ≤ P ∗. - X̃ = (X̃n)n≥0 �l 0 Ñu�{üé¡�ÅiÄ, Ù=£Ý
 P̃ �:

é?¿� 0 < x <∞, k

P̃ (x, x− 1) =
1

2
, P̃ (x, x) = 0, P̃ (x, x+ 1) =

1

2
;

P̃ (0, 0) =
1

2
, P̃ (0, 1) =

1

2
.

Ï� 0 < p < 1
2
, ¤±é?¿� x, y ∈ E, k

∑
0≤z≤y P̃ (x, z) ≥

∑
0≤z≤y P2(x, z). d�Å�'Ún 2

�, P̃ ≤ P2. q P2 ≤ P ∗, ¤± P̃ ≤ P ∗. - T ∗, T̃ ©O�éóóÚ X̃ ÄgÂ¥ {x∗, x∗ + 1, . . .} �Â
¥�, Ké?¿� n ≥ 0, k P(T ∗ > n) ≤ P(T̃ > n). dMarkov Ø�ª�, P(T̃ > n) ≤ ET̃

n
. e¡·

�ÏLO� ET̃ , 5�O P(T ∗ > n).

w,, P̃ ´Ø��, �±Ï�. d [7], ½Â P̃ (i, j) := p̃ij , p̃
(k)
n :=

∑k
j=0 p̃nj Ú

F̃
(i)
i := 1, F̃ (i)

n :=
1

p̃n,n+1

n−1∑
k=i

p̃(k)n F̃
(i)
k , n > i ≥ 0.
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d[ [7],½n 2] �, P̃ ´~����=�
∑∞

n=0 F̃
(0)
n = ∞. N´¦�, é?¿� n ≥ 0, k F̃

(0)
n =

1,
∑∞

n=0 F̃
(0)
n =∞. Ïd, P̃ ´~��. Ï� P̃ Ø��, �±Ï, ~�, d[ [7],½n 5] �,

E0σ̃x∗ =
x∗−1∑
k=0

ṽk.

Ù¥, ṽk =
∑k

j=0

F̃
(j)
k

p̃j,j+1
, σ̃x∗ = inf{n ≥ 1 : X̃n = x∗}.

5¿� T̃ = σ̃x∗ , Ïd ET̃ = Eσ̃x∗ . Ï� F̃
(i)
i = 1, ¤±,

F̃
(i)
i+1 =

1

p̃i+1,i+2

i∑
k=i

p̃
(k)
i+1F̃

(i)
k =

1

p̃i+1,i+2

p̃i+1,iF̃
(i)
i = 1.

Ón,�¦�: F̃
(i)
i+2 = 1. Ïd, 8B��, F̃

(i)
n = 1, 1 ≤ i ≤ n. �

E0σ̃x∗ =

x∗−1∑
k=0

ṽk =

x∗−1∑
k=0

k∑
j=0

F̃
(j)
k

p̃j,j+1

=

x∗−1∑
k=0

2(k + 1) = (x∗)2 + x∗.

Ïd, E0T̃ = E0σ̃x∗ = (x∗)2 + x∗. À� x∗ = db/εe − 1, �� 1−H(x∗) ≤ e−b. À� n = dc/ε2e, k

‖ πn − π ‖ ≤ 1−H(x∗) +H(x∗)P0(T
∗ > n)

≤ e−b +
E0T̃

n

≤ e−b +
(x∗)2 + x∗

n

= e−b +
(d b
ε
e)2 − d b

ε
e

d c
ε2
e

≤ e−b +
b2 + bε

c
.

XJ c > 1, ÏLÀ� b = 1
2

ln c, ·���

‖ πn − π ‖≤
1

c

(√
c+

1

4
(ln c)2 − 1

2
ε ln c

)
.

Ä7�8

�®½g,�ÆÄ7]Ï�8(1194022), �®éÜ�Æ<âr�`ÀOy(BPHR2020EZ01)Ú

ZB10202001.
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