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Abstract

One hundred years ago, Ramanujan first defined the following classic Ramanujan sum:

cq(n) =
∑
k mod q
(k,q)=1

e
2πikn
q (q, n ∈ N),

where N is the set of positive integers, and (k, q) is the greatest common factor of k

and q. In 1976, on the basis of Wintner’s results, Delange proved that all univariate

arithmetic functions defined on the integer ring Z can be expanded by Ramanujan

sum. In 2018, Tóth proved that the multivariate arithmetic function defined on Z
can be expanded by Ramanujan sum and unitary Ramanujan sum. On this basis,

this paper attempts to expand the multivariate ideal function defined on D through

the Ramanujan sum. At the same time, it will further study the multiplicative and

orthogonal relations of the Ramanujan sum on D.
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1. Úó

�zõcc, RamanujanÄg½Â
Xe²;� RamanujanÚ:

cq(n) =
∑
k mod q
(k,q)=1

e
2πikn
q (q, n ∈ N), (1.1)

Ù¥ N´��ê8, (k, q)´ k Ú q ���úÏf.

1976 c, Delange [1]3Wintner [2](J�Ä:þy²
½Â3�ê� Z þ�üCþ�â¼ê
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Ñ�±ÏL Ramanujan Ú\±Ðm. ùaqu²;êÆ©Û¥±Ï¼ê� Fourier Ðmª. ¦�(

JXe:

½n1 (Delange [1]). � f : N→ C ´?¿��â¼ê. XJ
∞∑
n=1

2ω(n)
|(µ ∗ f)(n)|

n
<∞.

@oé?¿� n ∈ N §·�ke¡ýéÂñ� RamanujanÐmª

f(n) =
∞∑
q=1

aqcq(n),

Ù¥Xê aq deª�Ñ

aq =
∞∑
m=1

(µ ∗ f)(mq)

mq
(q ∈ N).

,	, Delange���±þ(Jéu¦5¼ê�A^. I��Ñ�´,3 Delange�c, Cohen

[3]�Qé,
AÏ�üCþ¦5¼êa��
íÑýéÂñ� Ramanujan Ðmª��{.

2016c, Ushiroya [4]òþã(Jí2�ü�Cþ��/,Ó���
½Â3 Zþ,
AÏ¼ê
�²; RamanujanÐmª�äNL�.

2018c, Tóth [5]qòÙí2�õ��/,y²
½Â3 Z þ�õ��â¼êÑ�±ÏL
RamanujanÚ\±Ðm. Tóth�Ñ±e½Â:

é?¿�½� k ∈ N, - f, g : Nk → C ´ü��â¼ê, @o§�� DirichletòÈ½Â�

(f ∗ g)(n1, · · · , nk) =
∑

d1|n1,··· ,dk|nk

f(d1, · · · , dk)g
(
n1

d1
, · · · , nk

dk

)
. (1.2)

¿��±e½n.

½n2 (Tóth [5]½n 2). b� f : Nk → C ´?��â¼ê (k ∈ N). XJ
∞∑

n1,··· ,nk=1

2ω(n1)+···+ω(nk) |(µk ∗ f)(n1, · · · , nk)|
n1 · · ·nk

<∞. (1.3)

@o,é?¿� n1, · · · , nk ∈ N, ·�kýéÂñ� RamanujanÐmª

f(n1, · · · , nk) =

∞∑
q1,··· ,qk=1

aq1,··· ,qkcq1(n1) · · · cqk(nk), (1.4)

Ù¥

aq1,··· ,qk =
∞∑

m1,··· ,mk=1

(µk ∗ f)(m1q1, · · · ,mkqk)

m1q1 · · ·mkqk
.

3ù�(J¥- f (n1, · · · , nk) = g ((n1, · · · , nk)) , Ù¥(n1, · · · , nk) ´ n1, · · · , nk ∈ N���
úÏf, g� N → C�?��â¼ê, Tóth ?�Ú��±e(Ø.
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½n3 (Tóth [5]½n 3). b� f : N→ C �?��â¼ê(k ∈ N). XJ

∞∑
n=1

2kω(n)
|(µ ∗ f)(n)|

nk
<∞. (1.5)

@o, é?¿ n1, · · · , nk ∈ N, ·�ke¡ýéÂñ�?ê

g ((n1, · · · , nk)) =
∞∑

q1,··· ,qk=1

aq1··· ,qkcq1 (n1) · · · cqk (nk) , (1.6)

g ((n1, · · · , nk)) =
∞∑

q1··· ,qk=1

a∗q1··· ,qkc
∗
q1

(n1) · · · c∗qk (nk) , (1.7)

Ù¥

aq1,··· ,qk =
1

Qk

∞∑
m=1

(µ ∗ f)(mQ)

mk
, (1.8)

a∗q1,··· ,qk =
1

Qk

∞∑
m=1

(m,Q)=1

(µ ∗ f)(mQ)

mk
.

� Q = [q1, · · · , qk].

5¿�¦5¼ê�±dÙ3��?����(½§dd(J��?�Ú�� Zþ,
AÏ�
õ�¦5¼ê'u²;RamanujanÚ±9jRamanujanÚÐmª�äNL�§�?�Ú/§§�

�²;�Riemann zeta ¼ê ζ(z) k'.

� A+´k��þ��õ�ª� A = Fq[T ]¥Ä�õ�ª��N.a'²;� RamanujanÚ,{

IêØÆ[ L.Carlitz [6]ÄgÚ\ Aþ� H �õ�ª RamanujanÚ η(G,H)�½Âµ

η(G,H) =
∑

D mod H
(D,H)=1

E(G,H)(D),

Ù¥G,H ∈ A, (G,H)´ G,H �Ä����úÏf.

·IêØÆ[x�] [7]�Ç3�C�©z¥XÚ/ïÄ
õ�ª RamanujanÚ�5�.

a'j RamanujanÚ�½Â,àX�3¨�.�Ø© [8]¥½Â
 A þ�jõ�ª Ramanujan

Ú η∗(G,H) µ

η∗(G,H) =
∑

D mod H
(D,H)∗=1

E(G,H)(D). (1.9)

Ù¥ G,H ∈ A, (G,H)∗ = max
deg
{D : D|H,D||G},= (G,H)∗´õ�ª8Ü {D : D|H,D||G}¥gê

�p��.
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¨�òþãk' RamanujanÐm�(J?�Úí2�k�����õ�ª� A ¥§��
½
Â3 A þ�õ��â¼êÑ�±ÏLõ�ª RamanujanÚ±9jõ�ª RamanujanÚ\±Ðm.

½n4 (àX� [8]½n 7). - f : (A+)k → C �?��â¼ê§Ù¥ k ∈ N. XJ∑
G1,··· ,Gk∈A+

2ω(G1)+···+ω(Gk) |(µk ∗ f)(G1, · · · , Gk)|
|G1| · · · |Gk|

<∞. (1.10)

@o, é?¿ G1, · · · , Gk ∈ A+, ·�kýéÂñ� RamanujanÐmª

f(G1, · · · , Gk) =
∑

H1,··· ,Hk∈A+

CH1,··· ,Hkη(G1, H1) · · · η(Gk, Hk), (1.11)

Ú
f(G1, · · · , Gk) =

∑
H1,··· ,Hk∈A+

C∗H1,··· ,Hkη
∗(G1, H1) · · · η∗(Gk, Hk), (1.12)

Ù¥

CH1,··· ,Hk =
∑

M1,··· ,Mk∈A+

(µk ∗ f)(M1H1, · · · ,MkHk)

|M1H1| · · · |MkHk|
,

C∗H1,··· ,Hk =
∑

M1,··· ,Mk∈A+

(M1,H1)=1,··· ,(Mk,Hk)=1

(µk ∗ f)(M1H1, · · · ,MkHk)

|M1H1| · · · |MkHk|
.

(1.13)

- (G1, · · · , Gk)� [G1, · · · , Gk]©O� G1, · · · , Gk ∈ A���úÏf9��ú�ê. g ´l

A+ � C��â¼ê. -½n 7¥� f(G1, · · · , Gk) = g((G1, · · · , Gk)) , ¨q?�Ú��
e¡�

(J.

½n5 (àX� [8]½n 8). ] -g : A+ → C �?��ê¼ê, k ∈ N. XJ

∑
G∈A+

2kω(G) |(µ ∗ g)(G)|
|G|k

<∞. (1.14)

@oé?¿� G1, · · · , Gk ∈ A+, kýéÂñ�?ê

g((G1, · · · , Gk)) =
∑

H1,··· ,Hk∈A+

CH1,··· ,Hkη(G1, H1) · · · η(Gk, Hk), (1.15)

Ú

g((G1, · · · , Gk)) =
∑

H1,··· ,Hk∈A+

C∗H1,··· ,Hkη
∗(G1, H1) · · · η∗(Gk, Hk), (1.16)

Ù¥

CH1,··· ,Hk =
1

|Q|k
∑
M∈A+

(µ ∗ g)(MQ)

|M |k
,

C∗H1,··· ,Hk =
1

|Q|k
∑
M∈A+

(M,Q)=1

(µ ∗ g)(MQ)

|M |k
,

(1.17)
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� Q := [H1, · · · , Hk].

2020c§��' [9]3�C�©z¥½Â
�ê�ê�� RamanujanÚµ

C(m, n) =
∑

d|(m,n)

N(d)µ(n/d) =
∑

x(mod n)
(x,n)=1

e2πiTr(xy), (1.18)

Ù¥ m, n ��ê�ê���"n�, y �Ìn� 〈y〉 = mn−1D−10 R �ÌÏf, � D−10 = {x ∈
K|Tr(xD) ⊆ Z}, Tr(xy)��� xy�,.

½n6 (��' [9]½n 1.2). ] D�ê�K��ê�ê�,- n��ê�ê� D¥�?��"n�,

m�D¥�?�n�. @o�3��n� R÷v (R,mnD0) = 1 � mn−1D−10 R´��©ªÌn�.

- y ∈ K� mn−1D−10 R�)¤�, = 〈y〉 = mn−1D−10 R. ·�k

C(m, n) =
∑

x(mod n)
(x,n)=1

e2πiTr(xy), (1.19)

Ù¥

D−10 = {x ∈ K |Tr(xD) ⊆ Z}, (1.20)

©ªn� D−10 ´ D/Z��© D0�Ö8,w, D0´�ê�ê� D¥�n�.

�©�Äò®���½Â3 Zþ�õ��â¼êÏL RamanujanÚ\±Ðm,?�Úí2�

½Â3�ê�ê� Dþ�õ�n�¼ê�±ÏL RamanujanÚ\±Ðm,¿��±e(J.

½n7. b� f : Dk → C �?�õ�n�¼ê, (k ∈ N).XJ

∑
m1,··· ,mk/D

2ω(m1)+···+ω(mk) |(µk ∗ f) (m1, · · · ,mk)|
N (m1) . . . N (mk)

<∞ (1.21)

@o,é?¿ m1, · · · ,mk /D, ·�ke¡ýéÂñ�?ê

f(m1, · · · ,mk) =
∑

n1,··· ,nk/D

ηn1,··· ,nkC(m1, n1) · · ·C(mk, nk), (1.22)

Ù¥

ηn1,··· ,nk =
∑

l1,··· ,lk/D

(µk ∗ f) (n1l1, · · · , nklk)
N (n1l1) . . . N (nklk)

. (1.23)

2. ½n 7�y²9ÙíØ

�
y²�Ù�(Ø, I�e¡�·K. é�ê�ê� D ¥�?��"n� n , y ∈ K �

mn−1D−10 R�)¤Ïf.

·K1. e¡ù��ª¤á

∑
x mod n

e2πiTr(xy) =

{
N(n), en|m

0, Ù§
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y² XJ n|m, @o mn−1 ∈ D , Ï� 〈y〉 = mn−1D−10 R ⊆ D−10 ,·��±�� y ∈ D−10 , �

Ò´` Tr(xy) ∈ Z, e2πiTr(xy) = 1. Ïd,∑
x mod n

e2πiTr(xy) = N(n).

XJn - m, @o-

A =
∑

x mod n

e2πiTr(xy).

5¿�,XJ α´���ê,K� x ²L�����{Xmod n�, x+ α½,,�Ò´`

A = A · e2πiTr(αy). (2.1)

z��ê α��êÏfØU�u 1,Ï� Tr(αy)o´��knê,Ïd,�â D−10 �½Â,·��±

�� n|m�b���.Ïdl (2.1) �±íÑ A = 0.

·K2. C(m, n) ´'u n ∈ D�¦5¼ê.

y² - n1, n2��ê�ê� D ¥�n�¿÷v (n1, n2) = 1.,�·��±��

C(m, n1n2) =
∑

x (mod n1n2)

(x,n1n2)=1

e2πiTr(xy)

=
∑

x (mod n1)

(x,n1)=1

e2πiTr(xy1)
∑

x (mod n2)

(x,n2)=1

e2πiTr(xy2)

= C(m, n1)C(m, n2),

Ù¥ 〈y1〉 = mn−11 D−10 R, 〈y2〉 = mn−12 D−10 R, Ú 〈y1y2〉 = 〈y〉.

Ï� C(m, n)���ûuÙ�n���. du C(m, n)´¦5¼ê, ·��±��±e·K.

·K3. éu D¥�?¿�"n� q,m , k±e�ª¤á

∑
d|n

C(m, d) =

{
N(n), en|m

0, Ù§
(2.2)

y² Äk, ·�5y²±e�ª¤á

C(m, pe) =


N(p)e −N(p)e−1, epe|m
−N(p)e−1, epe - m, pe−1 | m
0, Ù§
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XJ pe|m,K

C(m, pe) =
∑

x (mod pe)
(x,pe)=1

e2πiTr(xy).

du pe|m�, e2πiTr(xy) = 1.�,

C(m, pe) =
∑

x (mod pe)
(x,pe)=1

1 = ϕ(pe) = N(p)e −N(p)e−1.

� pe - m�,·�k±e�/,

(m, pe) = pe−1, d = pe−1, · · · , p, Ok
(m, pe) = pe−2, d = pe−2, · · · , p, Ok
· · · · · ·

(m, pe) = 1, d = Ok

ùL«� pe - m,pe−1 | m,

C(m, pe) = −N(p)e−1,

3Ù¦�¹e, C(m, pe) = 0.

�e5,én� n��©),k n = pe11 . . . pess . ·��±�����∑
d|n

C(m, d)

=
∑

d1...ds|p
e1
1 ...pess

C(m, d1 . . . ds)

=
∑

d1|p
e1
1

· · ·
∑

ds|pess

C(m, d1 . . . ds)

=
∑

d1|p
e1
1

C(m, d1) · · ·
∑

ds|pess

C(m, ds).

·�äó, ∑
d|pe

C(m, d) =

{
N(p)e, epe|m

0, Ù§

¯¢þ, XJ pe|m,@o ∑
d|pe

C(m, d)

= C(m, Ok) + C(m, p) + · · ·+ C(m, pe)

= 1 + (N(p)− 1) + · · ·+ (N(p)e −N(p)e−1)

= N(p)e.
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XJ pi - m, pi−1|m, i = 1, · · · , e,@o

∑
d|pe

C(m, d)

= C(m, Ok) + · · ·+ C(m, pi−1) + C(m, pi) + · · ·+ C(m, pe)

= 1 + (N(p)− 1) + · · ·+ (N(pi−1)−N(pi−2)) +N(pi−1) + 0

= 0.

·�íä ∑
d|n

C(m, d)

=
∑

d1|p
e1
1

C(m, d1) · · ·
∑

ds|pess

C(m, ds)

=

{
N (p1)

e1 , pe11 |m
0, Ù§

. . .

{
N (ps)

es , pess |m
0, Ù§

=

{
N(n), en|m

0, Ù§.

½n 7�y² ·�I�ky²

∑
d|pe
|C(m, d)| =

{
N(p)e, epe|m

2N(p)i−1, e pi - m, pi−1|m, i = 1, · · · , e
(2.3)

¯¢þ, XJ pe|m, @o�±��∑
d|pe
|C(m, d)|

= |C(m, 1)|+ |C(m, p)|+ · · ·+ |C(m, pe)|

= 1 + |N(p)− 1|+ · · ·+
∣∣N(p)e −N(p)e−1

∣∣
= 1 + (N(p)− 1) + · · ·+ (N(p)e −N(p)e−1)

= N(p)e,

XJ pi - m, pi−1|m, i = 1, · · · , e, @o∑
d|pe
|C(m, d)| = 2N(p)i−1,
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�ª (2.3)¤á, Ó�·��±��∑
d|pe
|C(m, d)| ≤ 2N(p)vp(m),

ùL« ∑
d|q

|C(m, d)|

=
∏
p|q

∑
d|pe
|C(m, d)|

≤ (
∏
p|q
p-m

2) (
∏

p|(q,m)

2N(p)vp(m))

≤ 2ω(q)
∏

p|(q,m)

N(p)vp(m))

≤ 2ω(q) N(m).

Ïd,·���

|f(m1, · · · ,mk)|

≤
∑

n1,··· ,nk/D

|ηn1,··· ,nk | |C(m1, n1)| · · · |C(mk, nk)|

≤
∑

n1,··· ,nk/D

∑
l1,··· ,lk/D

|(µk ∗ f) (n1l1, · · · , nklk)|
N (n1l1) . . . N (nklk)

|C(m1, n1)| · · · |C(mk, nk)|

=
∑

t1,··· ,tk/D

|(µk ∗ f) (t1, · · · , tk)|
N (t1) . . . N (tk)

∑
n1l1=t1
n1|t1

|C(m1, n1)| · · ·
∑

nklk=tk
nk|tk

|C(mk, nk)|

≤
∑

t1,··· ,tk/D

|(µk ∗ f) (t1, · · · , tk)|
N (t1) . . . N (tk)

2ω(t1)N(m1) · · · 2ω(tk)N(mk)

= N(m1 · · ·mk)
∑

t1,··· ,tk/D

2ω(t1)+···+ω(tk)
|(µk ∗ f) (t1, · · · , tk)|
N (t1) . . . N (tk)

< ∞,

ùy²
ýéÂñ5.

e f ´¦5¼ê, K (1.21)�du

∑
m1,··· ,mk/D

|(µk ∗ f) (m1, · · · ,mk)|
N (m1) . . . N (mk)

<∞ (2.4)

Ú ∑
p/P

∑
e1,··· ,ek=0

e1+···+ek≥0

|(µk ∗ f) (pe1 , · · · , pek)|
N (p)

e1+···+ek <∞. (2.5)
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Ïd·��±��±e(Ø.

íØ1. b�¦5n�¼ê f : Dk → C , Ù¥k ∈ N. b� (2.4) ½ (2.5) ¤á, @oéu?¿�

m1, · · · ,mk ∈ D·�kýéÂñ�Ðmª (1.22), �ÙXê�±�¤ :

ηn1,··· ,nk =
∏
p/P

∑
ei≥vp(ni)

i=0,··· ,k

(µk ∗ f) (pe1 , · · · , pek)

N (p)
e1+···+ek .

y² e f ´¦5¼ê,@o µk ∗ f �´¦5¼ê,�éu vp(nili) ≥ vp(ni), i = 0, · · · , k. ·�
-ei = vp(nili) ,Ù¥p ∈ P ,�±��

ηn1,··· ,nk =
∏
p/P

∑
l1,··· ,lk/D

vp(nili)≥vp(ni)

(µk ∗ f)
(
pvp(n1l1), · · · , pvp(nklk)

)
N (p)

vp(n1l1)+···+vp(nklk)

=
∏
p/P

∑
ei≥vp(ni)

i=0,··· ,k

(µk ∗ f) (pe1 , · · · , pek)

N (p)
e1+···+ek .
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[5] Tóth, L. (2018) Ramanujan Expansions of Arithmetic Functions of Several Variables. The

Ramanujan Journal, 47, 589-603. https://doi.org/10.1007/s11139-017-9944-z

[6] Carlitz, L. (1947) The Singular for Sums of Squares of Polynomials. Duke Mathematical Jour-

nal, 14, 1105-1120. https://doi.org/10.1215/S0012-7094-47-01484-1

[7] Zheng, Z.Y. (2018) On the Polynomial Ramanujan Sums over Finite Fields. The Ramanujan

Journal, 46, 863-898. https://doi.org/10.1007/s11139-017-9941-2

DOI: 10.12677/pm.2021.114057 452 nØêÆ

https://doi.org/10.4064/aa-31-3-259-270
https://doi.org/10.1215/S0012-7094-59-02646-8
https://doi.org/10.1007/s11139-017-9944-z
https://doi.org/10.1215/S0012-7094-47-01484-1
https://doi.org/10.1007/s11139-017-9941-2
https://doi.org/10.12677/pm.2021.114057


4Ra

[8] àX�. êØ¥eZ)Û¯K�ïÄ[D]: [a¬Æ Ø©]. 2²: uHnó�Æ, 2020.

[9] Wang, Y.J. and Ji, C.G. (2020) Ramanujan’s Sum in the Ring of Integers of an Algebraic

Number Field. International Journal of Number Theory, 16, 65-76.

DOI: 10.12677/pm.2021.114057 453 nØêÆ

https://doi.org/10.12677/pm.2021.114057

	代数整数环上的Ramanujan展开
	摘  要
	关键词
	Ramanujan Expansion over Algebraic Integer Rings
	Abstract
	Keywords
	1. 引言
	2. 定理7的证明及其推论
	致  谢
	参考文献

