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Abstract

In this paper, we mainly study the relationship between Y-Gorenstein injective module

and Frobenius bimodules. Let R and S be associative rings with an identity, SMR be
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Frobenius bimodule with MR a generator. We proved that (1) Rop -module X is Y-
Gorenstein injective module if and only if HomRop(M,X) is Y-Gorenstein injective Sop

-module; (2) R-module Y is Y-Gorenstein injective module if and only if M ⊗R Y is

Y-Gorenstein injective S-module.

Keywords

Y-Gorenstein Injective Module, Frobenius Bimodules, Generator

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

��k�)¤Ý���í2, Auslander�<3©z [1]¥ïÄ
V> Noether�þG-�ê�"

�k�)¤�. 1995c, Enochs�<3©z [2]¥Ú\
GorensteinS��ÚÝ���Vg. 2008c,

Mao�<3©z [3]¥½Â
Gorenstein FP- S��¿ïÄ
ÙÓN5�. 2009c, Ding�<3 [4]

¥½Â
r Gorenstein²"�. 2010c, Gillespie3 [5]¥òr Gorenstein²"�¡� Ding-Ý�

�,ò Gorenstein FP-S��¡� Ding-S��.Óc, Bennis�<3 [6]¥Ú\
 X -GorensteinÝ

��. 2011c, Meng�<3 [7]¥Ú\
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 Frobenius V��Vg. 2018-2019 c, Ren 3 [12–14] ¥ïÄ


Frobenius *Üþ� Gorenstein Ý�(S�,²")�9Ù�ê. 2020 c, Hu �<3 [15] ¥ïÄ


Frobenius¼fÚGorenstein²"�5��m�'X.� SMR´ FrobeniusV��MR´)¤f.y

²
 R-� X ´ Gorenstein²"���=�M ⊗R X ´ Gorenstein²" S-�.

É±þó��éu,�©Ì�ïÄ FrobeniusV�� Y-Gorenstein S��, X -Gorenstein Ý�

��m�'X.

2. ý��£

3�©¥,� RÚ S Ñ´kü ��(Ü�,�þ�j�.¤k�� R-�(½ö� S-�)L«�

R-�( S-�),¤km R-�(½öm S-�)L«� Rop-�( Sop-�),é?¿� R, RML«¤k R-���

Æ�MRL«¤k Rop-���Æ, SMRL«M ´ (S,R)-V�.·�^ P(R)Ú I(R)©OL«Ý�
R-�aÚS� R- �a.
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�!�Ñ�
^��ÎÒÚÄ�Vg.

½Â 1.1 [11,½Â 2.1]¡ (S,R)-V�M ´ FrobeniusV�,XJ÷v±e^�:

(1)� SM ÚMR Ñ´k�)¤Ý��;

(2)�3 (R,S)-V��Ó�: ∗M :=R HomS(M,S)S wR HomRop(M,R)S =:M∗.

�â©z [9],¡S ⊆ R´Frobenius*Ü,XJ SR´k�)¤Ý�S-�,�RRS w HomS(SR,S S).

d½Â�du RS ´k�)¤Ý� Sop-�,� SRR w HomSop(RS , SS).3ù«�¹e, SRR Ú RRS

þ´ FrobeniusV�.

½Â 1.2 [7,½Â 2.1]� Y ´ Rop-�a��¹¤kS��.¡ Rop-�M ´ Y-GorensteinS�

�,XJ�3S� Rop-���Ü�

E = · · · → E−2 → E−1 → E0 → E1 → · · ·

¦�M ∼= Ker(E0 → E1),�é?¿� H ∈ Y, HomR(H,E)�Ü.

·�^ Y − GI(R)L« Y-GorensteinS��a.

½Â 1.3 (1)d½Â�, Y-GorensteinS��´ GorensteinS��.

(2)XJ Y ´S� Rop-�,@o Y-Gorenstein S� Rop-�Ò´ GorensteinS� Rop-�.

(3)XJ Y´ FP-S� Rop-�,@o Y-Gorenstein S� Rop-�Ò´Gorenstein FP-S� Rop- �.

(4)XJ Y´ Gorenstein S� Rop-�,@o Y-Gorenstein S� Rop-�Ò´S��.

½Â 1.4 [6,½Â 2.1]� X ´ R-�a��¹¤kÝ��.¡ R- �M ´ X -GorensteinÝ��,

XJ�3Ý� R-���Ü�

P = · · · → P−2 → P−1 → P 0 → P 1 → · · ·

¦�M ∼= Ker(P 0 → P 1),�é?¿� F ∈ X , HomR(P, F )�Ü.

·�^ X − GP(R)L« X -GorensteinÝ��a.

5P 1.5 (1)d½Â�, X -GorensteinÝ��´ GorensteinÝ��.

(2)XJ X ´Ý� R-�,@o X -Gorenstein Ý� R-�Ò´ GorensteinÝ� R-�.

(3)XJ X ´²" R-�,@o X -GorensteinÝ� R-�Ò´ DingÝ� R- �.

(4)XJ X ´Gorenstein Ý� R-�,@o X -GorensteinÝ� R-�Ò´Ý��.

3. Y-GorensteinS��ÚFrobeniusV�

�!Ì�ïÄ FrobeniusV�Ú Y-GorensteinS��5��m�'X.

Ún 2.1 [11,1 2Ù][16,1 2.1!]� RÚ S ´�, SMR ´ FrobeniusV�,- N := ∗M .K

±eQã¤á:

(1) RNS ´ FrobeniusV�.
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(2)M ⊗R − ∼= HomR(N,−) : RM→ SM, N ⊗S − ∼= HomS(M,−) : SM→ RM.

(3) HomRop(M,−) ∼= −⊗R N :MR →MS , HomSop(N,−) ∼= −⊗S M :MS →MR.

(4)e X ´Ý�(S�,²")R-�,KM ⊗R X ´Ý�(S�,²")S-�.

(5)e Y ´Ý�(S�,²")S-�,K HomS(M,Y )´Ý�(S�,²")R-�.

(6)é?¿� i ≥ 0,9?¿�S-� X ÚR-� Y ,

ExtiS(X,M ⊗R Y ) ∼= ExtiR(HomS(M,X), Y ),

ExtiR(Y,N ⊗S X) ∼= ExtiS(HomR(N,Y ), X)

(7)é?¿� i ≥ 0,?¿�Rop-� X ÚR-� Y ,

TorRi (HomRop(M,X)⊗S M,Y ) ∼= TorSi (HomRop(M,X),M ⊗R Y )

Ún 2.2 [15,½n 2.2]� SMR´ FrobeniusV�,-N := ∗M� F :=M ⊗R− : RM→ SM
´ Frobenius¼f.K±eQã¤á:

(1) F´§¢¼f;

(2) RN ´)¤f;

(3)MR ´)¤f;

(4)MR ´§¢�;

(5)é?¿� R-�X,N� ϕX : X → HomS(M,M ⊗R X)(ϕX(x)(m) = m⊗R x))´üÓ�,Ù

¥ x ∈ X �m ∈M ;

(6)é?¿� Rop-� Y ,N� ψY : HomRop(M,Y ) ⊗S M → Y (ψY (f ⊗S m) = f(m))´÷Ó�,

Ù¥ f ∈ HomRop(M,Y )�m ∈M ;

(7)é?¿� R-� P ∈ P(R),N� φP : N ⊗S HomR(M,P ) → P (φP (n ⊗S f) = f(n))´÷Ó

�,Ù¥ f ∈ HomR(M,P )� n ∈ N ;

(8) Rop-� E ∈ I(Rop),N� θE : E → HomSop(N,E ⊗R N)(θE(x)(n) = x ⊗R n)´üÓ�,Ù

¥ x ∈ E � n ∈ N .

Ún 2.3 [15,íØ 2.3]� SMR ´ FrobeniusV��MR ´)¤f.

(1)?¿Ý� R-� P ´ HomS(M,M ⊗R P )��Ú�;

(2)?¿ Rop-� E ´ HomRop(M,E)⊗S M ��Ú�.

Ún 2.4 � SMR ´ FrobeniusV�.

(1)e X ´ Y-Gorenstein S� Rop-�,K HomRop(M,X)´ Y-Gorenstein S� Sop-�.

(2)e Y ´ Y-Gorenstein S� Sop-�,K Y ⊗S M ´ Y-Gorenstein S� Rop-�.

y² (1)Ï� X ´ Y-Gorenstein S� Rop-�,¤±�3S� Rop-���Ü�

E = · · · → E1 → E0 → E−1 → E−2 → · · · ,
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¦� X ∼= Ker(E−1 → E−2),¿�é?¿� I ∈ Y, HomRop(I,E)�Ü.Ï Ei ´S� Rop -�.¤±

HomRop(M,Ei) ´S� Sop -�. Ïd HomRop(M,E) ´S� Sop -���Ü�, � HomRop(M,X) ∼=
Ker(HomRop(M,E−1)→ HomRop(M,E−2)).

� Q´S� Sop-�,K Q⊗S M ´S� Rop-�,� HomRop(Q⊗S M,E)�Ü.dÓ�

HomRop(Q⊗S M,E) ∼= HomSop(Q,HomRop(M,E))

�, HomSop(Q,HomRop(M,E))�Ü.Ïd HomRop(M,X)´ Y-GorensteinS� Sop-�.

(2)� Y ´ Y-GorensteinS� Sop-�,- N := ∗M .Ï� SMR ´ FrobeniusV�,¤± RNS ´

FrobeniusV�.Ïdd (1)�, HomSop(N,Y )´ Y-GorensteinS�Rop-�.qÏ�HomSop(N,Y ) ∼=
Y ⊗S M ,¤± Y ⊗S M ´ Y-Gorenstein S� Rop-�.

Ún 2.5 [7,Ún 2.8]±eQã�d:

(1)M ´ Y-GorensteinS� Rop-�;

(2)é?¿ Rop-� H ∈ Y, Ext≥1
R (H,M) = 0,��3S� Rop-���Ü�µ

· · · → E2 → E1 → E0 → X → 0,

¦�é?¿� H ∈ Y, HomR(H,−)�Ü;

(3)�3á�Ü� 0→ G→ I →M → 0,Ù¥ I ´S��, G´ Y-Gorenstein S��.

Ún 2.6 [7,Ún 2.10] Y-GorensteinS��'u*Ü,�Ú�Ú÷Ó��Øµ4.

½n 2.7 � SMR ´ FrobeniusV��MR ´)¤f.

(1) Rop-� X ´ Y-GorensteinS����=� HomRop(M,X)´ Y-GorensteinS� Sop-�.

(2) R-� Y ´ Y-Gorenstein S����=�M ⊗R Y ´ Y-GorensteinS� S-�.

y² (1)⇒)d·K 2.4��.

⇐)�X ´ Rop-�¦� HomRop(M,X)´ Y-GorensteinS� Sop-�.eyX ´ Y-GorensteinS

� Rop-�.

�E´S�Rop-�,¤±HomRop(M,E)´S� Sop-�.Ï�HomRop(M,X)´ Y-GorensteinS

� Sop-�,¤±é?¿� i ≥ 1, ExtiSop(HomRop(M,E),HomRop(M,X)) = 0.dÓ�

ExtiSop(HomRop(M,E),HomRop(M,X)) ∼= ExtiRop(HomRop(M,E)⊗S M,X)

�, ExtiRop(HomRop(M,E) ⊗S M,X) = 0.qdÚn 2.3(2),S� Rop-� E ´ HomRop(M,E) ⊗S M

��Ú�, ¤±é?¿� i ≥ 1, ExtiRop(E,X) = 0. e¡�E X � HomRop(I(Rop),−) �Ü��
I(Rop)-©).

d·K 2.4�, HomRop(M,E)⊗S M ´ Y-GorensteinS� Rop-�,¤±dÚn 2.5�,k�Ü�

0→ L1 → I0 → HomRop(M,E)⊗S M → 0,Ù¥ I0 ´S� Rop-�, L1 ´ Y-GorensteinS� Rop-�.

Ï�MR ´)¤f,¤±�3 Rop-���Ü� 0→ K → HomRop(M,E)⊗S M → X → 0.�Äe�

íÑã
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0

��

0

��
L1

��

L1

��
0 // H1

��

// I0

��

// X // 0

0 // K //

��

HomRop(M,E)⊗S M

��

// X // 0

0 0

^ HomRop(M,−)�^u�,��

0

��

0

��
HomRop(M,L1)

��

HomRop(M,L1)

��
0 // HomRop(M,H1)

��

// HomRop(M, I0)

��

// HomRop(M,X) // 0

0 // HomRop(M,K) //

��

HomRop(M,HomRop(M,E))⊗S M

��

// HomRop(M,X) // 0

0 0

N´�� HomRop(M,HomRop(M,E)) ⊗S M → HomRop(M,X)´��÷Ó�,¤±dÚn 2.6�

HomRop(M,K)´ Y-GorensteinS� Sop-�� HomRop(M,H1)´ Y-GorensteinS� Sop-�.�k�

Ü� 0 → H1 → I0 → X → 0,Ù¥ I0 ´S� Rop-�, HomRop(M,H1)´ Y-GorensteinS� Sop-�.

Ïdé?¿� i ≥ 1, ExtiR(E,H1) = 0.EþãL§,�� Rop-���Ü�· · · → I2 → I1 → I0 →
X → 0,¦�é?¿� Rop-� E ∈ Y, HomRop(E,−)�Ü.¤± X ´ Y-GorensteinS� Rop-�.

(2)Ï� SMR´ FrobeniusV��MR´)¤f,¤± RNS ´ FrobeniusV�� RN ´)¤f.

Ïd, R-� Y ´ Y-GorensteinS����=� HomR(N,Y )´ Y-Gorenstein S� S-�.qdÓ�ª

HomR(N,Y ) ∼=M ⊗R Y �,M ⊗R Y ´ Y-Gorenstein S� S-�.

4. X -GorensteinÝ��ÚFrobeniusV�

�!Ì�ïÄFrobeniusV�Ú X -GorensteinÝ��5��m�'X.

·K 3.1 � SMR ´ FrobeniusV�.

(1)e X ´ X -Gorenstein Ý� R-�,KM ⊗R X ´ X -Gorenstein Ý� S-�.
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(2)e Y ´ X -Gorenstein Ý� S-�,K HomS(M,Y )´ X -Gorenstein Ý� R-�.

y² (1)Ï� X ´ X -GorensteinÝ� R-�,¤±�3Ý�m R-���Ü�

P : · · · → P1 → P0 → P−1 → P−2 → · · · ,

¦� X ∼= Ker(P−1 → P−2), �é?¿� Q ∈ X , HomR(P, Q) �Ü. Ï� Pi ´Ý� R -�, ¤±

M⊗RPi´Ý� S-�.�M⊗RP´Ý� S-���Ü�,�M⊗RX ∼= Ker(M⊗RP−1 →M⊗RP−2).

� A´Ý� S-�,K HomS(M,A)´Ý� R-�.� HomR(P,HomS(M,A))�Ü.dÓ�

HomR(P,HomS(M,A)) ∼= HomS(M ⊗R P, A)

�, HomS(M ⊗R P, A)�Ü.ÏdM ⊗R X ´ X -GorensteinÝ� S-�.

(2)Ï� Y ´ X -Gorenstein Ý� S-�,-N := ∗M ,Ï� SMR´ FrobeniusV�,¤± RNS ´

FrobeniusV�.Ïdd(1)�,N⊗SY ´X -GorensteinÝ�R-�,qdÓ�ªN⊗SY ∼= HomS(M,Y )

�,¤± HomS(M,Y )´ X -Gorenstein Ý� R-�.

Ún 3.2 [6,·K 2.2]� X ´ R-�,K±eQã�d:

(1) X ´ X -Gorenstein Ý��;

(2)é?¿ F ∈ X , i > 0, ExtiR(X,F ) = 0,��3Ý� R-���Ü�

0→ X → P 0 → P 1 → P 2 → · · · ,

¦�é?¿� F ∈ X , HomR(−, F )�Ü;

(3)�3á�Ü� 0→ X → P → L→ 0,Ù¥ P ´Ý��, L´ X -Gorenstein Ý��.

Ún 3.3 [6,½n 2.3(1)]�á�Ü� 0→ A→ B → C → 0,Ù¥ C ´ X -Gorenstein Ý��.

K A´ X -Gorenstein Ý����=� B ´ X -Gorenstein Ý��.

½n 3.4 � SMR ´ FrobeniusV��MR ´)¤f.

(1) R-� X ´ X -Gorenstein Ý����=�M ⊗R X ´ X -Gorenstein Ý� S-�.

(2) Rop-� Y ´ X -Gorenstein Ý����=� HomRop(M,Y )´ X -Gorenstein Ý� Sop-�.

y² (1)⇒)d·K 3.1��.

⇐)�X ´R-�¦�M ⊗RX ´ X -Gorenstein Ý� S-�.eyX ´ X -Gorenstein Ý�R-�.

� P ´Ý�R-�,¤±M⊗RP ´Ý� S-�.Ï�M⊗RX´X -GorensteinÝ� S-�,¤±é?

¿� i ≥ 1, ExtiS(M⊗RX,M⊗RP ) = 0.dÓ�ExtiS(M⊗RX,M⊗RP ) ∼= ExtiR(X,HomS(M,M⊗R

P )) �, ExtiR(X,HomS(M,M ⊗R P )) = 0.qdÚn 2.3(1),Ý�R-� P ´ HomS(M,M ⊗R P )��

Ú�,¤±é?¿� i ≥ 1, ExtiR(X,P ) = 0.e¡�E X � HomR(−,P(R))�Ü�m P(R)-©).

d·K 3.1�, HomS(M,M ⊗R X)´ X -Gorenstein Ý� R-�,¤±dÚn 3.2�,�3á�Ü

� 0→ HomS(M,M ⊗R X)→ P 0 → L1 → 0,Ù¥ P 0´Ý� R-�, L1´ X -Gorenstein Ý� R-�.

Ï�MR ´)¤f,¤±�3 R-��á�Ü� 0 → X → HomS(M,M ⊗R X) → K → 0.�ÄíÑ

ã
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0

��

0

��
0 // // X // HomS(M,M ⊗R X) //

��

// K //

��

0

0 // X // P 0

��

// H1

��

// 0

L1

��

L1

��
0 0

^M ⊗R −�^uíÑã��

0

��

0

��
0 ////M ⊗R X //M ⊗R HomS(M,M ⊗R X) //

��

//M ⊗R K //

��

0

0 //M ⊗R X //M ⊗R P
0

��

//M ⊗R H
1

��

// 0

M ⊗R L
1

��

M ⊗R L
1

��
0 0

N´��M⊗RX →M⊗RHomS(M,M⊗RX)´��üÓ�.dÚn 3.3�M⊗RK´X -Gorenstein

Ý� S-�,�M ⊗R H
1 ´ X -Gorenstein Ý� S-�.Ïdk�Ü� 0 → X → P 0 → H1 → 0,Ù¥

P 0´Ý� R-�,M ⊗RH
1´ X -Gorenstein Ý� S-�.Ïdé?¿� i ≥ 1, ExtiR(H

1, P ) = 0.E

þãL§,�� R-���Ü�

0→ X → P 0 → P 1 → P 2 → · · ·

Ù¥ Pi ∈ P(R)¦�é?¿� Q ∈ X , HomR(−, Q)�Ü.¤± X ´ X -Gorenstein Ý� R-�.

(2)Ï� SMR ´ FrobeniusV��MR ´)¤f,- N := ∗M .¤± RNS ´ FrobeniusV��

RN ´)¤f.Ïd Rop-� Y ´ X -Gorenstein Ý����=� Y ⊗R N ´ X -Gorenstein Ý� Sop-

�.qdÓ�ª Y ⊗R N ∼= HomRop(M,Y )�, HomRop(M,Y )´ X -Gorenstein Ý� Sop-�.

Ä7�8

I[g,�ÆÄ7]Ï�8(11561061).
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