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$^Iþ� Krasnoselskii’sØÄ:½n,�Ä
��È©>�¯K
u′′(t) + a(t)f(t, u(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = λ
∫ η
0
u(s)ds

õ��)��35, Ù¥ 0 < η < 1´~ê, 0 < λ < 2
η2
´ëê, f : [0, 1]× [0,∞)→ [0,∞)´ëY

¼ê, a : [0, 1]→ [0,+∞)´ëY¼ê,�3 [0, 1]�?�f«mþØð�".
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Abstract

In this paper, we study existence of multiple positive solutions for second-order ordi-

nary differential equations with integral boundary problem u′′(t) + a(t)f(t, u(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = λ
∫ η
0
u(s)ds

by the Krasnoselskii’s fixed point theorem on cones. where 0 < η < 1 is a constant,

0 < λ < 2
η2

is a parameter, f : [0, 1] × [0,∞) → [0,∞) is continuous, a : [0, 1] → [0,+∞) is

continuous, and a(t) 6≡ 0 on any subinterval of [0, 1].

Keywords

Integral Boundary Conditions, Second-Order, Multiple Positive Solutions,

Krasnoselskii’s Fixed Point Theorem

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 0�

1987c, I1’in Ú Moiseev [1]ÄgJÑ���5~�©�§õ:>�¯K, ¿?Ø
Ù�)

��35, d�, qkNõÆöïÄ
��5��>�¯K, 'uù�¡�¤J, �ë� [2–7].

'X, Gupta [8], Feng � [9]©O$^ Leray-Schauder ØÄ:½n! Leray-Schauder ��5ö

J!SÜÝ�óä?Ø
����5õ:>�¯K)��35, AO/, 2010c, Tariboon Ú

Sitthiwirattham [10]$^ Krasnoselskii’sØÄ:½n?Ø
��5n:È©>�¯K u′′ + a(t)f(u) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = α
∫ η
0
u(s)ds

(1.1)
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�)��35. ¦���Xe(J:

½n A � f : [0,∞) → [0,∞)´ëY¼ê, a : [0, 1] → [0,∞)´ëY¼ê,��3 t0 ∈ [η, 1]

¦� a(t0) > 0,e f ÷ve�^���:

(i) f0 = 0� f∞ =∞;

(ii) f0 =∞� f∞ = 0.

K¯K (1.1)���3���),ùp f0 = lim
u→0

f(u)
u

, f∞ = lim
u→∞

f(u)
u

.

2015c, Yao [2]$^ Leray-SchauderØÄ:½né¯K(1.1)UY?1
?Ø,��Xe(J:

½n B � f : [0,∞) → [0,∞)´ëY¼ê, a : [0, 1] → [0,∞)´ëY¼ê,��3 t0 ∈ [η, 1]

¦� a(t0) > 0,e f ÷ve�^���:

(i) f0 = 0;

(ii) f0 =∞;

(iii)�3~ê ρ1 > 0,¦� f(y) ≤ (2−αη2)ρ1
2β

, 0 < y ≤ ρ1, Ù¥ β =
∫ 1

0
(1− s)a(s)ds ;

(iv)�3~ê ρ2 > 0,¦� f(y) ≤ (2−αη2)ρ2
2β

, y ≥ ρ2, Ù¥ β =
∫ 1

0
(1− s)a(s)ds .

K¯K (1.1)���3���).

5¿�©z [2]! [3]�,��
��È©>�¯K��)��35(J, �¿vk�Ñ´Ä�3õ

��).

É±þ©zéu,�©�Ä�È©>.^����~�©>�¯K u′′(t) + a(t)f(t, u(t)) = 0, t ∈ (0, 1),

u(0) = 0, u(1) = λ
∫ η
0
u(s)ds

(1.2)

õ��)��35.

�©ob½:

(H1) f : [0, 1]× [0,∞)→ [0,∞)´ëY¼ê;

(H2) a : [0, 1]→ [0,+∞)´ëY¼ê,�3 [0, 1]�?�f«mþØð�".

2. ý��£

½Â 2.1 � E ´¢ Banach�m, XJK ´ E ¥���à48, ¿�÷ve¡ü�^�µ

(i) x ∈ K, λ ≥ 0⇒ λx ∈ K;

(ii) x ∈ K, −x ∈ K ⇒ x = θ, θ L« E ¥"��.

K¡K ´ E ¥��I.

ó��m´ C[0, 1],½Â C[0, 1]þ��ê� ‖ u ‖= max
0≤t≤1

| u(t) |.

Ún 2.2 [10] � K ´¢ Banach �m E þ�I, T : K → K ´�ëY�f, ��3~ê
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0 < r < R,XJ÷vXe^���µ

(A1) u ∈ K, ‖ u ‖= r�,k ‖ Tu ‖≤‖ u ‖; ‖ u ‖= R�,k ‖ Tu ‖≥‖ u ‖;

(A2) u ∈ K, ‖ u ‖= r�,k ‖ Tu ‖≥‖ u ‖; ‖ u ‖= R�,k ‖ Tu ‖≤‖ u ‖.
@o�f T 3K þk��ØÄ: x,÷v r ≤‖ x ‖≤ R.

Ún 2.3 � λη2 6= 2, y ∈ C[0, 1],K¯K u′′(t) + y(t) = 0, t ∈ [0, 1],

u(0) = 0, u(1) = λ
∫ η
0
u(s)ds

(2.1)

k��)

u(t) =
2t

2− λη2

∫ 1

0

(1− s)y(s)ds− λt

2− λη2

∫ η

0

(η − s)2y(s)ds−
∫ t

0

(t− s)y(s)ds.

y² dª(2.1)�

u′′(t) = −y(t),

é t ∈ [0, 1],l 0� tÈ©,�

u′(t) = u′(0)−
∫ t

0

y(s)ds,

é t ∈ [0, 1],2l 0� tÈ©,�

u(t) = u′(0)t−
∫ t

0

(

∫ x

0

y(s)ds)dx, (2.2)

ª(2.2)m>�1���±w��� sx²¡þ��È©,��È©gS,¿O��

u(t) = u′(0)t−
∫ t

0

(t− s)y(s)ds, (2.3)

¤±

u(1) = u′(0)−
∫ 1

0

(1− s)y(s)ds.

ª(2.3)ü>l 0� ηÈ©, η ∈ (0, 1),Òk∫ η

0

u(s)ds = u′(0)
η2

2
−

∫ η

0

(

∫ x

0

(x− s)y(s)ds)dx

= u′(0)
η2

2
− 1

2

∫ η

0

(η − s)2y(s)ds.
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dª(2.1)��

u′(0)−
∫ 1

0

(1− s)y(s)ds = u′(0)
λη2

2
− λ

2

∫ η

0

(η − s)2y(s)ds,

=

u′(0) =
2

2− λη2

∫ 1

0

(1− s)y(s)ds− λ

2− λη2

∫ η

0

(η − s)2y(s)ds.

Ïd, ¯K(2.1)k��)

u(t) =
2t

2− λη2

∫ 1

0

(1− s)y(s)ds− λt

2− λη2

∫ η

0

(η − s)2y(s)ds−
∫ t

0

(t− s)y(s)ds.

Ún 2.4 � 0 < λ < 2
η2

.e y ∈ C[0, 1],� y(t) ≥ 0,K¯K(2.1)���) u÷v u ≥ 0, t ∈
[0, 1].

y² e u(1) ≥ 0,d u�à5, u(0) = 0, �Ñ u(t) ≥ 0, d	, du u(t)�ã�3(0,1)þ´þ

à�, u´ ∫ η

0

u(s)ds ≥ 1

2
ηu(η), (2.4)

Ù¥ 1
2
ηu(η)´� u(t)l t = 0� t = η, η ∈ (0, 1)È©en�/�¡È.

b� u(1) < 0, dª(2.1), Òk ∫ η

0

u(s)ds < 0.

d u�à5Ú
∫ η
0
u(s)ds < 0, �� u(η) < 0. Ïd

u(1)

1
= λ

∫ η

0

u(s)ds ≥ λη

2
u(η) =

λη2

2

u(η)

η
>
u(η)

η
,

� u´à��gñ.

Ún 2.5 � λη2 > 2.e y ∈ C[0, 1],� y(t) ≥ 0, K¯K(2.1)vk�).

y² ��(2.1)k���) u,XJ u(1) > 0,@o
∫ η
0
u(s)ds ≥ 0, Òk u(η) > 0, ¿�

u(1)

1
= λ

∫ η

0

u(s)ds ≥ λη

2
u(η) =

λη2

2

u(η)

η
>
u(η)

η
,

� u´à��gñ.

XJ u(1) = 0,K
∫ η
0
u(s)ds = 0,= u(t) ≡ 0, t ∈ [0, η].XJ�3 τ ∈ (η, 1),¦� u(τ) > 0, @

o u(0) = u(η) < u(τ),ù� u´à��gñ, Ïd, (2.1) Ø�3�).
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Ún 2.6 � 0 < λ < 2
η2

.e y ∈ C[0, 1],� y ≥ 0,@o¯K(2.1)���) u÷v

inf
t∈[η,1]

u(t) ≥ γ ‖ u ‖,

Ù¥

γ := min{η, λη
2

2
,
λη(1− η)

2− λη2
}. (2.5)

y² � u(τ) =‖ u ‖,·�©n«�¹y².

�/1 e η ≤ τ ≤ 1, inf
t∈[η,1]

u(t) = u(η),@od u�à5Òk

u(η)

η
≥ u(τ)

τ
≥ u(τ),

Ïd

inf
t∈[η,1]

u(t) ≥ η ‖ u ‖ .

�/2 e η ≤ τ ≤ 1, inf
t∈[η,1]

u(t) = u(1),@odª(2.1), (2.4), ±9 u�à5Òk

u(1) = λ

∫ η

0

u(s)ds ≥ λη2

2

u(η)

η
≥ λη2

2

u(τ)

τ
≥ λη2

2
u(τ),

Ïd

inf
t∈[η,1]

u(t) ≥ λη2

2
‖ u ‖ .

�/3 e τ ≤ η < 1, inf
t∈[η,1]

u(t) = u(1),@odª(2.1), (2.4), u�à5Òk

u(σ) ≤ u(1) +
u(1)− u(η)

1− η
(0− 1)

≤ u(1)(1− 1− 2/λη

1− η
)

= u(1)
2− λη2

λη(1− η)
,

Ïd

inf
t∈[η,1]

u(t) ≥ λη(1− η)

2− λη2
‖ u ‖ .

½Â T : K → K �
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Tu(t) =
2t

2− λη2

∫ 1

0

(1− s)a(s)f(s, u(s))ds− λt

2− λη2

∫ η

0

(η − s)2a(s)f(s, u(s))ds

−
∫ t

0

(t− s)a(s)f(s, u(s))ds.

(2.5)

b� f ÷v^�(H1), 0 < λ < 2
η2

, dÚn2.3, u´>�¯K(1.2)���), ��=� u´�f T �

ØÄ:.

½Â

K = {u ∈ C[0, 1], u ≥ 0, inf
t∈[η,1]

u(t) ≥ γ ‖ u ‖},

w,K ´ C[0, 1]¥���I,dÚn2.6�: TK ⊂ K. N´�y T : K → K ´�ëY�f.

Ï� a(t)´ [0, 1]þ�ëY¼ê,¤±�M = max
t∈[0,1]

a(t) , m = min
t∈[η,1]

a(t),·�0�Xe�~ê:

Φ1 =
2− λη2

mη(η − 1)2
, Φ2 =

2− λη2

M
.

3. Ì�(J

½n 3.1 b�(H1)-(H2)¤á,�m ∈ N ∪ {+∞}, {rk}mk=1, {Rk}mk=1÷v rk+1 < Rk+1 < rk <

Rk, k = 1, 2, 3, · · · ,m− 1. e f ÷v:

(C1) f(t, u) ≥ Brk, é¤k� γrk ≤ u ≤ rk, t ∈ [η, 1],

(C2) f(t, u) ≤ ARk, é¤k� 0 ≤ u ≤ Rk, t ∈ [0, 1].

Ù¥ A ∈ (0,Φ2), B ∈ (Φ1,+∞).

K>�¯K(1.2)�3 2m− 1��) {uk}mk=1Ú {vk}m−1k=1 , Ù¥ {uk}mk=1÷v

rk <‖ uk ‖< Rk, k = 1, 2, 3, · · · ,m,

{vk}m−1k=1 ÷v

Rk+1 <‖ vk ‖< rk, k = 1, 2, 3, · · · ,m− 1.

y² 5¿�XJ u ∈ K,@o3«m (0,1]þ u > 0.

½Â E �mf8S� {Ω1,k}mk=1Ú {Ω2,k}mk=1Xe

Ω1,k = {u ∈ K :‖ u ‖< Rk}, k = 1, 2, . . . ,m,

Ω2,k = {u ∈ K :‖ u ‖< rk}, k = 1, 2, . . . ,m.

e u ∈ K ∩ ∂Ω1,k, w,, � s ∈ (0, 1), u(s) ≤‖ u ‖= Rk �, d(C2)Úª(2.5)��
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Tu(t) ≤ 2t

2− λη2

∫ 1

0

(1− s)a(s)f(s, u(s))ds

≤ 2tARk
2− λη2

∫ 1

0

a(s)(1− s)ds

≤ MARk
2− λη2

<
MΦ2Rk
2− λη2

< Rk =‖ u ‖ .

e u ∈ K ∩ ∂Ω2,k,� s ∈ [η, 1]�, Òk γrk = γ ‖ u ‖≤ min
t∈[η,1]

| u(t) |≤ u(s) ≤‖ u ‖= rk,d(C1)

Úª(2.5), ��

Tu(η) =
2η

2− λη2

∫ 1

0

(1− s)a(s)f(s, u(s))ds− λη

2− λη2

∫ η

0

(η − s)2a(s)f(s, u(s))ds

−
∫ η

0

(η − s)a(s)f(s, u(s))ds

=
2η

2− λη2

∫ 1

0

(1− s)a(s)f(s, u(s))ds− λη

2− λη2

∫ η

0

(η2 − 2ηs+ s2)a(s)f(s, u(s))ds

− 1

2− λη2

∫ η

0

(2− λη2)(η − s)a(s)f(s, u(s))ds

=
2η

2− λη2

∫ 1

0

(1− s)a(s)f(s, u(s))ds+
λη2

2− λη2

∫ η

0

sa(s)f(s, u(s))ds

− λη

2− λη2

∫ η

0

s2a(s)f(s, u(s))ds− 2η

2− λη2

∫ η

0

a(s)f(s, u(s))ds

+
2

2− λη2

∫ η

0

sa(s)f(s, u(s))ds

=
2η

2− λη2

∫ 1

η

(1− s)a(s)f(s, u(s))ds+
2(1− η)

2− λη2

∫ η

0

sa(s)f(s, u(s))ds

+
λη

2− λη2

∫ η

0

s(η − s)a(s)f(s, u(s))ds

≥ 2η

2− λη2

∫ 1

η

(1− s)a(s)f(s, u(s))ds

≥ 2ηBrk
2− λη2

∫ 1

η

(1− s)a(s)ds

≥ mηBrk(η − 1)2

2− λη2

>
mηΦ1rk(η − 1)2

2− λη2

> rk =‖ u ‖ .
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dÚn2.2��,� rk < Rk �,éz� k = 1, 2, · · · ,m, T �3ØÄ:,÷v rk <‖ uk ‖< Rk ,

K�f T k m�ØÄ:; � Rk+1 < rk,éz� k = 1, 2, · · · ,m − 1, T �3ØÄ:, ÷v Rk+1 <‖
vk ‖< rk,K�f T km− 1�ØÄ:, y.. �

Ä7�8

I[g,�ÆÄ7]Ï�8(12061064).
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