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Abstract

In this paper, our research will be based on the Alber-Zhu model which order param-
eter is conserved. The evolution equation in this model is a fourth order, nonlinear
degenerate partial differential equation of parabolic type. This model is a phase-
field model which describes the interface motion by interface diffusion in elastically
deformed solids. For example, the basic phenomena occurring during this process,
called sintering, are densification and grain growth. Since no atom exchange occurs
at the interface, the volumes of the different regions separated by the interface are
conserved. We ignore the elastic effect and reduce the original initial boundary value
problem to a single non-degenerate equation ofldimensional situation, and prove the
existence of the weak solution of the reduced initial boundary value problem of this
model, where the boundary conditions of the order parameters are a combination of
the Neumann boundary conditions and the no-flow conditions. The Galerkin method
is used to prove the existence of weak solutions for the reduced initial boundary value
problem of this model. Although the problem considered is a single equation of order
parameters, it is inherently difficult due to the presence which is the gradient of un-
known function S. Hence, we need to mollify the gradient term, which causes a lot of

difficulties on the theoretical analysis and numerical simulation.
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1. 148

CahnflHilliardfE1958 - EE . | P S E P E A AL [1], X P S BB 7 2012 N
H [2]. 2 23 5 Cahn-Hilliard B8 (A7 EVE (3], MREIE—E [4], R0 IERIE [5)RIETIT 4 [6]3F
1T TS, B T IEM BRI 224, Cahn-Hilliard #5584 7E oA A0S AA BRI, e FPEeshas (7], Mo se
K [8], 4HBERE (9], FEAR [10], fL2f [L1)ATEEALEE [12,13]. Allen-Cahnt%Y [14, 152 # R
ZEASFER 5 — MR BAE19794E, ) 1 iR fh ik e A A2 14 5t 12 3, Allen I Cahn 57 1 iX
AR IF B2 08 T A B B ), ) AR A (16, 17), IR A (18], iR
K [19).

FE20074F, Alber MR AL —EEH2 18T AR, FRJy Alber-Zhufi R [20,21], Alber-Zhufi
T — AN 68 86 B 100 X 5] F Allen-Cahn % 7 flCahn-Hilliard#:78. XFF Alber-Zhu #5754, f 243
CL4 A7 AT 7 HR AEE 0 7T, % T AR SF R Alber-Zhu BEAY: 758 R]5E FE 4 42 =) 55
WAAAERE [21], IR NITE [22], 1T (23], REVERE [24,25), BUERSL [26]. XF TSP EREAL: Alber Al
RARFAE [27) 7 8 OCRAR T B ST B I SRS B R A 8 1 SS9 MR A E 1. o G TARAEE
UEEH, 75 [28)43 8] T 3 — M 1 4516 . 1 A I UE B #0225 T AR Bl S i e P V.

2. HAE7

P 2R ST T M Alber-Zhuti B [27]52 —Fha] F -l ik w] 550 AR T2 [ 44 o 130 S 7 6
B AR, B, N7 IR, 5N S, WO RS A, JFHQ Cc R?
—MHE FZHS(tr) € R BRAFRHE. WRFSHBWEREIE 80, At 5%, i
Mz € Q, AT AL BifH2. WS® RARKIRII3=3 HFEME S, HPF— N RIMET(t,2) € S REMTE
MK &, u(t,r) € R3 R fifs.

RFIPAEL(u, T, S) Zi a2 LA T HERS A5 R

—div, T(t,z) = b(t,z), (2.1)
T(t,x) = D(e(Vou)—ES)(t, ), (2.2)
Sit,z) = edivy(Va(ds(e(Vou), S) — vALS)|VLS|)(t, z), (2.3)

Hri(t,x) € (0,00) x Q. FRRMYIIDME KM

u(t,z) = 0, (t,x) € [0,00) x 09, (2.4)

%S(t,:v) = 0, (t,z) €[0,00) x 0, (2.5)

a%(i/}g(e, S)—vA,S)|V.S|(t,x) = 0, (t,z) € [0,00) x 09, (2.6)
S(0,x) = So(z), z €. (2.7)

Hr, b:[0,00) x Q — R® MEAERTT, Vou Fomu K— B S HUE3x3 FEFE, (Vou)” R
I EAERE, H
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e(Vou) = = (Vou+ (Vou)"h)

N =

AR, £ e S R MEENRE, D : S — 8% & AERIER, XIRRF, 1EE KB, AR
PESK &, 1E H HRE

(D(e — £8)) - (e — &S) + ¥(S), (2.8)

DN | —

112(& S) =

Aih € C2(R, [0,00)) FRMAMEEEL, HAES =0 1S = 1 AbBUAS e /IME. A8 STH—ANRERR X34 B
BRI

B(S) = (S1-9))". (2.9)

PINFERE IR EARNA - B = Y aijby;. vs R TS KISEL, ¢ > 0 & DNHE, v — DI L%
NRIEH KL VHEEHES, - @ — R —4ER.

XFERUTE AR T A R RS IR AN S SN (R B R G AR, RN T [
s RN, BIT = 0, JAI 1A

Y5 =—5(D(E)- (e~ &) + D(e ~ &) - (&) + s

= —D(&? — 58) . (6_) + 1215
= 9s.

K I AE 198 a7 A o — e ) R (R HE S L [27]). ARG T e S8 R R 2 IR A Y,
TG A RFNREL S BRI, T A SCHRA TR0 P AT BB e A B, B FE B D't (AR IR AL DT R, AT
FIARIRAL 7 REACE IR A T3 RE (2.3) SRR IR ALK [t

S = C((?/}S - VSmc)z|Sm|n)z + C7"|Sz|,{, (2.10)
Hrp
1yl = Iyl + 2, (2.11)

Wk € (0,1], RATEZ52]
lyl <yl <yl +r < |yl + 1. (2.12)
AL H Alber-Zhut B m] DLk 5 A LR A

St = C((Qﬁs - VSxx)x|Sx|n)x + CT|Sx|m (213)
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R RS SERIEIL G LD AT

S, = 0, (t,x) €[0,T.] x 99, (2.14)
(s — VSun)a|Suls = 0, (t,z)€[0,T.] x 89, (2.15)
S0,z) = Sy(z), =€ (2.16)

O = (a,d) RHFFIFXEHEHa < d. i£Qr := (0,T,) x Q, HT, &—NIEFH, & X
(v, )z = / o()e(y)dy,

M7 =QWHFZ = Qr,.

EM 2.1 &r € L>®(0,T.) BSy € L*(Q). MKFS (2, t) AWAAALIER (2.15)-(2.16) 69—/ 55 %,
2

S e L>(0,T,; H'(Q)) N L*(0,T,; H*(Q)), (2.17)
B FAZEGNR L p € C°((—o0,T,) x R), #H2Z
(S, @) @r, + c(VSeaa|Salns 0x)ar, = c((Vs)alSulns Px)ar, — c(r|Suln, ¥)ar, — (S0, 9(0))a-  (2.18)
E 2.1 RS, € HY(Q), B (2.13) - (2.16) KBRS 2L
S € L*™(0,T.; H'(Q)) N L*0,T.; H*(Q2)), (2.19)
S, € L3(0,T,; W b5(Q)). (2.20)
3. ME IR

SN (2.13) — (2.16) SSMRAIIAAERE, LA/, FIMH Galorkin it 1 I 1 0
MM, JF A ORI S A 2.

B, BUXFE— AP Alw, - Wiy oo, BIR: wp € C°(V i), HFHwr, -, wm, ZERPETCRM.
MAER I, FPAE TR H (Q). FEXH, w; #2& T 577 FEIf#:

dzwi .
T dz2 - /\iwi )
dw; _
dax |8Q - 0’

Hrbw, = 1. Z&FERIL M S™ = 5™ (t), €A UL TR

S™(t) = Z Gim (D)w;. (3.1)
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TEIKHL, g, 5 BT BRI JT AR BT 1
(S, wj) = ((e(bsm (S™) = vSI)al S w)e + er|Si |, wj), 1 < 5 < m, (3:2)
iy
((S™),wj) = (" (S™) S = v ST ) as ) + (]S w5), 1 < j < m, (3:3)
s R A, 85
(" (S™)S = US| w)as ws) = —(("(S™)S = VSIS sy wja), 1 <G <m. (3.4)
$1(3.4) FNFI(3.3) i, AT LAFSF

((S™) ws) + (" (S™)ST = VS, )87 s wia) — e(r]SF | wj) = 0,1 < j < (3.5)

L, BRI (3.5) R I AL
H(S™) = 32 gl (#wn FFEL{w;} fEZIIL2(Q) shERAEE 20, F70L
=1
(5™, wi) = O Ghn (t)wi, w;)
=1

:AZggm(t)wi(z)wj(x)dx (3.6)

=) / wi(@)wy(@)dz = ghn(8),1 < § < m,

HNEARRER R AR, R, Moo iRl (3.5) R 54 7K.
HI XU et %5 (2.9) AT EATS 3

A~

((7(S™)ST" = vSyaa) ST s W)
=(((12(8™)* = 128™ +2)8" — v ST ST Wioa)
(3.7)
:12((Sm>2s;n|s;n|mwj,w) - 12(SmS;n|S;n‘mwj,w)

+ Q(S;nls;nlmwj,w) - V(Sg?mlsgl|mwj,w)a I<j<m
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HTFEQ 1, dw’—)\wz

V(Siee |57 |ns wj)

/ Z GJimWi zxx Z GhmWh z w] zdm
Q5
m (38)
:_V/Zgzm Wi Zghmwhw w]wdx
:_Vzgim)\z/ Zghmthc wzxw]xdx ]-<.7<m
i=1 2 ph=1 "
$5(3.8) FAFI(3.7) o, T LA/EE
(" (S™)S5 = v IS | wyi)
=12 Z Gim Z 9km Z 9im / Z IhmWh z wiwkwl,aij,zdm
i=1 k=1 1=1 Q |h=1 "
—12 Z 9km Z gim / Zghmwh,x wkwl,ij,acdx 3.9
k=1 =1 Q| p=1 . (3.9)
+ 2 Z Jdim / z ghmwh,z Wl,mwj,:cdrlj
1=1 h=1 o
+ Vzgim)\i/ D G| wiaw;pda, 1< <m,
i=1 h=1 "
H
(0157 esws) = er [ |3 gumtona| wydw,1 <G <m. (3.10)
Q| .
o T RELH.(3.5) T R WIUR 2 A
S™(0) =S5 =Y timw; — So € Hpor (), m — 00, (3.11)

iJrH(3.6)-(3.10) FAN(3.5), M H B> TR AT UG AR T {gjm e, BRI ITREL, Ih
Jr7:
%g]m = Fj(glma"'agmmat)a

g]m(o) = (SOawj)7

(3.12)
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J
|

Fj(glmv <oy Gmm, t)

m

m m m
= — 12Zgzm ngnglm/g Zghmwh,l’
k=1 =1

WilpWy zWj, AT

i=1 h=1 K

m m m
+12 E 9km E glm/ E GhmWh z: Wk('L)l,ar:(")j,;zdaj

k=1 1=1 Q| p=1 o

m m (3.13)
—2§ im / 5 IhmWh,e| WiaWjdT

=1 Q|p=1 o

m m
_VE gzmAz/ E IhmWh z wi,mwj,:vdx

i=1 2 [p=1 .

wjdx,

m
E IhmWh, a

h=1

+cr/
Q K

Hrpg=1,...,m. B4, (3.12) — (3.13) & MNHELMIF 5T AR H R0 2 R E8 Lipschitz ESH
ARG F o IR, AR oy T AR R A AR E B T ANZ IR AE (0, ¢ ). IRFE DL EZEIL,
A LLAS B0 TAE LA E Im, S™ JUE e f(3.5) — AR B, 78 F — T, HiES X T5m %
(R SEER AT, UEBA,, TRAHES BT R4S 8 I IR LT

4. —HERATT

X5, JATE THES K THS™ B — 25ttt
5138 4.1 MH4EATE € [0, T,

S™ e L=(0,T.; L*(Q)), (4.1)
Sy € L¥0,T.; L3 (), (4.2)
Jor, (S™P1ST Pdxdr < C, (4.3)
Jon, (SE2)?1S5 | dadr < C, (4.4)
fifQTe |S™ 12dzdr < C. (4.5)

IERR. X(3.5) MIHE ) DNITREIR LG (t), SRJEXT ) KA, XFERT LATG 2]

~

(™), 8™) + (" (S™) Sy = vSTL)IST k), SI) = e(r] S|, S™) = 0. (4.6)
il 1d
((5™),5™) = 52 115" 220 - (4.7)
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i XFe AT, v AR E

(Sieal ST s ) = = (S5 SIS e) = (S ST (ST (15 16) ) (4.8)

TxT x) T

H(4.7) FI(4.8) FNF(4.6) , 733

1d R
3q IISmIILz(m + (" (S™)STST |k, Sit) + v (S, STl k)
(4.9)
+ ev(S, ST (ST (1S5 ) 1) — e(r] STk, 8™) = 0
X H
P"(S™) = 12(S™)? — 125™ + 2. (4.10)
H#(4.10) RAH(4.9), AT
1 d Sm Sm 2 Sm Sm 3
2 1S™[7. @ T¢ (12( )7 —128™ +2)[S7" [ dx
(4.11)
—|—cu/( my218™| dx—f—cu/(S (S™)2(|18™,.)~ 1dx—cr/ |7 S™dx = 0,
R (4.11) 5N
1 d m m\2 m|2 m m|2 m
1S IILz o) T12¢ (5 VST PIST [ wdx 4 2¢ [ S F]ST | wdx
2dt Q
o [ (SmPISTlde + e [ (STASP(SIL)
0 Q (4.12)

:120/ Sm5f2|5f|ﬁdx+cr/ |S ]S dx
Q Q

= Il + IQ.
454 (2.11), BHY oung A5, SRAEFLL 5
I, = 120/ S™|Sm 28T dx < 12c/ Sm|S™Edr < 120/(5(5”")2 +C.)|Sr 2 dx
Q Q Q
< a/<sm>2|s;"|§dx+c/ S da < a/(smms;"P+0)dx+c/(|s;n|3+0)dx (4.13)
Q Q Q Q
< 5/(Sm)2|5;"|3dx+s/(Sm)Qda:+C/ S da + C,
Q Q Q
R4y, 153

/ 1S™ 3 da = /(S;"|5;"|)s;"dx= 2/ S™|S™| S da. (4.14)
Q Q Q
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FIHY oung A&EA AT 15
/ S;”|3dx:/(8;"\8;”)8;”dx: —2/ S™1S™(S™ da
Q Q Q
< 2/ |sm||sr||sz;|dx—2/ S™8I - S| S de
Q Q
< / S™21S ™ da + ¢ / 1578 2d (4.15)
Q Q
< / ST + Cy)de + € / 5|8 2dx
Q Q
Sn/ |Sm2|s;”|3dx+0/ |Sm|2dx+£/ Sm S P
Q Q Q
B FRALHEL, 4
I :cr/ |S;"|R5mdm:cr/ 157],.(S™)3 (S™)3 da:
Q Q
gcm/ 1S™218™ 2da + erC, | (S™)3da
Q

Q

< cm/ |S;"|i|Sm2dm+ch’v/(§|Sm|2+C<)dx
Q Q

(4.16)
57/ |S;n|§;sm|2dx+g/ |S™ 2dx 4 rC
Q Q
Sv/(15?|3+0)|8’”|2dx+c/ |S™ 2dx + rC
Q Q
sv/ |S;”|3|Sm|2dx+(’y+4)/ S 2z + rC,
Q Q
L (4.13) - (4.16), WTLATHE]
1 d m |2 m\2 m|2 m m|2 m
2dt @ 0 0
—l—cz//(S;’;)2|S;”|,€daz+cz//(Sg’D’;)2(S;")2(|S;”|R)ldx (4.17)
Q Q
<e+n+a) [(SPISEEdr+ e+ +0) [ 157 Pde+ € [ 18285 Pdz + 1,
Q Q Q
Le, &,m,y, ¢ BUEE/N, {15
(e4+n+7) < c,
(e+C+y+() < 2C, (4.18)
(61
< —.
&= 2
FB K
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SRJE AT (4.17) FH(4.18), 135

1
IS ey + Ve [ (SIS RIS+ 2¢ [ [STFIS o
2dt 0
cv m\2| gm m\2 m\2 m —1
+ 5 [ SRSl + o [ (SRS e (1.19)
gz()/ |S™ > dx + C'r.
Q
XF(4.19) e TFIf )t AR Sy, @it N Gronwall AR, 715
1 m (|2 ! m\2| gm|2| gm ! m|2| Qgm
3 15" 220 + 11c (S™)2| S| ST | cdadT + 2¢ |S%| S| wdxdT
o Q o Q
cv [* (4.20)
+2/ / )25 d:vdT—i—cu/ / 2(1Sm,) " tdxdr :
o Q
<Ci+ Ci||S™0)]32 < O,
Wit (4.20), (2.11) A1(2.12), AIERI5 41 KL5E. |
5138 4.2 HEFE L € [0,T.]
Sm e L(0,T.; L*(Q)), (4.21)
S™ e L(0,T.; H(Q)), (4.22)
Jo, (852,18 wdadr < C, (4.23)
me |S™ 2dxdr < C. (4.24)
WERR.  1(3.3) MIEEG DNHFEIELIN gjm (), SRIGRTG IO Ellm KFI
((S™),=Sim) = c(((§"(S™) 8y = vS S s —Si) — e[S |, —Si) = 0, (4.25)
Hl
((S™),=Sim) = c((P"(S™) S — v S |, Sitva) + (v S|, Si) = (4.26)
Tt € [0,T,), ATLAEE
/ m 1 d m
((8™),=S5) = 5%”5; 172 (4.27)
H
P"(S™) = 12(S™)? — 125™ + 2. (4.28)
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1(4.27) RN (4.26), W] LLTFH]

1 d m m m
315 ey + v [ (SZLPISTdo

:C/’L&N(Sm SmSm |S;”|,€dxcr/ |S;”|,{S;';dx (429)
Q Q

TTT

GAJE, i (4.28) AT LUAEE

1d m m
— IS 12 ) + cv ( Sira) 197 wd
2.dt

TTIT

:120/(Sm SmS;’;ASm,{dlec/ smsmsy ST wdx
Q

+2c/Sm Sm o 1ST . dx—cr/ |S| S da:

(4.30)
<12c/(Sm smgm 1gm|. d:z:—|—12c/ 5717 2|8 |da
—|—2C/S7"S$M\Sm dx—l—cr/ |S k| S | dax
=3+ I, + I5 + Ig.
44 (2.11), FIAY oung A5, 715
I = 12 / (S™Y28mSm 1™, da
= 120/(Sm)25$|8$2 . |S§f| Sm dx (4.31)
<c [ (smyisriide+e [ |SrLISTL P
&1 Sobolev RN € EEAN S| HH4.1 258, 152
[smytispids < [ (s pisr e |5
Q Q
< [ (™IS dn(IST I + IS 5) < [ (57187 Rde(ISE s + C)
<lszl [ (SmPIszide+C [ (7P (432)

<|IS™12 / (S™2(S™ + C)da + C / (S™R(S7P + C)da
Q Q

<|IS™ 2. / (S™)?|S™ Pz + OS2 / (S™)2dz + C / (S| S Pdz + C / (S™)?dx
Q Q Q Q
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FIHY oung R 1G5

I = 12¢ / |S™ 1S RIS, dr = 12¢ / S| Sm 1R - |SmE S e
<c/ (5™ |Sm|3dx+£/|sm| sm[2de,

<C (Sm) |ST] dx+C’/ (S™) da:+§/|5’m LS |Pd,

Iszzc/sm Sm 1S, dx—2c/|sm||sm|n SmIE S e
Q
30/|S;”|idx+n/|s;”|n| ™ 2dx

<c/ 5| da:+n/ 1S711S™ [2da + C,

o =er [ IS21ISlde = or [ [SPIAISTIE ST e
Schv/ |S;”|,.€d:c+cr'y/ |S;"|K\ngc|2dx
Q Q
<orC, / (IS 2 + Cp)da + ery / 187187 P
Scr,uC’v/ |S;"|id:c—|—cr6’7/0ﬂdx+cr’y/ S| Si P de
Q Q Q
<M/ 52 dx+7/ 1S™1,1S™ [2dz + 1C
<u/(|5;”|2+0)dx+’y/ 1S™|,.|S™ |2 dx + rC.
Q
<M/ 15m| dx—l—v/ 1S™ 1. S™ [2dz + rC.
ZE4(4.31) — (4.35), AR
1d, . m
52 + v / (57?187 e

2.dt

<(e+E+m) /sm s dx+0||sm|m/<sm YIS P

+C/(Sm)2|5;"|3dx+c/ |S;"|3dx+0||s;”||iz/(Sm)de+C/(S7”)2dx
Q Q Q

Q

+u/ 57 dw+7/|5m| S™ P + rC.

(4.33)

(4.34)

(4.35)

(4.36)
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e, &npy BN, JFHO <e+ &40 < %, FE51R41, FATH

1d, .m cv m
515 ey + 5 [ (SIS
<C||S;"|2LQ/(Sm)2|5;"|3dx+C/(S’”)2|S;”|3dx (4.37)
Q Q

4 c/ﬂ 573 dz + C|| ST /Q(smfdx + C/Q(Sm)de +rC.
WG, IR TE X Gronwall A%, DL (4.1)—(4.24), 7] LA 2
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