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Abstract

This paper studies the fixed-time synchronization problem of fuzzy cellular neural net-

works (FCNNs) with time-varying coefficients and time-varying delays. The purpose

is to be able to make two FCNNs with time-varying coefficients and time-varying de-

lays can be synchronized in a finite time by constructing a suitable controller, and the

time required for system synchronization can be preset by changing the parameters of

the controller. The main method is to construct a suitable controller and Lyapunov

function, and use the fixed-time stability theory and some inequality techniques to

obtain some new sufficient conditions for fixed-time synchronization of FCNNs with

time-varying coefficients and time-varying delays. Finally, an example is given to prove

the validity of the main results of this paper.
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1. Úó

3 ²�äù�+�,  ²�ä�ÓÚ¯K3L��A�cpÚå
<��4�'5, ¿� 

²�ä�ÓÚ��)õ«ÓÚa.. 3ù
ÓÚa.¥, �½�mÓÚÚk��mÓÚ�A^�

\2�, Ï�Nõ¢SA^Ñ�¦XÚU
3k���mS¢yÓÚ.
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�
[� ²�ä (FCNNs)´�«Ó��Ä�
Ü6ÚÛÜëÏ5���5�ä(�. é

u FCNNs�k��m9�½�mÓÚ¯K, ®²kNõkd��¤J, ~X©z [1] [2] [3], Ù¥

©z [1] [2]ïÄ�Ñ´k��mÓÚ¯K, ¤�O�ÓÚ�mÑ�XÚÐ©^��'. �'u©

z [1] [2], �©ïÄ�K´�½�mÓÚ¯K, Ó�U
¢yXÚuk���mS��ÓÚ, `³3

u¤�O�ÓÚ�mÚXÚÐ©^�vk'X, 3¢SA^¥�\�B�2�.

2. �.£ã

3�©¥, ·�ïÄ�´Xeäk�CXêÚ�C�¢� FCNNs:

ẋi(t) = −ci(t)xi(t) +
n∑
j=1

aij(t)fj(xj(t)) +
n∑
j=1

bij(t)fj(xj(t− τj(t))) +
n∑
j=1

dij(t)vj(t)

+

n∧
j=1

Tij(t)vj(t) +

n∧
j=1

αij(t)fj(xj(t− τj(t))) +

n∨
j=1

Sij(t)vj(t)

+

n∨
j=1

βij(t)fj(xj(t− τj(t))) + Ii(t),

xi(s) = φi(s), s ∈ [−τ, 0],

(2.1)

Ù¥ i, j ∈ J = {1, 2, . . . , n}, xi(t) �L1 i � ²�3 t ��G�; ci(t) ´P~Ç; fj(·) ´-

y¼ê; 3 aij(t), bij(t) Ú dij(t) ¥, cü�´�"�����, ����´c"�����;
∧

(
∨

)L«�
Ú (½)$�; Tij(t) (Sij(t))Ú αij(t) (βij(t))©O´�
c"�� (��)��Ú�


�"�� (��) �����; vj(t) Ú Ii(t)©O�LÑ\� �; τj(t) ��C�¢; XÚ (2.1)

�Ð�� φi(s) ∈ C([−τ, 0],Rn), Ù¥ C([−τ, 0],Rn)´l [−τ, 0] N�� Rn �ëY¼ê8, ¿�

τ = max
1≤j≤n

{τj(t)}.

þ¡�XÚ (2.1)´°ÄXÚ, éA��AXÚXe¤«:

ẏi(t) = −ci(t)yi(t) +

n∑
j=1

aij(t)fj(yj(t)) +

n∑
j=1

bij(t)fj(yj(t− τj(t))) +

n∑
j=1

dij(t)vj(t)

+

n∧
j=1

Tij(t)vj(t) +
n∧
j=1

αij(t)fj(yj(t− τj(t))) +

n∨
j=1

Sij(t)vj(t)

+

n∨
j=1

βij(t)fj(yj(t− τj(t))) + Ii(t) + ui(t),

yi(s) = ϕi(s), s ∈ [−τ, 0],

(2.2)

Ù¥ ui(t)�����O���ì.
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^XÚ (2.2)~�XÚ (2.1)��Ø�XÚ�:

ėi(t) = −ci(t)ei(t) +
n∑
j=1

aij(t)fj(ej(t)) +
n∑
j=1

bij(t)fj(ej(t− τj(t)))

+
n∧
j=1

αij(t)fj(ej(t− τj(t))) +
n∨
j=1

βij(t)fj(ej(t− τj(t))) + ui(t),

ei(s) = ϕi(s)− φi(s), s ∈ [−τ, 0],

(2.3)

Ù¥ ei(·) = yi(·)− xi(·), fj(ej(·)) = fj(yj(·))− fj(xj(·)).

½Â 2.1. e�3~ê T0 ÷v^�: (i) lim
t→T0

ei(t) = 0, (ii) ∀t > T0, ei(t) ≡ 0, i ∈ J . @oXÚ (2.1)

Ú (2.2)3½�m T0U
�½�mÓÚ, Ù¥ T0ÚXÚ�Ð©^�vk'X.

Ún 2.1 ( [4]). éu i, j ∈ J , xj , yj , ζij , ςij ∈ R, fj : R→ R´ëY�, Kk

|
n∧
j=1

ζijfj(xj)−
n∧
j=1

ζijfj(yj)| ≤
n∑
j=1

|ζij ||fj(xj)− fj(yj)|,

|
n∨
j=1

ςijfj(xj)−
n∨
j=1

ςijfj(yj)| ≤
n∑
j=1

|ςij ||fj(xj)− fj(yj)|.

Ún 2.2 ( [5]). - 0 < µ ≤ 1 < λ, κi ≥ 0, ιi ≥ 0, i ∈ J , K

n∑
i=1

ιµi ≥ (

n∑
i=1

ιi)
µ,

n∑
i=1

κλi ≥ n1−λ(

n∑
i=1

κi)
λ.

Ún 2.3 ( [6]). e�3��»�Ã., �½¿�ëY�¼ê V : Rn → R+

⋃
{0} k V̇ (e(t)) ≤

−aV λ(e(t))− bV µ(e(t)), Ù¥ 0 < µ < 1 < λ, a > 0, b > 0, @oØ�XÚ (2.3)�½�m½, KX

Ú (2.1)Ú (2.2)3½�m T0��½�mÓÚ, ¿�k

T0 ≤ Tmax =
1

a(λ− 1)
+

1

b(1− µ)
.

3. Ì�(J

�©kXeü^b�:

(A1). éu ∀x, y ∈ Rn, x 6= y, �3~ê ωi > 0÷v|fi(y)− fi(x)| ≤ ωi|y − x|, i ∈ J.

(A2). b�ci(t), aij(t), bij(t), dij(t), Tij(t), αij(t), Sij(t), βij(t), vj(t), Ii(t): R→ R ´ëY¿�k

.�¼ê. éuëYk.¼ê g(t), kXePÒ: g− = inf
t∈R

g(t), g+ = sup
t∈R

g(t).

�
¦�XÚ (2.1)Ú (2.2)U
¢y�½�mÓÚ, ·��E
Xe��ì:

ui(t) = −kiei(t)− ηisign(ei(t))|ei(t− τi(t))| − ρisign(ei(t))|ei(t)|λ − lisign(ei(t))|ei(t)|µ, (3.1)
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Ù¥ ki ≥ 0, ηi ≥ 0, ρi > 0, li > 0, 0 < µ < 1 < λ, i ∈ J.

½n 3.1. 3(A1), (A2)Ú��ì (3.1)e, ee�Ø�ª¤á:


c−i + ki −

n∑
j=1

|aji|+ωi ≥ 0,

ηi −
n∑
j=1

(|bji|+ + |αji|+ + |βji|+)ωi ≥ 0,

(3.2)

@oXÚ (2.1)Ú (2.2)�±3�½�m T0ÓÚ, ¿�

T0 ≤ Tmax =
1

ρn1−λ(λ− 1)
+

1

l(1− µ)
, (3.3)

Ù¥ ρ = min
1≤i≤n

{ρi} > 0, l = min
1≤i≤n

{li} > 0, i, j ∈ J.

y². �ÄXe Lyapunov¼ê

V (e(t)) =

n∑
i=1

|ei(t)|. (3.4)

(i)� ei(t) = 0�, éu��ì (3.1)k ui(t) = 0, ¿�Ø�XÚ (2.3)3ù�´½�. Ïdo´k

Ü·�ëê÷v^� (3.2). �Ò´`, ½n 3.1�½´¤á�.

(ii)� ei(t) 6= 0�, O� (3.4)��ê�

V̇ (e(t)) =
n∑
i=1

sign(ei(t))ėi(t).

ò (2.3)Ú (3.1)�\�?1� ��

V̇ (e(t)) =

n∑
i=1

sign(ei(t))[−ci(t)ei(t) +
n∑
j=1

aij(t)fj(ej(t)) +
n∑
j=1

bij(t)fj(ej(t− τj(t)))

+
n∧
j=1

αij(t)fj(ej(t− τj(t))) +

n∨
j=1

βij(t)fj(ej(t− τj(t)))− kiei(t)

− ηisign(ei(t))|ei(t− τi(t))| − ρisign(ei(t))|ei(t)|λ − lisign(ei(t))|ei(t)|µ]

≤
n∑
i=1

−(ci(t) + ki)|ei(t)|+
n∑
i=1

n∑
j=1

|aij(t)||fj(ej(t))|+
n∑
i=1

n∑
j=1

|bij(t)||fj(ej(t− τj(t)))|

+

n∑
i=1

|
n∧
j=1

αij(t)fj(ej(t− τj(t)))|+
n∑
i=1

|
n∨
j=1

βij(t)fj(ej(t− τj(t)))|

−
n∑
i=1

ηi|ei(t− τi(t))| −
n∑
i=1

ρi|ei(t)|λ −
n∑
i=1

li|ei(t)|µ.
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�âÚn 2.1k

V̇ (e(t)) ≤
n∑
i=1

−(ci(t) + ki)|ei(t)|+
n∑
i=1

n∑
j=1

|aij(t)||fj(ej(t))|

+
n∑
i=1

n∑
j=1

|bij(t)||fj(ej(t− τj(t)))|

+
n∑
i=1

n∑
j=1

|αij(t)||fj(ej(t− τj(t)))|

+
n∑
i=1

n∑
j=1

|βij(t)||fj(ej(t− τj(t)))|

−
n∑
i=1

ηi|ei(t− τi(t))| −
n∑
i=1

ρi|ei(t)|λ −
n∑
i=1

li|ei(t)|µ.

�â (A1)Ú (A2)��

V̇ (e(t)) ≤
n∑
i=1

−(c−i + ki)|ei(t)|+
n∑
i=1

n∑
j=1

|aij |+ωj |ej(t)|

+

n∑
i=1

n∑
j=1

(|bij |+ + |αij |+ + |βij |+)ωj |ej(t− τj(t))|

−
n∑
i=1

ηi|ei(t− τi(t))| −
n∑
i=1

ρi|ei(t)|λ −
n∑
i=1

li|ei(t)|µ

=

n∑
i=1

−(c−i + ki)|ei(t)|+
n∑
i=1

n∑
j=1

|aji|+ωi|ei(t)|

+
n∑
i=1

n∑
j=1

(|bji|+ + |αji|+ + |βji|+)ωi|ei(t− τi(t))|

−
n∑
i=1

ηi|ei(t− τi(t))| −
n∑
i=1

ρi|ei(t)|λ −
n∑
i=1

li|ei(t)|µ

=

n∑
i=1

−(c−i + ki −
n∑
j=1

|aji|+ωi)|ei(t)|

−
n∑
i=1

[ηi −
n∑
j=1

(|bji|+ + |αji|+ + |βji|+)ωi]|ei(t− τi(t))|

−
n∑
i=1

ρi|ei(t)|λ −
n∑
i=1

li|ei(t)|µ.
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d^� (3.2)9Ún 2.2O��

V̇ (e(t)) ≤ −
n∑
i=1

ρi|ei(t)|λ −
n∑
i=1

li|ei(t)|µ

≤ −ρ
n∑
i=1

|ei(t)|λ − l
n∑
i=1

|ei(t)|µ

≤ −ρn1−λ(
n∑
i=1

|ei(t)|)λ − l(
n∑
i=1

|ei(t)|)µ

= −ρn1−λV λ(e(t))− lV µ(e(t)),

Ù¥ ρ = min
1≤i≤n

{ρi} > 0, l = min
1≤i≤n

{li} > 0.

ÏLÚn 2.3, ·�U
��XÚ (2.1)Ú (2.2)�±3½�m T0 ¢y�½�mÓÚ, ¿�

T0 ≤ Tmax = 1
ρn1−λ(λ−1) + 1

l(1−µ) . y..

íØ 3.1. eXÚ (2.1)Ú (2.2)¥�¤k�CXêÑòz�~ê, @o½n 3.1�(ØE,¤á.

íØ 3.2. eXÚ (2.1), (2.2)9��ì (3.1)¥�¤k�C�¢ t− τj(t)ÑO��'~�¢ qijt, Ù

¥ qij ∈ (0, 1], K½n 3.1�(ØE,¤á.

5 3.1. ©z [1]9©z [2]®²©OïÄ
äk~XêÚ�C�¢� FCNNs9äk�CXêÚ'

~�¢� FCNNs , ¿�Ñ´ïÄ�k��mÓÚ¯K, ¤�O�½�mÑÚXÚ�Ð©^�´

�'�. �´3���¹e, Ð©^�Ø�N´¼�, íØ 3.1ÚíØ 3.2���½�mÑÚÐ

©^�vk'X, �íØ 3.1ÚíØ 3.2�(J'©z [1] Ú [2]��\¢^.

5 3.2. Ï� sign¼ê´ØëY�, §�U¬��ËÄ, �â©z [1]��{, ·�^ëY����

(−1, 1)� tanh¼ê5O�. @o��ì (3.1)ÒC¤

ui(t) = −kiei(t)− ηi tanh(ξiei(t))|ei(t− τi(t))| − ρi tanh(%iei(t))|ei(t)|λ − li tanh(piei(t))|ei(t)|µ,

(3.5)

Ù¥ ki ≥ 0, ηi ≥ 0, ξi > 0, ρi > 0, %i > 0, li > 0, pi > 0, 0 < µ < 1 < λ, i ∈ J.

4. ê��[

3ù�!¥·������ (=n = 2)�~f��y�©¤�(J�k�5.

~ 4.1. éuXÚ (2.1), (2.2)9��ì (3.5)kXe��:

αi1(t) = βi1(t) = 1+sin it
3

, αi2(t) = βi2(t) = 1+cos it
3

, c1(t) = 2+3 sin t
2

, c2(t) = 2+3 cos t
2

, ai1(t) =

bi1(t) = 1+sin it
2

, ai2(t) = bi2(t) = 1+cos it
2

, τj(t) = exp(t)
1+exp(t)

, fj(x) = 0.5(|x + 1| − |x − 1|), Ii(t) =

−4, Tij(t) = vj(t) = Sij(t) = dij(t) = 1, i, j = 1, 2.

Ð©^�� φ(s) = (0.2,−0.4)T , ϕ(s) = (−0.2, 0.4)T . ��ì (3.5)¥k ki = 3, ηi = 5, ρi =
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1, li = 3, λ = 1.5, µ = 0.9, ξi = %i = pi = 2.

� ωi = 1,K²O��� (A1), (A2)9^� (3.2)Ñ÷v. ¿d (3.3)��½�m T0 ≤ Tmax ≈

6.161. Ïd, �â½n 3.1��, 3��ì (3.5)e, XÚ (2.1)ÚXÚ (2.2)3 T0 ��¢y�½�m

ÓÚ.

dMatlab^���Xen�ã�: ã 1L²eÃ��ì (3.5) , Ø�XÚ (2.3)Ø½, KXÚ

(2.1)ÚXÚ (2.2)ØU¢yÓÚ (�ã 1). ã 2KL²3��ì (3.5)e, Ø�XÚ (2.3)3�½�m

T0�½, @oXÚ (2.1)ÚXÚ (2.2)3 T0 ≤ Tmax ≈ 6.161�U
�½�mÓÚ (�ã 2).

Figure 1. Time evolution of e1(t) and e2(t) without the
controller (3.5)

ã 1. Ã��ì(3.5)�e1(t)Úe2(t)�;,

Figure 2. Time evolution of e1(t) and e2(t) with the
controller (3.5)

ã 2. k��ì(3.5)�e1(t)Úe2(t)�;,
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5 4.1. � ki = 1, ηi = 1, i = 1, 2. K^� (3.2)Ø÷v. lã 3�wÑe^� (3.2)Ø÷v, =¦3

��ì (3.5)e, XÚ (2.1)ÚXÚ (2.2)�ØU¢y�½�mÓÚ§�ã 3.

Figure 3. The evolution of synchronization error e1(t)
and e2(t) that don’t satisfy (3.2)

ã 3. Ø÷v^�(3.2)�e1(t)Úe2(t)�;,
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