
Pure Mathematics nØêÆ, 2022, 12(10), 1636-1648

Published Online October 2022 in Hans. http://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2022.1210177

o���5Schrödinger�§A��þÅð�
$�K�{

www }}}

2À7KÆ�7KêÆ�ÚOÆ�, 2À 2²

ÂvFÏµ2022c9�13F¶¹^FÏµ2022c10�12F¶uÙFÏµ2022c10�20F

Á �

�©ïÄ
o���5Schrödinger�§�äkA��þÅð��«$�K�{. T�{Ø=�
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2
, �3~C = C(‖u‖L∞(0,T ;Hγ+3)) > 0, ¦�

‖u(tn)− un‖Hγ+3 ≤ Cτ,

Ù¥un´o���5Schrödinger�§3tn = nτ��ê�). d	, ê�)��þM(un) ÷v

|M(un)−M(u0)| ≤ Cτ3.
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Abstract

In this paper, we introduce a low-regularity integrator for the fourth-order nonlinear

Schrödinger equation with almost mass conservation. The algorithm can not only

achieve first-order convergence, but also obey almost mass conservation law. By rig-

orous error analysis, for rough initial data in Hγ+3(Td) with γ > d
2
, up to some fixed

time of T , there exists C = C(‖u‖L∞(0,T ;Hγ+3)) > 0, such that

‖u(tn)− un‖Hγ+3 ≤ Cτ,

where un denotes the numerical solution at tn = nτ . Moreover, the mass of the numer-

ical solution M(un) verifies

|M(un)−M(u0)| ≥ Cτ3.
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1. Úó

�©�Äeão���5Schrödinger�§ iut = (−∆)2u+ µ|u|2u, (t,x) ∈ (R+,Td),

u(0, x) = u0(x),
(1)
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Ù¥Td = (0, 2π)d, u(t,x)´(R+,Td) þ�E�¼ê, u0(x) ∈ Hγ(Td)(γ ≥ 0)��½Ð�, µ = ±1,

¿�d ≥ 2. T�§3L2¥�), ÷v�þÅð½Æµ

M(u(t,x)) =
1

2π

∫
Td
|u(t,x)|2dx = M(u0).

3nØïÄ�¡, Zhu�[1]y²
à�.o���5Schrödinger�§�þ�.�Ä�)�C©

(�±9)��»5. Guo [2] y²
à�.o���5Schrödinger�§�þ��.���Û·½

5±9»�Ð�)�Ñ�5. Ù¦.�Schrödinger�§��2�ïÄ, �ë�[3–10] �.

3ê�ïÄ�¡, éuäk1w�Ð©^���§, ~��ê��{k©�{[11, 12], k�

�©�{[13, 14], k���{[15, 16], Ì�{[17, 18], ØëYGalerkin�{[19, 20], �êÈ©ì

{[21, 22]�. ��§�)Ø
1w�, K�mu$�K5��{, XStrange Splitting�{[23], #.

�ê.�{[24], Fourier È©�{[25]�. éuo���5Schrödinger�§, Ning [26]JÑ
�«ê

��ª, ¦�3��n��ê��¹e����Âñ, =Ð©�áuHγ+3 ��§�)3Hγ¥��

Âñ.

(Ü©z[26], ·��E�«#�$�K�{, �±��o���5Schrödinger�§(1) ���

Âñ, d	�÷vA��þÅð. 3�ÑäN�{c, ·�Äk½Â�
�^��¼ê. -

ϕ(z) =


ez − 1

z
, z 6= 0,

1, z = 0,

¿�

Ψ(f) = e−iτ(−∆)2f − iµτe−iτ(−∆)2 [f2 · ϕ(2iτ(−∆)2)f̄ ].

½Âe�?��f

I(f) = Ψ(f)− e−iτ(−∆)2f,

Ú

J(f) = H(f)e−iτ(−∆)2f,

Ù¥

H(f) = −‖f‖−2
L2

[
〈I(f), e−iτ(−∆)2f〉+

1

2
‖I(f)‖2L2

]
.

y3, ·��Ño���5Schrödinger�§(1)�#�$�K�{µ

un = Ψ(un−1) + J(un−1), n = 0, 1, 2, ...,
T

τ
. (2)
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Ïd, ·����Ì�½n�

½n 1. �un´o���5Schrödinger�§(1)÷v(2)�ª�ê�), �½T > 0. é?¿�γ > d
2
,

b�u0(x) ∈ Hγ+3(Td), �3~êτ0, C > 0 ¦�é?¿�0 < τ ≤ τ0, k

‖u(tn)− un‖Hγ+3 ≤ Cτ, n = 0, 1, 2, ...,
T

τ
.

d	,

|M(un)−M(u0)| ≤ Cτ3,

Ù¥τ0ÚC > 0=�6uTÚ‖u‖L∞((0,T );Hγ+3).

�©SüXe. 31 2!¥, ·��Ñ
�
ÎÒÚ�
k^�Ún. 31 3!¥, ·��Ñ�

�ê��ª�Ì��EL§. 31 4!¥, ·�y²½n1.

2. ý��£

3�!¥, ·�0��
½Â!5�Ú���O. �
�BPÒ, ·�¦^A . B½öB & A

5L«Xe¹Âµ�3,ýé~êC > 0, ¦�A ≤ CB, ¿¦^A ∼ B 5L«A . B . A.

éu�þξ := (ξ1, ..., ξd) ∈ Zd, ξ1 := (ξ11, ..., ξ1d) ∈ Zd, x := (x1, ..., xd) ∈ Td, SÈÚ�½ÂX
e:

ξ · x = ξ1x1 + ...+ ξdxd, |ξ|2 = |ξ1|2 + ...+ |ξd|2.

½Â〈·, ·〉�L2SÈ

〈f, g〉 = Re

∫
Td
f(x)g(x)dx.

3±ÏTdþ, ·�½Â¼êf�FourierC��

f̂ξ =
1

(2π)d

∫
Td
e−iξ·xf(x) dx,

ÙFourier_C��f(x) =
∑
ξ∈Zd e

−iξ·xf̂ξ.

é¼êf ∈ L2(Td), ·�½Âf(x)�Fourier Ðmª�

f(x) =
∑
ξ∈Zd

f̂ξ e
iξ·x.

FourierC�~^5�

‖f‖2L2 = 2π
∑
ξ∈Zd
|f̂ξ|2,
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Ú

f̂g(ξ) =
∑

ξ,ξ1∈Zd
f̂ξ−ξ1 ĝξ1 .

½ÂSobolev�mHγ , γ > 0��ê�

∥∥f∥∥2

Hγ(Td)
=
∑
ξ∈Zd

(1 + |ξ|)2γ |f̂ξ|2.

·�½Â�f(−∆)−1�

̂(−∆)−1f =

{
|ξ|−2f̂ξ, � ξ 6= 0,

0, � ξ = 0.

y3, ·��Ñ�^���
���O.

Ún 2. £�å5�¤ éf ∈ Hγ , t ∈ R k

‖e−i(−∆)2tf‖Hγ = ‖f‖Hγ .

Proof. �âHγ�ê�½Â, ��

‖e−i(−∆)2tf‖Hγ =
∑
ξ∈Zd

(1 + |ξ|)2γ | ̂e−i(−∆)2tfξ|2

=
∑
ξ∈Zd

(1 + |ξ|)2γ |e−i|ξ|
4tf̂ξ|2

=
∑
ξ∈Zd

(1 + |ξ|)2γ |f̂ξ|2

= ‖f‖Hγ .

Ún 3. (Kato-PonceØ�ª) é?¿�γ > d
2
, f, g ∈ Hγ, ke¡Ø�ª¤á

‖fg‖Hγ ≤ ‖f‖Hγ‖g‖Hγ .

Proof. TÚn�y²�ë�©z[27].

3. ê��ª��E

3�!¥, ·�0�ê��ª��EL§. �
{zÎÒ, ·�ò�Ñ¤�9����'¼ê¥

��mCþx, Xu(t) = u(t,x). ,	, ·�^τ > 0L«�mÚ�, tn = nτL«�m��.
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y3, ·�£�©z[26]¥éo���5Schrödinger�§(1)�{��E, ÏLDuhamelúª, k

u(t,x) = e−it(−∆)2u0 − iµ
∫ t

0

e−i(t−s)(−∆)2(|u(s, x)|2u(s,x))ds.

-Û=Cþ

v(t,x) = eit(−∆)2u(t,x), (3)

K��

v(tn + τ) = v(tn)− iµ
∫ τ

0

ei(tn+s)(−∆)2
[
|e−i(tn+s)(−∆)2v(tn + s)|2e−i(tn+s)(−∆)2v(tn + s)

]
ds.

ÏLFourierÐm, ��

v(tn + τ) = Φn(v(tn)) +Rn1 +Rn2 , (4)

Ù¥

Φn(v(tn)) = v(tn)− iµτeitn(−∆)2
[
(e−itn(−∆)2v(tn))2 · ·ϕ(2iτ(−∆)2)e−itn(−∆)2v(tn)

]
, (5)

Ú

Rn1 = −iµ
∫ τ

0

ei(tn+s)(−∆)2
[
|e−i(tn+s)(−∆)2v(tn + s)|2e−i(tn+s)(−∆)2v(tn + s)

− |e−i(tn+s)(−∆)2v(tn)|2e−i(tn+s)(−∆)2v(tn)
]
ds,

¿�

Rn2 = −iµ
∑
ξ∈Zd

∑
ξ1,ξ2,ξ3∈Z

d

ξ=ξ1+ξ2+ξ3

¯̂v1v̂2v̂3 e
iξ·xeitnα

∫ τ

0

eis2|ξ1|
4

(eisβ − 1)ds. (6)

Ù¥·�{P¯̂v1 = ¯̂vξ1(tn), v̂2 = v̂ξ2(tn) Úv̂3 = v̂ξ3(tn), �α = |ξ|4 + |ξ1|4 − |ξ2|4 − |ξ3|4. |

^ξ = ξ1 + ξ2 + ξ2 + ξ3, Kα�±©)¤

α = 2|ξ1|4 +
3∑

j,k=1
j 6=k

|ξj |2ξj ξ̄k +

3∑
j,k,h=1
j 6=k 6=h

|ξj |2ξkξ̄h +
3∑

j,k,h=1
j 6=k 6=h

ξ2
j ξ̄kξ̄h = 2|ξ1|4 + β,

Ù¥

β =
3∑

j,k=1
j 6=k

|ξj |2ξj ξ̄k +
3∑

j,k,h=1
j 6=k 6=h

|ξj |2ξkξ̄h +
3∑

j,k,h=1
j 6=k 6=h

ξ2
j ξ̄kξ̄h = O(

3∑
j,k=1
j 6=k

|ξj |3|ξk|).
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e¡, ·�Ø\y²/Û�Ñ�
�O, �'y²��[26]. Äk, ·��ÑÛÜØ���O.

Ún 4. (ÛÜØ�) �3~êC=�6u‖v‖L∞((0,T );Hγ+3), ¦�

‖v(tn+1)− Φn(v(tn))‖Hγ ≤ Cτ2,

Ùg, ·�0�½5�O.

Ún 5. (½5) �f, g ∈ Hγ, éuγ > d
2
, Kk

‖Φn(f)− Φn(g)‖Hγ ≤ (1 + Cτ)‖f − g‖Hγ + Cτ‖f − g‖3Hγ ,

3þã��Âñ�Ä:þ, ·�F"�E�«�±�±)�Ôn5���{, )3÷v��Â

ñ�cJe, �U
�±A��þÅð5, Ïd·��é�{?1?�. ½Â

In(v) = Φn(v)− v, (7)

ùp�Φnd(5)�Ñ. 2½Â

Jn(v) = Hn(v)v, (8)

Ù¥

Hn(v) = −‖v‖−2
L2

[
〈In(v), v〉+

1

2
‖In(v)‖2L2

]
.

k
þ¡�?�, ·��EÑ÷vA��þÅð�ê��ª

vn+1 = vn + In(vn) + Jn(vn). (9)

òÛ=Cþ(3)�L5�\�(9), =���o���5Schrödinger�§(1) ���Âñê��

{(2).

4. ½n1�y²

�!·�ÏLÛÜØ�©ÛÚ½5©Ûé��Âñ(J�Ñ��î��y². dÚn2��,

Û=Cþ(3)3Sobolev�m´�å�, Kk

‖u(tn)− un‖Hγ = ‖e−itn(−∆)2v(tn)− e−itn(−∆)2vn‖Hγ = ‖v(tn)− vn‖Hγ .

Ïd, ·��I�y²év(tn)Úvn���Âñ½nÚA��þÅð5.

Äk, ·��ÑIn(v)�Âñ�.
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Ún 6. �v ∈ Hγ, �γ > d
2
�, �3~êC=�6u‖v‖L∞((0,T );Hγ+3), e¡Ø�ª¤á

‖In(v)‖L2 ≤ Cτ.

Proof. £�In(v)�½Â(7)��,

In(v) = −iµτeitn(−∆)2
[
(e−itn(−∆)2v)2 · ϕ(2iτ(−∆)2)e−itn(−∆)2v

]
.

Ïd,

‖In(v)‖L2 .τ‖(e−itn(−∆)2v)2‖L∞ · ‖ϕ(2iτ(−∆)2)e−itn(−∆)2v‖L2

.τ‖v‖3Hγ .

¤±, Ún6�y.

Ùg, 3�Ñ〈In(v), v〉�Âñ��c, ·�k��Ñ���^��Ø�ª.

Ún 7. �3~êC=�6u‖v‖L∞((0,T );Hγ+3), ¦�

‖Rn2‖H−γ ≤ Cτ2.

Proof. �âRn2�½Â(6), ��

|Rn2 | .τ2
∑
ξ∈Zd

∑
ξ1,ξ2,ξ3∈Z

d

ξ=ξ1+ξ2+ξ3

eiξ·xeitnα(
3∑

j,k=1
j 6=k

|ξj |3|ξk| · ¯̂vj v̂kv̂h)

.τ2
∑
ξ∈Zd

∑
ξ1,ξ2,ξ3∈Z

d

ξ=ξ1+ξ2+ξ3

eiξ·xeitnα(|ξj |3 ¯̂vj · |ξk|v̂k · v̂h).

Ïd, dSobolevØ�ª��

‖Rn2‖H−γ .τ2‖|∇|3v · |∇|v · v‖H−γ

.τ2‖|∇|3v · |∇|v · v‖L1

.τ2‖|∇|3v‖L2 ‖|∇|v‖L2 ‖|v‖L∞

.τ2‖v‖3Hγ+3 .

¤±, TÚn�y.

Ún 8. �v ∈ Hγ+3, �γ > d
2
�, �3~êC=�6u‖v‖L∞((0,T );Hγ+3), e¡Ø�ª¤á

|〈In(v), v〉| ≤ Cτ2.
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Proof. £�In(v)�½Â(7)�

In(v) =− iµ
∑
ξ∈Zd

∑
ξ1,ξ2,ξ3∈Z

d

ξ=ξ1+ξ2+ξ3

¯̂v1v̂2v̂3 e
iξ·xeitnα

∫ τ

0

eis2|ξ1|
4

ds

=− iµ
∑
ξ∈Zd

∑
ξ1,ξ2,ξ3∈Z

d

ξ=ξ1+ξ2+ξ3

¯̂v1v̂2v̂3 e
iξ·x

∫ τ

0

ei(tn+s)αds−Rn2

=− iµ
∫ τ

0

ei(tn+s)(−∆)2
[
|e−i(tn+s)(−∆)2v|2e−i(tn+s)(−∆)2v

]
ds−Rn2 .

Ïd, ·�k

〈In(v), v〉 = 〈−iµ
∫ τ

0

ei(tn+s)(−∆)2
[
|e−i(tn+s)(−∆)2v|2e−i(tn+s)(−∆)2v

]
ds, v〉+ 〈−Rn2 , v〉.

dSÈ�½Â, ��

〈−iµ
∫ τ

0

ei(tn+s)(−∆)2
[
|e−i(tn+s)(−∆)2v|2e−i(tn+s)(−∆)2v

]
ds, v〉 = 0.

(ÜÚn7, ��,

|〈In(v), v〉| = |〈−Rn2 , v〉| . ‖Rn2‖H−γ‖v‖Hγ . τ2‖v‖4Hγ+3 .

Ïd, y²
Ún�(Ø.

�e5, (ÜÛÜØ��OÚ½5(J, ·��Ñ½n1�y².

Proof. Äk, dê�)��E(9), ·�k

vn+1 − v(tn+1) =vn + In(vn) + Jn(vn)− v(tn+1)

=Φn(vn)− Φn(v(tn)) + Φn(v(tn))− v(tn+1) + Jn(vn).

�âÚn4ÚÚn5, ��

‖v(tn+1)− vn+1‖Hγ ≤‖Φn(vn)− Φn(v(tn))‖Hγ + ‖Φn(v(tn))− v(tn+1)‖Hγ + ‖Jn(vn)‖Hγ

≤(1 + Cτ)‖v(tn)− vn‖Hγ + Cτ‖v(tn)− vn‖3Hγ + Cτ2 + ‖Jn(vn)‖Hγ .

�âJn�½Â(8), k

‖Jn(vn)‖Hγ ≤ |Hn(vn)|‖vn‖Hγ ≤ |Hn(vn)|(‖vn − v(tn)‖Hγ + ‖v(tn)‖Hγ ).

DOI: 10.12677/pm.2022.1210177 1644 nØêÆ

https://doi.org/10.12677/pm.2022.1210177


w}

dÚn6ÚÚn8, ��

|Hn(vn)| ≤ ‖vn‖−2
L2 (τ2‖vn‖4Hγ+3 +

1

2
τ2‖vn‖6Hγ ) ≤ Cτ2(1 + ‖vn − v(tn)‖4Hγ ). (10)

Ïd, ·�k

‖Jn(vn)‖Hγ ≤ Cτ2(1 + ‖vn − v(tn)‖5Hγ ). (11)

(Ü(11), ��

‖v(tn+1)− vn+1‖Hγ ≤ Cτ2 + (1 + Cτ)‖vn − v(tn)‖Hγ + Cτ‖vn − v(tn)‖5Hγ .

|^S�{ÚGronwall’sØ�ª, ��

‖v(tn+1)− vn+1‖Hγ ≤ Cτ2

n∑
j=0

(1 + Cτ)j ≤ Cτ, n = 0, 1, 2, ...,
T

τ
− 1,

Ù¥C=�6u‖v‖L∞((0,T );Hγ+3). þª¤á, Ò¿�X��Âñ�k��O÷v

‖vn‖Hγ ≤ C, n = 0, 1, 2, ...,
T

τ
− 1.

Ï�vn = vn + In(vn) + Jn(vn), k

〈vn+1, vn+1〉 =〈vn + In(vn) + Jn(vn), vn + In(vn) + Jn(vn)〉

=‖vn‖2L2 + 2〈In(vn), Jn(vn)〉+ ‖Jn(vn)‖2L2

+ 2〈In(vn), vn〉+ 〈Jn(vn), vn〉+ ‖In(vn)‖2L2 .

�âIn(vn)ÚJn(vn)�½Â��

2〈In(vn), vn〉+ 〈Jn(vn), vn〉+ ‖In(vn)‖2L2 = 0,

K

〈vn+1, vn+1〉 = ‖vn‖2L2 + 2〈In(vn), Jn(vn)〉+ ‖Jn(vn)‖2L2 .

��¡, |^Ún8Ú(10), ·���

〈In(vn), Jn(vn)〉 ≤ |Hn(vn)| |〈In(vn), vn〉| . Cτ4.

,��¡, (Ü(10)Ú(11), k

‖Jn(vn)‖2L2 ≤ |Hn(vn)|2 ‖vn‖2L2 ≤ Cτ4.
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nþ��

|‖vn+1‖2L2 − ‖vn‖2L2 | ≤ Cτ4,

=

|M(vn+1)−M(vn)| ≤ Cτ4. (12)

é(12)?1S���

|M(vn)−M(u0)| ≤ Cτ3,

C=�6u‖v‖L∞((0,T );Hγ+3).

Ïd, ·���
½n1�y².

Ä7�8
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